
Proceedings of The 2006 IJME.-. INTERTECH Conference 

     Session ENG P501-001 
 

Mode-Frequency Analysis of Laminated Spherical Shell 
 

Umut Topal 
Department of Civil Engineering 
Karadeniz Technical University 

61080, Trabzon, Turkey 
umut@ktu.edu.tr 

 
Abstract 
 
This paper deals with mode-frequency analysis of a simply-supported equal-sided sector of a 
laminated spherical shell. The problem is modelled using finite element package program 
ANSYS. The formulation based on first-order shear deformation theory. Four elements are 
chosen along each edge of the sector. The reduced method of eigenvalue solution is chosen for 
the undamped mode-frequency analysis. The first five modes are extracted to obtain the 
fundamental frequency (first mode natural frequency). The numerical studies are conducted to 
determine the effects of width-to-thickness ratio (b/h), degree of orthotropy ( 21 E/E ), fiber 
orientations (θ ) on the the non-dimensional fundamental frequency. The results are given in 
graphical form and the obtained results are compared. 
 
Introduction 
 
Fibre reinforced laminated composite materials are being increasingly used in aerospace and 
other applications due to their high specific strength, high specific stiffness and low specific 
density. Composites, in the form of shells, find application in aerospace and other industries. 
Spherical shells are used for many structures such as aerospace vehicles, roof domes, pressure 
vessels and submarines. Thus, the free vibration of composite spherical shell is an important 
problem to be investigated. The free vibration of laminated shell of revolution has been 
considered in literatures [1-17]. 

 
This paper deals with mode-frequency analysis of simply supported laminated spherical shell 
using first-order shear deformation theory (FSDT). The reduced method of eigenvalue solution is 
chosen for the analysis. The first five modes are extracted to obtain the fundamental frequency 
(first mode natural frequency).The numerical studies are conducted to determine the effects of 
width-to-thickness ratio (b/h), degree of orthotropy ( 21 E/E ), fiber orientations (θ ) on the non-
dimensional fundamental frequency. The results are given in graphical form and the obtained 
results are compared. 
 
Statement of the problem 
 
Figure 1 shows a laminated doubly curved panel (open shell) of rectangular planform, of total 
thickness h. 1x and 2x represent the directions of the lines of curvature of the middle surface, 
while the 3x -axis is a straight line perpendicular to the middle surface. iR  (i=1, 2) denotes the 
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principal radii of curvature of the middle surface. The thickness of the kth layer is denoted by 
)1k(

3
)k(

3
)k( xxh −−= , in which )k(

3x  and )1k(
3x − , k=1,…..,N are the distances from the reference 

surface to the outer (top) and inner (bottom) faces, respectively, of the kth lamina, with N being 
the total number of layers.  
 
The displacement field, based on first-order shear deformation theory, is given by 

 
 i3ii3i xu)R/x1(u φ++= ,      i=1, 2,    33 uu =                (1) 
 
in which iu  (i=1, 2, 3) represents the components of displacement at a point ix  (i=1, 2, 3), while 

iu  denotes the same for the corresponding point at the mid-surface. Assumptions of shallowness 
( )Ri3 〈〈ξ , vanishing geodesic curvatures, transverse inextensibility and the first-order shear 
deformation theory, corresponding kinematic relations of a doubly curved shell are given: 
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Figure 1. A laminated doubly curved panel of rectangular planform 
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The equations of motion can be derived by substituting the above kinematic relations in 

an expression for virtual work, the details of which are omitted in the interest of brevity of 
presentation. These can be written as follows: 
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in which surface-parallel and rotatory inertias are included. iP  (i=1, 2, 3) are as presented below 
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where )k(ρ  represents the density of the layer material. 621 N,N,N  are the surface-parallel stress 
resultants, while 621 M,M,M  are moment resultants (stress couples), and 1Q and 2Q  are the 
transverse shear stress resultants, all per unit length. The stress resultants and couples 
( iii Q,M,N ) are given as follows: 
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where ijij B,A  and ijD  (i, j=1, 2, 6) are extensional, coupling, and bending rigidities, respectively, 
while ijA  (i, j=4, 5) denotes transverse shear rigidities. 22 M,N and 2Q  can be obtained from the 
expressions for 11 M,N and 1Q , respectively, by replacing subscript 1 by 2, 5 by 4, 
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1K  and 2
2K  are shear correction factors. 

