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Philip Weinsier, IJME Manuscript Editor 

Perspective Diminution and Foreshortening  
(Vredeman de Vries, J. (1968). Perspective. Dover Publications)  

 
Having taught a few courses in mechanical design many 

years ago, I found this article particularly interesting as it 
provides both technical content and a connection to subcon-
scious learning and a bit of history pertaining to 2D and 3D 
vision and media. I also find fascinating being able to learn 
about the ways our senses interpret our surroundings. Lest 
you think that this is only a fun article to read, keep in mind 
that understanding perspective analysis of distortion—
including factors of diminution and foreshortening, depth 
calculation and inference—is important in the fields of ma-
chine vision, unmanned vehicles and robotics.  
 

If our ultimate, if only short-sighted (I couldn’t help the 
pun), goal is to give vision to machines, then it behooves us 
to evaluate both the capabilities our machines—including 
robots—will need to have, and our technological capabili-
ties in order to determine if, in fact, we are able to re-create 
in our machines a real ability to “see”. And since not all 
industrial applications require machines with the same capa-
bilities, for the sake of argument let us assume that we wish 
to develop the most vision-capable machine possible.  
 

Before we are able to think about creating real vision (3D 
perception) for machines, we need to take stock of what we 
know about our own, human capabilities. Humans are able 
to perceive the spatial relationship between objects even 
though we really only see in 2D; that is, we have depth per-
ception, also called 3D perception. In order to accomplish 
this amazing task, we have to consider the fact that we have 
two eyes for providing slightly separate images; this is 
called stereoscopic or binocular vision, which helps us dis-
tinguish objects that are relatively close to us.  

Next are accommodation and size familiarity, two tools 
necessary for determining how far away an object is and 
being able to distinguish between objects at the same dis-
tance. Accommodation is where the lenses in your eyes 
physically change shape in order to provide you with infor-
mation about how far away an object is. Size familiarity 
tells us that if we know the approximate size of an object, 
we can determine about how far away it is. This is also use-
ful when comparing objects at the same distance but with 
different sizes. In cases where objects are moving and have 
to be physically approached and picked by a machine, it will 
be necessary to consider additional tools such as parallax. 
Here, closer objects appear to move more than distant ones. 
At the risk of stating the obvious, these are all tools neces-
sary for machine vision. So can we, then, just take this 
knowledge and build perfect vision into our machines? 
Probably not (yet), as no one has been able to simulate all of 
these and the many other tools needed for accurate and con-
clusive decision making.  
 

Just because we might be 
able to define and build such 
tools into our machines, it does 
not necessarily translate into 
accuracy. Consider depth am-

biguity, where fixating on an 
object or image causes a spon-
taneous depth reversal. Again, 
this is a case where your mind 
tries to add depth to a 2D im-
age. Look at the classic images 
shown here and you’ll see what I mean. And though this 
might be fun for us as humans, it could be disastrous for a 
machine or robot, especially if it cannot consistently come 
to the same conclusion about similar objects or parts. 
 

Artists are also able to take advantage of depth perception 
occurring in the brain (as opposed to the eye). Another clas-

sic image shown here is from 
Adelbert Ames’ famous 1946 
room (based on the ideas of 
L. Hermann). You can proba-
bly guess that the children are 
really the same height and 
that the lines of the room are 
distorted in order to trick your 
mind. 

——————————————————————————————————————————————–———— 
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Abstract 
 

In this study, an apparatus was designed to detect changes 
on the order of grams in the mass of test samples subject to 
accelerations approaching 275g. The apparatus incorporated 
a surface speedometer, displacement transducer and on-
board data-logging device in order to correlate mass loss 
events with changes in rotational speed and acceleration. An 
accessory was also designed to allow for on-board video 
recording to validate the findings and to better understand 
the mechanics of mass loss events. Such mass loss events 
are of interest for high-speed rotating machinery (e.g., man-
ufacturing equipment, turbine rotors and automotive 
drivetrains), where material can build up and be dislodged, 
or other mass loss events can occur that currently cannot be 
measured directly. Results of such a design will allow for 
identification of mass loss in service for improved equip-
ment diagnostics and control. 

 

Motivation: Measurement of Mass 
Loss Events in Rotating Machinery 
 
Mitigation of Safety Risks 
 

Rotating machinery, including industrial machines, auto-
mobiles, aircraft turbines, etc., pose a serious safety hazard. 
According to the U.S. Department of Labor Bureau of La-
bor Statistics, 458 people were killed in the United States by 
machinery in the year 2005. This is 8% of the 5,743 total 
fatal occupational injuries for that year. Of the 458 deaths 
involving machinery, 105 involved some kind of rotating 
machinery [1]. Meanwhile, the National Highway Traffic 
Safety Administration (NHTSA) estimates that about 400 
fatalities were the result of tire failures between the years 
1994 and 2004, or an average of about 40 tire-failure-related 
deaths per year [2]. The Bureau of Labor Statistics also re-
ports that between the years 1995 and 2002, 459 people 
were killed in helicopter-related incidents. About 2% of 
these deaths involved the decedent being struck by the rotat-
ing helicopter blades [3]. Loss of turbine blades in aircraft 
engines is an additional source of fatalities. For example, 

flight GA865 in 1996 aborted its take-off attempt after a 
turbine blade separated from one of the three engines. The 
resulting crash killed 3 of the 260 passengers on-board [4]. 
 

High-speed rotating machinery is commonplace in manu-
facturing, power generation and transportation. The high 
rotational speeds induce high centripetal acceleration, par-
ticularly at larger radii. As the centripetal acceleration in-
creases with speed, so does the force necessary to hold any-
thing attached to the equipment. Failure to retain screws, 
rivets, coatings or, in particular, debris can lead to rotational 
imbalance and equipment failure. Moreover, the loss of ob-
jects at speed poses a safety risk from the projectile motion 
of the ejecta. 
 
Difficulties in Measuring Mass Loss on 
Rotating Machinery 
 

Observing rotating machinery from a fixed standpoint is 
difficult as the speed of rotating machinery quickly outpaces 
video speed and capabilities (e.g., trying to film the tips of 
helicopter blades), and protective enclosures often obscure a 
direct view of equipment. The observation of mass loss 
events from high-speed rotating machinery in situ is very 
difficult for a number of reasons. Detection equipment it-
self, if mounted to the rotating element, will tend to cause 
imbalance (such as sensors on a turbine blade) and, there-
fore, is difficult to attach safely to equipment. If detection 
equipment is attached, then data must be recorded on the 
rotating machine since wires cannot be connected to a sta-
tionary data logger without twisting the wires or introducing 
electrical noise and wear through a slip coupling. Wireless 
transmission is complicated by the electromagnetic effects 
induced by the rotation of antennae and large power sources 
typical of such equipment. On-board data logging cannot 
involve moving parts (such as a hard drive or tape heads) 
since the large centripetal accelerations would cause these 
parts to malfunction. 
 

Fortunately, recent advances in data-logging capability, 
particularly involving solid-state memory, do not have any 
moving parts and, thus, are ideally suited for recording on-
board a dynamically moving machine. A test apparatus was 

——————————————————————————————————————————————–———— 
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designed that incorporated commercially available data-
logging to solid-state memory, and a displacement transduc-
er to record mass loss events. The apparatus provides for on
-board data collection and video recording at much lower 
cost compared to conventional approaches to outfitting a 
machine in service. 

 
The conventional approach to identifying failure is to 

measure vibrations in the stationary part of the machine 
(e.g., the mounts) and to correlate anomalies in the vibra-
tions to some reference model or signature of “normal” op-
eration. In this way, imbalances can be potentially detected 
and failures—such as a cracked shaft, parts rubbing, worn 
bearings, etc.—diagnosed. However, expert knowledge is 
needed to correlate vibration data with the various causes of 
mechanical failure [5]. Specifically, a challenge to identifi-
cation techniques is the excitation of the rotating structure 
where it is not easy to access the rotor to measure the forces. 
 

In response to the urgency of studying rotating machin-
ery, and in light of the problems inherent in the convention-
al approach, the aim of this design was to produce a dedicat-
ed apparatus on which mass loss events on the order of sin-
gle grams could be detected and recorded from individual 
parts affixed and spun at speeds sufficient to achieve cen-
tripetal accelerations on the order of hundreds of g’s. The 
means for recording the resulting data are discussed in sub-
sequent sections. 
 

Design Approach 
 

A project sponsor presented the design team with the need 
for a machine capable of detecting mass loss events on the 
order of single grams at rotational accelerations of up to 
274g. Additional constraints pertained to the accommoda-
tion of proprietary test samples, as well as the safety and 
location of the machine. Critical design constraints and cri-
teria are shown in Table 1. 
 

The design phase of the project lasted four months and 
included requirements evaluation, technology assessment 
and preliminary simulations, candidate design development, 
a Preliminary Design Review (PDR), detail design proposal 
with integrated subsystems, development of testing proto-
cols and a Comprehensive Design Review (CDR). The fab-
rication phase of the project lasted another four months and 
included ordering components, fabricating the system, con-
trol design, programming and calibration procedures, initial 
functional testing and prototype demonstration to the project 
sponsor. The validation phase of the project lasted a final 
four months and included statistical Design of Experiments 
(DoE), validation testing using proprietary test samples, 

performance evaluation, repeatability and reproducibility 
characterization and training of operating personnel. 
 
Table 1. Design Constraints and Criteria 

Early in the design phase, free-body diagrams of the sam-
ple and mass loss events were drawn (see Figure 1). The 
free body diagram shows a hypothetical part before it is 
released from the rotating sample. The forces shown in the 
free body diagram act to hold the particle to the sample and 
to push it out of the sample. The forces acting to hold the 
particle in the sample (i.e., acting to the right in Figure 1) 
are chemical or mechanical bonding between the particle 
and sample, Fbonding, spring action from two or more sides if 
the particle is wedged, Fspring, friction force between the 
particle and the sample, Ffriction, and suction created by any 
trapped air between the particle and the sample, Fair. The 
forces acting to push the particle out of the sample (i.e., 
acting to the left in Figure 1) are centrifugal effects, Fcent, 
punch from the sample flexing as it rotates, Fpunch, and grav-
ity when the sample is facing downward, Fgravity. 

Figure 1. Free-Body Diagram of Mass Events  

Constraints Criteria 

Test samples will have 
mass of 1.5 kg 

Repeatability of tests 

Test samples must be 
held at a radial distance 
of 0.4 meters 

Ability to test different sample geom-
etries 

Mass loss events on the 
order of single grams 
must be detected 

Ability to test samples under different 
physical conditions 

Voids created in the 
sample by loss of mass 
on the order of single 
grams must be detected 

Cost of machine 

Maximum centripetal 
acceleration encoun-
tered by the samples 
must be 274g 

Safety of machine operation 



——————————————————————————————————————————————–———— 

 

Continuing in the design phase, a systematic engineering 
design process was followed [6]. In particular, a high-level 
functional model of the prototype system was generated 
(see Figure 2), and system concepts were explored using a 
morphological matrix (see Table 2).  
 

Feasible system concepts were discussed during the PDR 
leading to the selection of the final concept for prototype 
development. In particular, it was decided that the sample 
would be attached to the machine using a clamping assem-
bly that would clamp on to geometrical features embedded 
in each sample. The sacrificial mass was to be loaded in 
discrete batches by hand. The rotational movement of the 
sample was to be accomplished through accelerating up 
through multiple rotations rather than a single rotation or by 
linear motion. The forces were to be measured directly us-
ing a displacement transducer as well as indirectly through 
video recording. Voids created in the sample as a result of 
testing were to be measured by weighing the sample before 
and after each test.  
 
 
 

Figure 2. System Functional Diagram 

 
Following the PDR, solid models were developed using 

computer-aided-design (CAD) software and the details of 
the prototype design were discussed at the CDR prior to 
prototype fabrication and validation. Details of various as-
pects of the prototype are described in subsequent sections, 
including how data displacement transducer data and video 
data are recorded on board the rotating machine, the prima-
ry sensing strategy involving the displacement transducer 
and additional sensing capabilities, the control strategy for 
achieving specific rotational speeds, and how the rotating 
machine is balanced. 

Table 2. Morphological Matrix. Shaded Concepts Were Chosen for Prototype Development  

Functions Solution Concepts 

Affix sample to test 
apparatus 

Apply normal 
force to top 

Radially Clamps Adhesives Screws / bolts 
Suction 
pressure 

Strings / 
Rubber 
bands / 
straps 

Embed-
ded fea-
ture in 
sample 

Magnetic 

Load sacrificial 
mass 

Pan (discrete) 
In a track / 
conveyor 
(continuous) 

In a bottle             

Apply sacrificial 
mass to sample 

Raise pan 
vertically 

Conveyor belt Spray 
Move pan 
horizontally 

Move sample 
vertically 

Pack by 
hand 

      

Simulate movement 
of sample in service 

Rotate sample 
through multi-
ple rotations 

Rotate sample 
through one 
rotation 

Rotate sam-
ple through 
partial rota-
tion 

Radial or 
linear move-
ment to im-
pact a stop 

Deflect sam-
ple by apply-
ing simulated 
road 

Deflect 
sample di-
rectly with 
actuators 

      

Measure forces 
causing sacrificial 
mass to exit sample 

Spring scales 
Strain gauges / 
displacement 
transducers 

Load cells / 
force trans-
ducers 

Indirectly 
through 
measuring 
velocity 
optically / 
radar / ultra-
sonic / x-ray / 
etc. 

Accelerome-
ters 

Rotary en-
coder 

Sensors 
(nano) in 
sacrificial 
mass 

Sensors 
(nano) in 
sample 

Measure em-
bedded tracea-
ble particles 
(metal / radio-
active / etc.) 

Measure voids in 
sample 

Measure 
weight after 
packing and 
then after 
movement 

Calculate void 
indirectly 
based on 
forces and 
density of 
sacrificial 
mass 

Measure 
directly 
volume / 
height of 
mud be-
tween 
grooves 

Directly 
through opti-
cally / radar / 
ultrasonic / x-
ray / etc. 

Measure 
traceable 
particles 
(metal / radi-
oactive / etc.) 
embedded in 
mud and / or 
tire 

      

  
  
  
  
  
  
  

——————————————————————————————————————————————————– 
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Similar prototype machine designs have recently been 
reported in the literature, including the design of a gripper 
with a spherical parallelogram mechanism [7], the design 
and prototyping of a partially decoupled 4-DOF 3T1R par-
allel manipulator with high-load carrying capacity [8], and 
the design of a microrobotic wrist for needle laparoscopic 
surgery [9]. Similar to the design of these mechanisms, the 
design of the apparatus to detect small changes in mass of 
machines at high rotational speeds described in this paper 
serves to fulfill a critical industrial need. 
 

System Overview 
 

The system designed and built in this study is illustrated 
in Figure 3. This system generally is composed of a test-
sample mounting fixture, a blast shield for personnel and 
equipment protection, a high-resolution camera for event 
visualization, a data logger and a motor-control system. The 
sensing and control systems were of particular interest in 
this study and are discussed in subsequent sections. 

Figure 3. System Physical Architecture 

 
The test sample fixture is a key mechanical element in this 
system (Figure 4). 
 

The clamping assembly includes the surface on which 
samples may be placed from which a fly-off event will be 
measured. This clamping assembly is connected to a system 
of roller guides to allow for radial extension that is force 
controlled with an internal compression spring. Further, two 
balancing arms are included to ensure that the loads on the 
motor and shaft system are continuous. Dimensions for the 
system were redacted to adhere to the proprietary wishes of 
the sponsoring organization. 
 

Figure 4. Fixture Assembly  

 
The next section explains the data-logging challenges and 

solutions integrated into this system. The following section 
presents the video recording strategy employed. Finally, the 
sensing and control strategies necessary to realize this sys-
tem are explained. 
 

Recording Data on a Rotating 
Machine 
 

Data loggers such as hard disk drives and tape drives that 
rely on moving parts will fail in situations where they will 
suffer shock loading or the similar effects of hundreds of g’s 
of centripetal acceleration. A recent finite element analysis 
of hard disk drives by Lin [10] found that accelerations as 
low as 260g’s will cause physical damage at the interface 
between the rotating plates and the fixed sliders. 
 

The advent of flash memory in the last decade has revolu-
tionized memory storage on a wide range of platforms in-
cluding cellular phones, digital cameras, hand-held comput-
ers and even household thermostats [11]. Robust yet inex-
pensive high-speed data loggers are now available which 
are capable of operating on low-voltage battery power and 
record onto standard flash memory cards. Such data loggers 
are immune to the effects of centripetal acceleration since 
they do not have any moving parts. Similar data loggers are 
now commonly used in environments where high-voltage 
power is not available and harsh conditions, such as for data 
logging on board race cars, are present. For the prototype 
machine, the Dataq DI-710 with data sampling speeds of up 
to 14.4 KHz and a high-speed Secure Digital flash memory 
card with 1 GB capacity was selected. The data logger was 
mounted near the center of the testing apparatus in order to 
minimize the forces on the mounting hardware and wire 
connections. 



——————————————————————————————————————————————–———— 

 

Recording Video on a Rotating 
Machine 
 

In addition to the ability to record mass loss events using 
the data logger described in the previous section, video re-
cording can yield additional information relevant to the me-
chanics of how mass loss events occur. Frame-by-frame 
analysis can reveal the originating location and trajectory of 
ejecta and events precipitating mass loss, such as crack 
propagation or initial plastic failure of components. Video 
recorded on-board the rotating machinery enables superior 
image capture capability compared to video recorded from a 
stationary location, because the configuration is not as sen-
sitive to sampling rate, and rotation of the machinery itself 
does not obscure the view of the component of interest, 
which appears fixed in the frame. 
 