 
 For the finite element analysis, if the damping is neglected, the equation of motion of the 
structure for free vibration can be written as 
 
 [ ]{ } [ ]{ } { }0DKDM =+&&                 (17) 
 
where { }D  is a vector containing the unrestrained nodal degrees of freedoms, [ ]M  is a structural 
mass matrix, [ ]K  is a structural stiffness matrix. Since { }D  undergoes harmonic motion, the 
vectors { }D  and { }D&&  become 
 

{ } { } { } { } tsinDD,tsinDD 2 ωωω −== &&              (18) 
 
where { }D  vector contains the amplitudes of { }D  vector and ω  is the frequency. Therefore, Eq. 
(17) can be written in as 
 

[ ] [ ]( ){ } 0DMK =− λ                  (19) 
 

where 2ωλ =  is the eigenvalue and { }D  becomes the eigenvector 
 
Numerical Results and Discussions 
 
For this study, a square plate with the following dimensions and mechanical properties is 
selected: 

 
a=b=100mm, mm300RR 21 == , mm1h = , Pa10x25E 6

1 = , Pa10x1E 6
2 = ,

Pa10x5,0GG 6
1312 == , Pa10x2G 6

23 = , 

25,021 =ν , 3mm/gm1=ρ  
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Effect of Material Anisotropy 
 

Three-layer cross-ply (0/90/0) and angle-ply (45/-45/45) laminates with b/h=100 are analysed to 
study the effect of material anisotropy. An increase of 21 E/E  ratio, keeping 2E  same, leads to 
an increase in the dimensionless fundamental frequency in the case of both cross-ply and angle-
ply laminate (Figure 2). Also as seen, the fundamental frequencies in the case of angle-ply 
laminate are higher than those in the case of both cross-ply laminate.  
 

 

 

 

 

 
 
 
 

Figure 2. Variation of fundamental frequency with material anisotropy 
 
Effect of Fibre Orientation 
 
Four-layer symmetric ( )αα−α−α ///  and anti-symmetric ( )α−αα−α ///  laminates with the 
angle of fibre orientation varying from 0o to 45o with b/h=100 are analysed. As can be seen from 
Figure 3, a change in fibre orientation angle from 0o to 45o leads to an increase in the 
fundamental frequency of vibration. Also as seen, the fundamental frequencies in the case of 
symmetric layup are higher those in the case anti-symmetric layup for 15o and 30o, but it is 
reverse for 45o.  
 

 

 

 

 

 

 

 

 
Figure 3. Variation of fundamental frequency with fibre orientation angle 
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Effect of Width-to-thickness Ratio 
 
Four-layer cross-ply and angle-ply laminates with symmetric and anti-symmetric arrangement of 
layers and having different width-to-thickness ratios are analysed. As can be seen from Figure 4, 
as a/h increases, the dimensionless frequency increases. Symmetric layup has higher frequency as 
compared to anti-symmetric layup in the case of cross-ply laminates whereas the reverse is the 
case with angle-ply laminates. 
 

 

 

 

ARTICLE IN PRESS 
 

 

 

 
 

Figure 4.Variation of fundamental frequency with a/h ratio 
 

Conclusions 

 
In this paper, mode-frequency analysis of laminated spherical shell using a finit element model, 
based on first-order shear deformation theory is presented. The non-dimensional fundamental 
frequency of vibration is found to increase with increase in width-to-thickness ratio, material 
anisotropy and angle of fibre orientation. The fundamental frequencies in the case of angle-ply 
laminate are higher than those in the case of both cross-ply laminate for the effect of the material 
anisotropy. The fundamental frequencies in the case of symmetric layup are higher those in the 
case anti-symmetric layup for 15o and 30o, but it is reverse for 45o. Symmetric layup has higher 
frequency as compared to anti-symmetric layup in the case of cross-ply laminates whereas the 
reverse is the case with angle-ply laminates for the effect of the width-t0-thickness ratio. This 
paper can be investigated for different finite element formulations, boundary conditions, aspect 
ratios and number of layers. 
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