However, recording video data on board the rotating ma-
chine poses the same challenges as recording data from the 
displacement transducer—namely, the recording must be on 
solid-state memory (no moving parts) and must operate on 
low-voltage battery power. Whereas most video recorders, 
whether analog or digital, utilize magnetic tapes or hard 
disk drives, digital video recorders (DVRs) have recently 
been introduced that compress the video signal in real time 
and record onto solid-state flash memory. When paired with 
a fixed-lens digital CCD camera, the DVR system contains 
no moving parts and is well suited to video recording on 
board the rotating machine. This type of solid-state record-
ing setup has found popularity with sporting enthusiasts, for 
example, in sturdy helmet cameras that can record “first 
person” action during motorcycle racing, open-cockpit auto 
racing, and even sky-diving, kayaking and skiing. These 
systems are robust enough to withstand not only the rigors 
of racing but also high-acceleration impact events such as 
crashes. 
 

For the prototype machine in this study, a Sony bullet-
style camera with 560-line resolution paired with a mini 
DVR that records at 320x240 resolution and 30 frames per 
second was chosen. Both the camera and DVR were mount-
ed within protective enclosures. Both devices ran off of the 
same battery pack that powered the separate Dataq data log-
ger. 
 

Sensing Strategies 
 

Primary Sensing Strategy 
 

The machine was designed to detect changes in mass of a 
test sample while the sample rotates at speed. The on-board 

data logger discussed above provides a means for recording 
electrical signals. The choice was, therefore, for a transduc-
er that would detect mass loss events and convert those 
events to an electrical signal for the data logger to record. 
The simplest concept for the apparatus was to have a rigid 
arm with a strain gauge attached that would be able to re-
solve changes in the axial deflection of the arm as individu-
al mass loss events occur. However, the arm would have to 
be very thin in order to get significant strain for mass loss 
events on the order of single grams. 
 

As noted in Table 1, the test sample under study had a 
mass of 1.5 kg, was held at a radial distance of 0.4 meters, 
and the machine had to detect a change in mass on the order 
of 1 gram at a maximum centripetal acceleration of 274g. 
The centrifugal force on the sample at maximum speed can 
be calculated as follows, taking 300g as a worst-case sce-
nario rather than 274g: 
 

  (1) 
 

  (2) 
 

  (3) 
 

  (4) 
 

where the maximum radial speed is: 
 

  (5) 
 

 (6) 
 

  (7) 
 

  (8) 
 

 (9) 
 

and the change in force for the loss of one gram is: 
 

  (10) 
 

  (11) 
 

 (12) 
 

A typical strain gauge will not detect changes in strain ε 
below 0.01%, or ε=0.0001. For aluminum, with a Young’s 
modulus of E = 69 · 109 N/m2, the cross section of the arm, 
Axc, can be calculated to detect events at maximum radial 
speed, ω: 
 

/a F m=

300 9.81 /1.5F⋅ =

300 9.81 1.5F = ⋅ ⋅

4414.5 NF =

2F m rω= ⋅ ⋅

24414.5 1.5 0.4ω= ⋅ ⋅

2 4414.5 / (1.5 0.4)ω = ⋅

2 7357.5ω =

85.8 radians/secondω =

2F m rω= ⋅ ⋅

20.001 85.8 0.4F = ⋅ ⋅

2.94 NF =
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 (13) 
 

  (14) 
 

  (15) 
 

  (16) 
 

  (17) 
 

In order to support a strain gauge one centimeter wide, the 
arm would only be 0.04 mm thick, far too thin to be struc-
turally feasible. To detect mass loss events at lower speeds 
would require the arm to be thinner still. The conclusion is 
that a strain gauge acting alone is not sensitive enough to 
detect mass loss events on the order of single grams. 
 

Consequently, a spring system to mechanically amplify 
length changes was developed. A compression spring rather 
than an extension spring was selected for two reasons. First, 
compression springs are available with shorter lengths and 
higher stiffness (in particular, die springs) than available 
extension springs. Second, if the machine is overloaded, a 
compression spring will fully compress and then act as a 
rigid cylinder, whereas an extension spring would over ex-
tend and potentially fail. 
 
An overview of the chosen sensing strategy is shown in 

Figure 5. A computer workstation controls a motor which 
accelerates the apparatus up to speed. The test sample is 
held on a compression spring. When mass loss events occur, 
the decrease in the sprung mass causes the centrifugal force 
on the spring to decrease; the compression spring then ex-
tends (on the order of millimeters for mass loss events on 
the order of grams). A linear potentiometer acts as a dis-
placement transducer, converting changes in the piston 
length of the potentiometer into changes in electrical re-
sistance. A separate battery back supplies DC voltage to the 
linear potentiometer. The data logger finally records the 
difference in voltage across the linear potentiometer over 
time. 

Figure 5. Working Principles in the Apparatus 

 
The time at which events occurred can be extrapolated 

based on the sampling frequency set on the data logger. The 
rotational speed, and therefore centripetal acceleration, at 

which events occur can be inferred based on the speed pro-
file supplied to the motor, or via a second speedometer 
channel recorded on the data logger. The use of recorded 
speedometer data is particularly helpful as the speed profile 
on the motor controller may not actually be achieved by the 
motor due to slip and friction losses. The data analysis can 
be performed in any commercially available analysis pack-
age such as Matlab, DaDisp or DIAdem. 
 

Spring Selection 
 

The dimensions of the spring must match the capabilities 
of the displacement transducer; however, another important 
consideration is that the spring stiffness must exceed the 
natural frequency of the sprung load. The sprung load con-
sists of not only the test sample, but also the clamping appa-
ratus necessary to hold it. The combined mass of the sprung 
load in the prototype was approximately 9 kg. The frequen-
cy of the machine at maximum speed is: 
 
 

 (18) 
 
 

  (19) 
 

  (20) 
 

The minimum stiffness of the spring can then be calculated: 
 

  (21) 
 

  (22) 
 

  (23) 
 

  (24) 
 

  (25) 
 

  (26) 
 

To be above the natural frequency of the machine running 
at top speed, the spring must be stiffer than 381 pounds/
inch. In addition, the spring must be able to carry the sprung 
load at maximum speed: 

 
  (27) 

 
  (28) 

 
  (29) 

 

/ ( )xcF A Eε = ⋅

90.0001 2.94 / ( 69 10 )xcA= ⋅ ⋅

92.94 / (0.0001 69 10 )xcA = ⋅ ⋅

7 24.26 10 mxcA
−= ⋅

20.426 mmxcA =

rotational speed (Hz)

rotational speed (radians/second) / (2 radians/rotation)

f

π

= =

85.8 / (2 )f π=

13.7 Hzf =

0.5 /
n

f k mπ=

2 / (4 2 )nf k mπ⋅ =

2 24 nk f mπ=

2 24 (13.7 rot / sec) 9 kgk π= ⋅ ⋅

266687 kg / seck =

66687 N / 381 pounds / inchk m= =

F m a= ⋅

29 kg 300 9.81 m / secF = ⋅ ⋅

26487 N 5954 poundsF = =
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The current spring in use in the machine has a maximum 
load of 2,000 pounds and a spring rate of 2,900 pounds/
inch. The current spring was, therefore, 7.6 times the stiff-
ness necessary to be above the natural frequency of the sys-
tem; however, it was undersized by about two thirds relative 
to the maximum load at speed. In the current test setup, it 
was presumed that much of the mass (which was artificially 
added to the test sample) will have dislodged by maximum 
speed, such that the spring would not need to carry the 
whole 5,954 pounds of maximum load. Using an undersized 
spring with respect to maximum load allows for greater 
resolution at lower rotational speeds. 
 

To match the chosen spring, which has a maximum de-
flection of 23% of 3 inches overall height, which is 0.69 
inches or 1.75 cm, a displacement transducer with 2.5 cm 
stroke length was selected. A linear motion potentiometer 
was chosen because they have essentially unlimited resolu-
tion. The effective resolution is limited only by the data 
logger which, for the Dataq DI710, is 14 bits. 
 

Additional Sensing Capabilities 
 

Besides the record of mass loss events captured on-board 
in the data logger, mass loss events can be detected by other 
means, both on-board and off-board the machine. On-board 
the machine, the video camera captures a video record of 
every particle that leaves the test sample within the field of 
view, within the resolution and frame rate capabilities of the 
camera. Off-board the machine, stationary video and audio 
capture is also possible, which is particularly effective in 
capturing the audible signature of ejecta hitting the safety 
shield, which is in place around the machine. Another 
means for detecting mass loss events is using the conven-
tional approach, where sensors detect increasing vibration in 
the drive shaft. Sample data recorded using each sensing 
strategy are presented in the section on sample data. 
 

Control Strategy 
 

An industrial three-phase motor turns the prototype. The 
motor is controlled by a Telemechanique Altivar 71 motor 
drive. The motor drive can be deactivated manually using a 
shut-off switch. The motor drive is itself controlled by a 
computer running LabVIEW software and a proprietary 
motor-control software. Different motor states are actuated 
using a set of hardware relays which are switched on and off 
by the LabVIEW software through a National Instruments 
USB-6009 DAQ interface. In addition to spinning the proto-
type, the motor is also connected to a quadrature encoder 
and to piezo-electric sensors. The quadrature encoder signal 

and piezo-electric sensor signals are inputted to LabVIEW 
through the DAQ interface. 
 

The LabVIEW software running on the computer presents 
the user with real-time speed data based on the quadrature 
encoder signal. The speed data are also stored to a data file 
which may be accessed and viewed after the test to see the 
details of the actual speed and behavior of the motor. Exam-
ining the actual motor behavior is important because while 
the control software may be programmed for any arbitrary 
speed profile, the motor has physical limitations such that it 
may not be able to fully achieve programmed accelerations, 
decelerations and set speeds. 
 

The ability of the user to see in real-time the rotational 
speed of the prototype is important because, for safety rea-
sons, the operator may not be in the same room as the proto-
type during a test; that is, the computer and operator may be 
located remotely. Thus, via the speedometer reading, the 
LabVIEW software allows the user to know when the test 
starts and when it has come to an end. In the case that there 
was an initial setting that was set incorrectly and the motor 
does not behave as the user intended, it will also show this 
and the user will then be able to make the appropriate 
changes to conduct another test with corrected settings. Also 
located on the front panel were “start” and “stop” buttons 
for beginning and, if necessary, prematurely ending a test. 
The LabVIEW program was designed to shut itself off after 
conducting the appropriate functions for any given test. 
 

Also located in the LabVIEW block diagram were the 
controls for the relays that control the starting, stopping and 
other speed changes of the motor. The time for which the 
relays will change the output of the motor was controlled 
from the front panel when LabVIEW is running and can be 
set in milliseconds. Each change in relay state can be pro-
grammed for a corresponding change in step-wise or ramp 
acceleration (or deceleration) of the motor. 
 

Balance Strategy 
 

The sample was held at a radial distance from the center 
of the drive axle to increase the centripetal load. That load 
had to be balanced in order not to place large and potentially 
detrimental unbalancing forces on the machine which will 
ultimately cause fatigue and excessive vibration, both po-
tential safety hazards. 
 

Since mass will be lost from the sample during testing, 
unless the balance mass adjusts, the machine will have some 
amount of imbalance. In order to minimize complexity in 
the machine, a variable-balance mass was not integrated. 
Rather, two balance arms were placed at 120° from the in-
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strumented arm, rather than one balance arm at 180° from 
the instrumented arm. The imbalance caused by mass loss 
events is thereby a smaller proportion with respect to two 
balance arms than it would be compared to a single balance 
arm. 
 

The hub geometry necessary to accommodate one instru-
mented arm and two balance arms is fundamentally an equi-
lateral triangle. However, in order to minimize the mass and 
stress risers of the hub, the three “points” of the triangle are 
truncated, resulting in a hexagonal design (Figure 6).  

Figure 6. Triangular Hub Design versus Hexagonal Hub 

Design  

 
Meanwhile, the video camera, which is held at a longer 

radial distance than the test sample, must also be balanced. 
Since the camera does not lose mass, it would not benefit 
from balance mass at 120°. Therefore the camera was held 
on a separate mount with balancing at 180°. The mount al-
lows for the camera to move radially from 0.4 to 0.6 meters 
in order to provide for different video angles of the sample, 
from edge-on to nearly top-down showing the whole sample 
within the field of view. In the prototype, the data logger, 
digital video recorder and battery pack were mounted on a 
plate at the center of the camera arm. The finished prototype 
system is shown in Figure 7. The various components of the 
assembly shown in the images include the central hexagonal 
hub, balance arms, main cylinder with spring, roller guides 
and guide rods, and the clamping assembly holding the test 
sample. Note that the camera arm mounts to the central hex-
agonal hub. The physical prototype shown in Figure 7 is 
placed within a radially protective shield made of 6mm-
thick steel. 
 

Analysis Strategies 
 

Analyzing Displacement Transducer Data 
 

The principal challenge in the analysis of the data is to 
distinguish individual mass loss events. Ideally, mass loss 
events should appear as stepwise decreases in the displace-
ment transducer data (highlighted by the red arrows in Fig-
ure 8). 

Figure 7. Physical Prototype 

 

Figure 8. Theoretical Plot Showing Piston Length of the 

Displacement Transducer Versus Time for a Ramp Input to 

the Motor. Mass Loss Events Appear as Down-Steps 

 

Several effects on the machine act to make the real data 
more noisy and mass loss events more difficult to distin-
guish. One such effect is gravity. Since the apparatus rotates 
in a vertical plane, directionality of the gravitational force 
affects the sensor readings. Fortunately, this is predictable at 
low speeds, and as the speed of the apparatus increases, the 
effect of the gravity force is proportionally smaller com-



——————————————————————————————————————————————–———— 

 

pared to the centrifugal force. The effect of gravity can be 
removed from the data by calculating the gravity force and 
consequential displacement for the given rotation angle at 
any time. The angle of rotation is accurately synchronized 
with the angle at which the gravity force is calculated 
through the LabVIEW real-time engine.  
 

Another effect is electrical noise. Since the data logger 
runs off battery power, which is not well conditioned, the 
signal through the displacement transducer exhibits noise, 
even when at rest (see Figure 9). The noise occurs at a high-
er frequency than either the gravity effect or the frequency 
of mass loss events, so the electrical noise can be effectively 
removed using a low-pass filter without significantly affect-
ing sensing of mass loss events. Figure 10 shows the trans-
ducer data at rest filtered using a running average with 
n=398. 

Figure 9. Transducer Signal at Rest (Unfiltered)  

 

Figure 10. Transducer Signal at Rest (Filtered) 

Friction and clearances in the moving components can 
also introduce noise into the data through excessive stick-
slip phenomena. For this reason, precision roller guides 
were used in place of sliding linear guides, which helped to 
eliminate lateral movement and constrained the test sample 
more closely to move radially as the spring compressed and 
decompressed. 
 

Smallest Mass Loss Event Discernible 
using Primary Sensing Strategy 
 

Using the primary sensing strategy of the analog displace-
ment transducer connected to the digital 14-bit data logger, 
and a range of displacement of 1.75 cm, and taking into 
account the manufacturer’s specification of the data logger 
of a noise floor of 2 bits, changes in displacement must re-
sult in a change of at least 3 bits. The smallest detectable 
change in length of the displacement transducer is therefore:  
 

 (30) 
 
An event causing that change in length of the spring would 
be due to a change in force on the spring of: 
 

  (31) 
 

  (32) 
 

  (33) 
 

  (34) 
 

A change in centrifugal force of that magnitude at top speed 
would be due to a mass loss of: 
 

  (35) 
 

  (36) 
 

  (37) 
 

 (38) 
 

 
Alternately, one can compute the minimum speed at which 
a mass loss of 1 gram is detectable: 
 

 (39) 
 
 

  (40) 
 
 

14(1.75 cm / 2 bits) 3 bits / event 0.000320 cm / event⋅ =

F k x= ⋅

0.000320 cm 0.000000320 mx = =

2900 pounds / inch 508000 N / mk = =

508000 0.000000320 0.163 NF = ⋅ =

2F m rω= ⋅ ⋅

2/ ( )m F rω= ⋅

20.163 / (85.8 0.4)m = ⋅

0.0000553 kg 0.055 gm = =

2F m rω= ⋅ ⋅

F

m r
ω =

⋅
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  (41) 

 
 

  (42) 
 

For comparison, the equivalent tangential speed of the sam-
ple at the specified radius of 0.4 meters at a top radial speed 
of 85.8 radians/second is: 
 

 (43) 
 

And, the equivalent tangential speed of the sample at the 
minimum speed of 20.2 radians/second necessary to detect a 
mass loss event of one gram is: 
 

 (44) 
 

 
In order to distinguish mass loss events at lower speeds, a 

less stiff spring can be used; however, this will also de-
crease the highest speed at which the apparatus can be run 
before the spring fully compresses. Initial screening experi-
ments can be used to determine the characteristic range of 
speeds over which mass loss events are expected to occur, 
and a suitable spring rate can be chosen. 
 

Another practical consideration relating to the primary 
sensing strategy is the DC voltage range over which the data 
logger detects changes on any given channel. For example, 
if the data logger is configured for a range of 0-5 volts, then 
the DC voltage used to excite the displacement transducer 
must be carefully matched such that the actual range of dis-
placement (in this case, from 0-1.75 cm) corresponds to a 
voltage change of 0-5 volts. Hence, the DC voltage used to 
supply the displacement transducer in order to maximize its 
resolution: 

  (45) 
 

  (46) 
 
The precise excitation voltage can be achieved using DC 
batteries and a simple voltage-divider circuit. 
 

Alternate Analysis Strategies 
 

As discussed above, the video camera captures a video 
record of every particle that leaves the test sample within 
the field of view. Frame-by-frame analysis of the video re-
cording using, for example, the freely available VirtualDub 
software package reveals individual mass loss events. Cor-
relating the time of each video frame with the recorded 

speed of the apparatus results in the speed and accelerations 
experienced during each mass loss event. 
 
The smallest detectable mass loss event using this method is 
determined by the resolution of the video camera, distance 
from the sample and density of the ejecta. In the setup, the 
field of view at the depth of the sample in the video frame is 
approximately 33 cm wide by 25 cm high. The on-board 
DVR records at a resolution of 320x240 pixels. The effec-
tive resolution of the on-board video system is therefore: 
 
 

 (47) 
 

or about 1 mm per pixel in either direction. 
 

Assuming ejecta density of 1 gram/cubic centimeter, the 
video setup is capable of detecting mass loss events three 
orders of magnitude smaller than the primary sensing strate-
gy, and is not limited to any particular speed range. Howev-
er, the frame rate of the video must be fast enough to cap-
ture mass loss events at a particular speed. The DVR in the 
setup records at 30 frames per second. If a particle of ejecta 
travels across half of the vertical video frame to be detecta-
ble, that is approximately a distance of 15 cm. The video 
speed of 30 frames per second means a particle of ejecta has 
0.0333 seconds to be captured in a video frame. Therefore, 
if the particle is traveling at more than 15 cm/0.0333 second 
= 450 cm/second = 4.5 meters/second = 10 miles/hour, it 
will not be shown traveling in the video frame. At higher 
speeds, a mass loss event will only be discernible by the 
presence of the ejecta particle on the sample in one frame 
and its absence in an adjacent frame. Other principal draw-
backs of the video analysis method include the time in-
volved in frame-by-frame video analysis, and the possibility 
that an event may be occluded by another event in the video 
frame. 
 

To augment the video analysis, audio data recorded off-
board the apparatus can also be used to detect mass loss 
events. The smallest mass loss event discernible using this 
method depends on the rigidity of the surface on which the 
ejecta impacts, the rigidity of the ejecta itself, the noise pro-
duced by the apparatus and other ambient noise. Using a 
radial protective shield made of 6mm-thick steel around the 
machine, the system is able to distinguish mass loss events 
using this method. Applying a high-pass filter to the data 
(greater than the rotational speed of the machine) helps to 
reduce noise in the data. Limitations of this method include 
difficulty in synchronizing the audio data with the start of 
the machine rotation, the time lag between when ejecta 
leave the sample and impact the blast shield, inability to 
distinguish the position from which ejecta leave the sample, 

85.8 radians 1 revolution 2 0.4 meters meters miles
34.3 76.8

second 2 radians 1 revolution second hour

π

π

⋅
⋅ ⋅ = =

20.1 radians 1 revolution 2 0.4 meters meters miles
8.04 18.0

second 2 radians 1 revolution second hour

π

π

⋅
⋅ ⋅ = =

0.163

0.001 0.4
ω =

⋅

20.2 radians / secondω =

1.75 cm / 5 V 2.5 cm / excitation V=

excitation V 2.5 / (1.75 / 5) 7.14 V= =

2

2

33 cm 25 cm cm
0.0107

320 pixels 240 pixels pixel

⋅
=

⋅
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inability to distinguish the sizes of individual particles of 
ejecta, and confounding of the signal by secondary impacts 
(ejecta striking the radial wall, then falling to strike again). 
 

Sample Data 
 

An interesting trend in data obtained using the primary 
sensing strategy is related to the mass loss from the sample 
over time. As mass is lost from the sample, the sprung mass 
decreases and, therefore, the amplitude of the oscillations 
caused by gravity decreases as the sample rotates around 
from pointing straight up to pointing straight down. This 
effect is shown graphically in Figure 11. The region where 
the amplitude of the oscillations decreases helps to identify 
the time interval during which the mass is being lost.  

Figure 11. Sample Data from the Displacement Transducer 

Showing Change in Amplitude Induced by Mass Loss Events  

 
Sample data obtained using the video analysis is shown in 

Table 3. The analysis proceeds from the frame number of a 
noticeable event, the time corresponding to that video 
frame, an estimate of the mass of the ejecta based on the 
size in the video frame, a running total of the accumulated 
mass loss over time, the computed tangential speed at which 
each event occurred, and computed force and acceleration 
experienced by each particle of ejecta. The same data are 
plotted versus time and versus tangential speed in Figure 12. 
 

The plots in Figure 12 illustrate how most of the mass 
loss events occur over a narrow critical speed range where 
enough force is experienced by the ejecta to dislodge them 
from the test sample. Note that the smallest estimated parti-
cle of ejecta is 4.8 grams. Thus, the principle goal for the 
device, to detect mass loss events on the order of single 
grams from individual parts spinning at speeds sufficient to 
achieve centripetal accelerations on the order of hundreds of 
g’s, has been achieved.  

Table 3. Sample Data from Video Analysis 

Figure 12. Mass Loss Events Based on Analysis of Video Data  

 
Finally, a plot of the off-board audio data for one test is 

shown in Figure 13. A high-pass filter of 4,015 Hz was ap-
plied to the data using the freely available Audacity soft-
ware package. Individual impacts of ejecta against the steel 
blast shield are clearly visible (highlighted with red arrows 
in Figure 13) in the data and correlate with the times of 
mass loss events recorded using the video analysis method.  
 

Conclusion 
 

The development of an apparatus and associated sensing 
strategies and analysis methods as reported in this paper 
allow test engineers to study the speeds, accelerations and 
forces at potentially dangerous mass loss events that occur 
on rotational machinery. While the video analysis produced 
the most useful data for the proprietary tests conducted, 
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given another situation, one of the other analysis strategies 
described may well produce more relevant data. The experi-
mental apparatus has also been used to study the mechanics 
at the interface between various ejecta materials and differ-
ent substrates, as the apparatus allows for experiments to be 
conducted at high acceleration levels in controlled laborato-
ry conditions. Future work should include the application of 
the apparatus and analysis strategies to additional physical 
phenomena at high acceleration levels. 

Figure 13. Processed Audio Signal from Off-Board Recording 

 

References 
 
[1] Bureau of Labor Statistics. (2006). Fatal occupation-

al injuries by primary and secondary source of injury 
by major private industry sector. Technical Report. 

United States Department of Labor, pp. 1–17. Re-
trieved February 11, 2013, from http://www.bls.gov/
iif/oshwc/cfoi/cftb0208.pdf.  

[2] National Highway Traffic Safety Administration. 
(2007). Research Report to Congress on Tire Aging. 
Technical Report. NHTSA. Washington, DC. 

[3] Pegula S. M. (2004). Fatal Occupational Injuries 
Involving Helicopters, 1995-2002. Technical Report. 
Bureau of Labor Statistics. Retrieved February 11, 
2013, from http://www.bls.gov/opub/cwc/old/
sh20041022ar01p1.asp. 

[4] Takeuchi K. (1997) Aircraft Accident Investigation 
Report: Garuda Indonesia, Douglas DC-10-30, PK-
GIE Fukuoda Airport. Aircraft Accident Investiga-
tion Commission, Technical Report, Tokyo, Japan. 

[5] Nordmann R. (1994). Identification techniques in 
rotordynamics. Diagnostics of Rotating Machines in 
Power Plants: Proceedings of the CISM/IFToMM 

Symposium, October 27-29, 1993, Udine, Italy, 
Springer, p. 1. 

[6] Pahl G., Beitz W., Wallace K., & Blessing, L. 
(2007). Engineering Design: A Systematic Ap-

proach, Springer-Verlag London Limited, London. 

[7] Kocabas H. (2009). Gripper design with spherical 
parallelogram mechanism. Journal of Mechanical 

Design, 131 (7), . 
[8] Arakelian V., & Guégan S. (2008). Design and pro-

totyping of a partially decoupled 4-DOF 3T1R paral-
lel manipulator with high-load carrying capacity. 
Journal of Mechanical Design, 130 (12), pp. 122301
–122303. 

[9] Zoppi M., Sieklicki W., & Molfino R. (2008). De-
sign of a Microrobotic Wrist for Needle Laparoscop-
ic Surgery. Journal of Mechanical Design, 130 (10), 
p. 102306. 

[10] Lin C. (2002). Finite element analysis of a computer 
hard disk drive under shock. Journal of Mechanical 

Design, 124 (1), pp. 121–125. 
[11] Yoshikawa K. (1999). Embedded flash memories-

technology assessment and future. VLSI Technology, 

Systems, and Applications, 1999. International Sym-

posium on, IEEE, (pp. 183–186). 
 

Biographies 
 

JONATHAN R. A. MAIER is a lecturer in General En-
gineering at Clemson University. He received his BS from 
Georgia Tech and his MS and PHD at Clemson University. 
His research is centered on affordance based design, estab-
lishing it as both an explicative theory for design and evolv-
ing design methods based on the theory. Dr. Maier may be 
reached at jmaier@clemson.edu. 
 

M. LAINE MEARS is an Associate Professor of Auto-
motive Engineering at Clemson University. He received his 
BS from Virginia Tech and his MS and PHD from Georgia 
Tech. His research interests include manufacturing process 
control. He is an NSF CAREER award recipient and his 
work has been funded by the US Army, DOE, NIST, and 
several automotive industry corporations. Dr. Mears may be 
reached at mears@clemson.edu. 
 

JOSHUA D. SUMMERS is a Professor of Mechanical 
Engineering and a College IDEaS Named Professor at 
Clemson University. He received his BS and MS degrees 
from the University of Missouri and his PHD from Arizona 
State University. His research interests are centered on un-
derstanding the design process in order to develop new de-
sign enabling tools and methods. He may be reached at 
jsummer@clemson.edu. 

 
 
 

 

 



Abstract  
 

In this study, the authors developed a three-dimensional 
(3D) thermal model of an internal-combustion-engine-
propelled powertrain using a Finite Element (FE) analysis 
complemented with experimentally extracted boundary con-
ditions. The experimental work included full-field and dis-
crete temperature measurements of an engine-based power-
train system under a wide range of road loads (vehicle speed 
and road grades). This paper presents a complete analysis of 
an inline 6-cylinder, 3.0L, 255hp powertrain’s thermal char-
acteristic and its relationship to vehicle speed and road 
loads. This study adopted the approach of combining both 
simulation and experiment in order to determine the time-
dependent boundary conditions, heat sources and heat sinks 
in a powerful thermal-solver “RadTherm”. The proposed 
3D thermal model was used to perform transient and steady-
state thermal analyses. A four-wheel-drive (4WD) chassis 
dynamometer was used to implement various driving sce-
narios during testing, while a network of thermo-couples 
and a micro-bolometric detector were used to acquire the 
temperature maps. The results of the thermal analysis from 
the model were compared with experimental results to pro-
vide a valuable conclusion. The developed model was also 
further utilized to optimize thermal packaging design of 
some powertrain parts through, but not limited to, rerouting 
of the heat sources and heat sinks in the vehicle design, ap-
plying thermal shields, replacing materials and increasing 
cooling. 
 

Introduction  

 
Recent governmental regulations pressing for improved 

fuel economy in terms of miles per gallon (MPG)—e.g., the 
CAFÉ standards—forced automakers to revisit and further 
improve their vehicular thermal management systems. At 
the same time, current studies of the vehicular thermal man-
agement systems still rely on simulating the heat transfer of 
as-built automotive parts using a Computer Aided Design 
(CAD) tool to describe the geometries and topologies, fol-
lowed by a Computational Fluid Dynamics (CFD) tool to 
solve the heat transfer equations. Typically, thermal model-
ing assists in analyzing thermal loads of underhood compo-

nents for better thermal packaging schemes that might lead 
to reductions in exhaust emissions and an increase in ther-
mal efficiency. In addition, new packaging concepts might 
also result in weight and cost savings, and might allow engi-
neers to devise new control strategies for cooling. Such new 
strategies might include electrically driven cooling systems 
or the use of materials with improved thermal properties. 
This paper describes the development of a 3D Finite Ele-
ment (FE) thermal model for an internal-combustion-engine
-propelled powertrain along with its exhaust system compo-
nents. 
 

Literature Review  
 

Several vehicle thermal models have focused on investi-
gating vehicular underhood components; Fluent Inc. devel-
oped a comprehensive simulation tool for underhood ther-
mal management [1] with the aim of analyzing thermal per-
formance and characteristics of the automobiles’ different 
underhood packaging designs. A dual-cell heat exchanger 
model was used to simulate the underhood non-uniform 
heat rejections at different ambient temperatures. However; 
a uniform temperature map was assumed at the exhaust 
manifold surface, while assuming that the exhaust pipes 
were the heat source. Furthermore, in this study, the 3D 
model surface domain was discretized using a tetra-mesh 
scheme, which—depending on the solver scheme used to 
solve the heat conduction and radiation equations—may 
result in non-uniform element local heat conduction. 
 

Additionally, other commercial CFD simulations might 
suffer in terms of accuracy because they incorporate several 
assumptions and approximations, due to the fact that results 
for a given simulation might be applied as a boundary con-
dition for the next run, and/or basic thermodynamic calcula-
tions or ideal cycles might be used for the sub-models. Priya 
et al. [2] presented a thermal model of as-built automotive 
parts using a software platform, MuSES, with a set of ther-
mographic detectors for extracting the needed boundary 
conditions. This study focused only on the engine under 
idling conditions; no other loading schemes were applied. 
Andreas et al. [3] discussed the use of a reverse-geometry 
approach using thermal acquisitions from thermography to 
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model the vehicle components as 3D topologies, which 
would be used in the FE model. However, these acquired 
thermal maps were not 3D scans of a real-world object, but 
were instead surface fabrics derived from the thermal imag-
es. These thermal images, or thermograms, should first be 
corrected for lateral heat conduction and emissivity and 
material variations. Moreover, such thermal images provide 
a surface fabric without representing a precise surface geo-
metrical shape, especially when intricate geometries are 
involved. Omar et al. [4] introduced an approach to correct 
the thermograms for lateral heat conduction and emissivity 
effects using a Thermal Point Spread Function (T-PSF) and 
emissivity maps, respectively.  
 

Methodology 
 

Understanding the boundary conditions for the underhood 
components is vital to be able to guarantee modeling accu-
racy; hence, in this study, a set of thermographic detectors 
were employed in order to capture the underhood compo-
nents’ boundary conditions under different road load condi-
tions. The infrared detectors, with their contactless, real-
time temperature measurement capability, can provide accu-
rate temporal and spatial temperature maps, when corrected 
for emissivity and environment contributions [5], [6]. This 
study employed two different thermal imagers: 1) a micro-
bolometric focal plane array operating in the Long Wave 
Infrared LWIR 8–13 micron spectra; and, 2) a cooled, Indi-
um Antimonite InSb detector with sensitivity in the Mid-
Wave MWIR 3–5 spectra. 
 

To mimic the different road loads and driving conditions 
under the controlled environment, a 4-wheel-drive, 4-roller 
chassis dynamometer (Renk Labeco, 500HP) was used 
along with a 500HP FEV  engine dynamometer. The test 
vehicle in this study was a BMW 35i with a 6-cylinder in-
line, 3.0L, 255HP engine.  
 

The uncooled micro-bolometric detector (commercial 
name A40M, a product of FLIR Systems, Inc.) is capable of 
a 33Hz acquisition rate with a resolution of 1.3mrad, and a 
thermal sensitivity of 0.08Co at 30Co. It is capable of detect-
ing a temperature range from -40Co to 500Co with an accu-
racy of 2% or 2Co. The cooled detector is a Phoenix DTS 
package able to acquire up to 20kHz with the sub-window 
option; its Noise Equivalent Temperature Difference 
(NETD) is 0.1mK. The two-camera system was used to 
neutralize the emissivity effects using the multi-color py-
rometery calculations. Additionally, a network of thermo-
couples was deployed to acquire a reference temperature 
signal to help correct the detectors’ readings. Figure 1 illus-
trates the experimental setup of the vehicle inside the chas-
sis dynamometer chamber. The acquired boundary condi-

tions were then deployed into a finite differencing code en-
vironment for thermal analysis. The 3D CAD model for the 
test vehicle was constructed from actual 3D scans of the 
objects using a stereo-based, hand-held scanner (with a res-
olution of 0.05mm and a depth of field of 300mm) and a 
Zeiss full-size Coordinate Measuring Machine CMM 
(commercial name Zeiss Pro-T). The surface geometries 
were first acquired in a stereo-lithographic (.STL) CAD file. 
Then, it was post-processed through rapid-forming to re-
verse-engineer the CAD file into each target’s dimensional 
features, which were then meshed. 

Figure 1. Renk Labeco Chassis Dynamometer 

 

Experimental Procedures  
 

The engine’s thermal maps were monitored under various 
power demands at the wheels, while the chassis dynamome-
ter was used to simulate the representative road loads (i.e., 
vehicle speed and road grades) by controlling wheel re-
sistance. The infrared detectors were set up to measure the 
surface temperature profiles for the engine, the exhaust 
manifold, the catalytic converter and the muffler. These 
specific components were thought to represent the main 
heat sources under the hood and under the body. Each ther-
mal imager field was adjusted to cover the target locations 
for each run, in addition to removing all of the non-value-
added features or background contributions through soft-
ware or hardware filters. In addition, within each Field of 
View (FoV), a set of Regions of Interests (ROIs) were initi-
ated in order to collect the maximum, minimum and average 
temperatures to improve the acquisition accuracy. In some 
instances, the un-cooled detector’s dynamic range was ad-
justed in order to capture the target peak temperature [7], 
[8]. Figure 2 displays the configuration of the detectors dur-
ing the underhood testing. 
 



——————————————————————————————————————————————–———— 

 

Figure 2. Infrared Detector Setup While Detecting the Heat 

Emissions from Under the Hood 

 
The thermocouples network employed a high-speed, 8-

channel Thermo Couple Interface Card (TCIC) with the I/O 
set up through a high-speed USB interface; the TCIC DAQ 
was calibrated with the sample rate adjusted to 10Hz. Figure 
3 shows the thermocouples mounted using an epoxy bond-
ing agent on the catalytic converter surface. 

Figure 3. Thermocouple Mounted using an Epoxy Bonding 

Agent on the Surface of the Catalytic Converter 

 

Testing Behavior 
 

The main heat source in a conventional (internal combus-
tion propelled) vehicle is its engine, with the generated heat 
raising the temperature of the underhood structural compo-
nents. Thus, the engine and the exhaust system—including 
the exhaust manifold, the catalytic converter and the muf-
fler—were targeted in the boundary condition extraction 
process. 
 

The surface temperatures for each part were captured over 
a 42-minute period during which the vehicle speed was set 
to increase by 10MPH every six minutes up to a final speed 
of 70MPH. However, to ensure that the test included apply-
ing representative combinations of road loads, i.e., speed 
and grade, the temperature acquisition tests were repeated 
for the grades of 3, 6, 9 and 12%, with an external draft of 
airflow applied to prevent engine overheating. Table 1 illus-
trates the vehicle speed and the associated cooling air flow 
rates in Cubic Foot per Minute (CFM) as applied during the 
test. Table 2 shows the road grades applied in each run. 
 
Table 1. Vehicle Speeds and Associated Airflow Applied for 

Cooling 

 
Subsequently, the experimental data included all of the 

transient temperature curves from the thermocouples and 
the 2D spatial thermal images from the thermal cameras for 
each test run.  
 
Table 2. Road Grade (%) Applied in the Test 

3D Thermal Model Design 
 

This section describes the development of the 3D FE 
model for the complete conventional vehicle powertrain. 
The current investigation utilized a Finite Differencing plat-
form (commercial name RadTherm, product of Thermo-
Analytics) as the main solver. This code included an opti-
mized thermal solver that can provide an image viewer in 
wireframe, in addition to an animated thermal display [9-
11]. Additionally, the RadTherm solver has the capability to 
address steady-state and transient scenarios. Also, the code 
has a 3D graphic editor to allow the user to define material 
properties for each of the geometrical elements or group of 
elements. Following the properties assignment, the solver 
discretizes the element for each part by breaking them into 
thermal nodes [12].  

 
Since radiation is a dominant mode of heat transfer, and 

since the underhood geometry is rather complicated, some 
modeling tools may combine assumptions and proximity for 

Load 
Interval 

0-6 7-12 
13-
18 

19-
24 

25-
30 

31-
36 

37-
42 

Speed 10 20 30 40 50 60 70 

Air flow 
(cfm) 

4500 4500 4500 4500 9000 9000 9000 

Capture No. I II III IV 

Grade % 3 6 9 12 
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radiation. The RadTherm solver, on the other hand, delivers 
a complete temperature distribution and heat rates for radia-
tion. The net radiation heat exchange between two different 
surfaces can be computed using Equation (1) [11]: 

 
       (1) 

 
where T1 and T2 are the surface temperatures in K; F1-2 is the 
view factor; A is area m2; and, σ is the Stefan-Boltzmann 
constant Wm-2 K-4. View factor, , is defined in Equation 
(2) [2]: 
 

     (2) 
 

 
where Ai and Aj are the areas of the surfaces i and j, respec-
tively, and θi and θj are the angles between the position-
dependent normal vectors to surfaces i and j and a line of 
length R connecting the points of the normal. 

 
For accurate radiation heat transfer, the mesh quality of 

the CAD model was a crucial part of this model. The FE 
model was constructed in this study using deployed elements 
with an aspect ratio (width-to-length ratio) less than 4; and, in 
order to guarantee the uniformity of lateral heat conduction be-
tween the connected vertices within the each element, only Tri’s or 
Quads were used with element sizes that ranged from 5–25mm. 
This size range was enough to resolve the thermal spatial geome-
try, yielding high convergence criteria at lower tolerances [9]. 
 

Other mesh quality issues were also improved by taking into 
consideration connectivity, duplicate, overlapping and penetrating 
criteria of the radiated elements. Figure 4 shows the principal qual-
ity of the required mesh used in this model. 
 

Figure 5 displays the 3D vehicle model. The multi-layer materi-
als for each part can be represented theoretically by a grid of 
nodes, spatially defined within the same part. In this study, user 
thermal nodes were established in order to link the fluid streams to 
their bounding parts. Figure 6 shows the fluid nodes used to link 
the exhaust gas fluid streams to the backside of the exhaust mani-
fold ports through the exhaust tail pipe. 

 
The design of this model required that the heat sources in the 

model be defined; in other words, the experimentally obtained 
exhaust gas temperature curve was assigned, which represented the 
exhaust gas upstream inside the cylinders in a way that would 
simulate the combustion process inside the cylinder. Knowing that 
this fluid is linked with a thermal node to the back (inner) side of 
the cylinder block (specifically the combustion chamber) was re-
quired in order to predict the exhaust gas temperature curve experi-
mentally. Consequently, and in order to predict the exhaust gas 
temperature, the exhaust gas temperature curves inside the exhaust 
manifold ports were predicted using the experimental data meas-
urements. 
 
 

(a)                                                        (b) 
 

(c)                                             (d) 
 

Figure 4. Meshing Requirements (a) Centroid (b) Vertices (c) 

Warpage (d) Aspect Ratio [9] 

 

Figure 5. RadTherm Graphical User Interface 

Figure 6. Exhaust Gas Fluid Streams Bounded by Exhaust 

System Components 
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The ambient air surrounding the underhood area and the 
underbody components was also considered in the model; a 
fluid node (ambient air) with an initial room temperature as 
recorded by the experiments was linked to the parts’ front 
(outer) side. Finally, the lubrication and the cooling systems 
were simulated as a group of internal gaps created inside the 
cylinder block FE model; the lubricant and coolant fluid 
flow through these designed paths. This was done to simu-
late the heat rejections through these two fluids, which also 
aids in capturing the thermal performance of the cooling 
system. The coolant was then forced to circulate in and out 
of the cylinder block inner shell and pass through the cool-
ant radiator. In setting up the boundary conditions process, 
the only assigned temperature curves were those for fluid 
nodes to simulate the combustion process inside each com-
bustion chamber. These time-dependent temperature curves 
were synchronized with the combustion process occurrenc-
es, as obtained from the engine RPM. The exhaust gas fluid 
stream through the exhaust system towards the tail pipe was 
linked to the combustion chamber fluid nodes. The rest of 
the boundary conditions included an initial temperature as-
signment for all parts of the model.  

 
Finally, after all boundary conditions were set up, the 

model was executed for all of the test runs implemented in 
the chassis dynamometer under the prescribed loading 
schemes. The model was run in 1-minute time steps, while 
the tolerance slope was set to a minimum. Then, the temper-
ature curves for the different parts in the powertrain were 
extracted and compared against the experimental data. 
 

Results and Discussion 
 

The accuracy of the proposed 3D thermal model was ana-
lyzed by comparing its predicted temperature curves (spatial 
and transient) against the experimental data. The main goal 
of this simulation model was to predict the thermal signa-
ture of the underhood and underbody components under 
different loading profiles in terms of road loads which in-
cluded vehicle speed and road grades. Figure 7 illustrates 
the rise in the average surface temperature for the exhaust 
manifold, as recorded by the un-cooled infrared detector. 
One can observe the high rise in temperature over time, 
which might lead to pixel saturation at certain temperature 
range settings—an integration time of the Focal Plane Ar-
ray. Also, it was noticed that the components’ surface tem-
peratures increased with an increase in vehicle speed, as 
compared to an increase in road grade. In other words, vehi-
cle speed causes more thermal load on the powertrain than 
does road grade. For instance, an increase in speed from 0–
70MPH leads to a rise in exhaust manifold surface tempera-
ture to about 553K for the same 3% grade over 42 minutes. 
However, an increase in the grade from 3% to 12% causes 

an increase of only 140K in the surface temperature over the 
same period.  

Figure 7. Exhaust Manifold Surface Temperature Curves as 

Recorded by the Infrared Detector 

 

The parts’ surface temperatures were plotted as a function 
of load; e.g., vehicle speed and road grade, as shown in Fig-
ure 8. Figure 9 illustrates the exhaust manifold surface tem-
perature as predicted by the model in comparison with the 
actual temperature for the 3% and 9% road grades; the two 
curves were in agreement up to the point where the pixels of 
the infrared detector reached the saturation point. The tem-
perature curve for the exhaust manifold surface indicated 
that this saturation took place after 28 and 34 minutes for 
road grades of 6% and 9%, respectively. 

Figure 8. Exhaust Manifold Actual Surface Temperature 

Obtained by the Infrared Detector 

 

5 10 15 20 25 30 35 40 45
300

400

500

600

700

800

900

Time  min

T
e

m
p

e
ra

tu
re

  
K

 

 

Grade 3%

Grade 6%

Grade 9%

Grade 12%

3
4.5

6
7.5

9
10.5

12

10

20

30

40

50

60

70

500

550

600

650

700

750

800

850

900

 

Grade %Speed  mph 

T
e
m

p
e
ra

tu
re

  
K

550

600

650

700

750

800

850

——————————————————————————————————————————————————– 
THERMAL MODELING AND ANALYSIS OF AN ON-BOARD INTERNAL-COMBUSTION-ENGINE-BASED POWERTRAIN                   21 



——————————————————————————————————————————————–———— 

——————————————————————————————————————————————–———— 
22                                INTERNATIONAL JOURNAL OF MODERN ENGINEERING | VOLUME 13, NUMBER 2, SPRING/SUMMER 2013 

Figure 9. Exhaust Manifold Surface Temperatures as Predict-

ed by the Model versus Actual for 3% and 6% Road Grades 

 
In order to measure the uncertainty associated with the 

temperature measurements, an uncertainty analysis of both 
thermocouples and IR detector measurements were conduct-
ed. The input signal from the thermocouples was within the 
range of 0-500mV with a resolution of 0.019. The accuracy 
of the thermocouple acquisition was found to be ±1.5Cº. 
With automatic emissivity correction and a thermal sensitiv-
ity of 0.08Cº, the accuracy of the infrared detector was 
found to be ± 2Cº.  
 

Subsequent to model validation, the model was utilized in 
optimizing the powertrain components’ thermal design; 
several design manipulations can be tested in order to obtain 
better thermal performance in terms of heat rejection or in-
sulation. These manipulations included material replace-
ment, rerouting heat sources and heat sinks, shielding, apply 
different cooling at specific locations and/or load condi-
tions, among others [13]. Consequently, several possible 
changes were implemented in the model; Table 3 summariz-
es these design modifications. 
 
Table 3. Modifications Applied to the Current Design 

The automobile underbody—like other Body-in-White 
“BiW” panels—was made of several steel grades; at the 
same time, many automakers tried to replace the steel with 
other less dense materials such as aluminum and/or Poly-
Metal Hybrids (PMH) for light-weight engineering purpos-
es, which in turn affects the vehicle’s thermal signature and 
impacts its thermal management system [14]. The modifica-
tions from Table 1 were implemented in the model with 
their thermal characteristics captured and then analyzed. For 
instance, Figure 10 displays the physical heat flux for a steel 
underbody, compared with that from an aluminum under-
body. The results show that more heat is conducted through 
aluminum because of the higher thermal diffusivity, which 
allows for more heat to be rejected to the surrounding air.  

(a) 

(b) 

 
Figure 10. Heat Flux Through the Underbody: (a) Al 5083 

(b) Mild Steel 

 
Nevertheless, other packaging and thermal utilization 

strategies might also assist in optimizing the vehicle’s ther-
mal management system and/or its thermal signature. For 
example, rerouting heat sources and sinks in the vehicle 
might disturb the thermal management system, but packag-
ing techniques such as applying selective shielding between 
the heat sources and other components can reduce the load 
on the underhood, temperature-sensitive components and 
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enhance their thermal performance; such techniques will 
assist in applying fewer thermal loads on specific compo-
nents with sensitivity to temperature such as the electronics 
and the electric machines’ wiring network. Also, shielding 
with different reflectivity grades can be tested. An test run 
showed how the model can predict shielding performance in 
preventing heat emitted by the exhaust system (see Figure 
11) from being transferred into the underbody packaged 
components, such as the battery packs in hybrid vehicles. 
Nonetheless, this also assists in the improvement of the in-
cabin passenger thermal comfort. 

(a) 

(b) 

 
Figure 11. Heat Flux within the Catalytic Converter (zoomed): 

(a) Shielded (b) Un-shielded 

 

Conclusions 
 

This study developed a 3D FE-based model for an inter-
nal-combustion-engine-propelled vehicle, with a focus on 
its underhood and underbody components. The study uti-
lized an in-house experimental setup that tested the power-
train using a 4WD chassis and engine dynamometers, in 
addition to using full-field and discrete-temperature meas-
urement approaches using infrared imagers and a thermo-
couple network. The tests tried to imitate different road 

loads by changing the road grades and speed combinations 
for the powertrain. The 3D model utilized a multi-heat 
transfer and one-dimensional fluid-flow commercial thermal 
solver that can assign fluid streams and thermal nodes of the 
components’ CAD surface geometries, while linking all of 
the model parameters to simulate actual conditions. The 
results showed that the results from the model are in agree-
ment with experimental results. Also, the results exposed 
the effect of vehicle speed and road grade on the exhaust 
system thermal loads, further showing that speed has a big-
ger impact. Additionally, the study showed the potential of 
the developed model in testing different design concepts in 
terms of shielding characteristics and vehicle powertrain 
thermal repackaging. 
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Abstract 
 

In this paper, the authors present an energy efficiency 
study of Variable-Speed Drives for Single-Phase Induction 
Motors. The objective was to evaluate popular variable-
speed drive schemes as they operate in their most efficient 
mode under different loading conditions. The considered 
schemes included phase control, variable-frequency drives 
and voltage control. This study focused on the development 
of experimental test methodologies to characterize motors 
and implement desired control schemes. Mathematical mod-
eling and computer simulations were also utilized for engi-
neering design and analysis. The fan load application was 
considered for further illustration of the developed method-
ology. This study provides a general framework for the 
evaluation and selection of variable-speed drives. 
 

Introduction  

 
Speed control of AC motors evolved very rapidly with 

advances in power electronics technology [1]. Applications 
that were dominated by DC motors became most suited for 
AC motors as a more economical alternative. Three-phase 
motors, however, were the prime candidates for initial de-
velopments for their more significant impact on high-power 
industrial applications. With the maturing of three-phase 
motor drives, technologies started to find their way to single
-phase motor applications which constitute the largest per-
centage of electric power consumption in commercial and 
residential applications. AC Single-Phase Induction Motors 
(SPIMs) are popular for their low cost and versatility. Com-
pared to three-phase induction motors, single-phase motors 
lack the self-starting capabilities and they are more sensitive 
to loading conditions.  

  
For applications with varying loads, a variable-speed 

drive is a must since it can achieve up to 50% in energy 
savings. This principle often applies to machines that need 
to be constantly starting. By means of variable-speed drives, 
it is possible to regulate the starting current of such ma-
chines and, therefore, save more energy [2]. There are three 
commonly known techniques for AC motor drives; namely, 
variable frequency [3], voltage control [4], [5] and variable 
rotor resistance. Several studies have been conducted to 
analyze the performance of the different drives. 

Nomenclature 

In this paper, the theory behind the steady-state operation 
of SPIM is presented and was used for the mathematical 
models development in this study. Experimental tests were 
then performed in order to determine the motor parameters. 
The torque-speed motor characteristic was used to validate 
experimental results of the motor-winding parameters. Pow-
er consumption under different loading conditions was ana-
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R1, X1 Resistance and reactance of the stator 

R'2, X’2 Resistance and reactance of the rotor 

Xm Mutual reactance  

τind Induced torque 

VTH, RTH Thévenin voltage and resistance 

ωm, ωsync Motor speed and synchronous speed in 
rad/sec 

I Stator current 

ZF, ZB Forward and backward impedance 

Pin, Pout Input and output power 

PAG, PAG,F, 

PAG,B 

Air-gap power: total, forward and back-
ward 

Pconv Converted power 

PRCL Core losses 

Prot Rotational losses 

Ps Power savings 

f  Line frequency in Hz (ω=2πf) 

V  Phase voltage 

τ Torque 

nm, nsync Motor speed and synchronous speed in 
rpm 

s  Slip 

p.f.  Power factor 

η Efficiency 
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lyzed experimentally and via modeling techniques for dif-
ferent control schemes under varying loading conditions to 
find the optimal mode of operation. Moreover, the fan appli-
cation was analyzed in order to provide a real-life applica-
tion where this kind of analysis is important for energy effi-
ciency. 
 

Induction-Motor Model 
 

In applications where there is insufficient information 
available about the motor parameters, such as winding re-
sistance and inductance, it is necessary to execute the fol-
lowing three classical tests: DC test, locked-rotor test and 
the no-load test. These experimental tests are based on the 
single-phase induction-motor static RC equivalent circuit 
model presented in Figure 1. This model is based on the 
double-revolving-field theory. This theory states that a sta-
tionary pulsating magnetic field can be expressed as two 
rotating magnetic fields (forward and backward) of the 
same magnitude but with different direction. The effective 
torque that is produced is then practically equal to the re-
sultant sum of the torque components due to each of the two 
magnetic fields [6]. 

Figure 1. Equivalent Circuit of a Single-Phase Induction 

Motor  

 
Since the purpose of this study was to analyze the energy 

efficiency of the drives discussed earlier, it was not neces-
sary to analyze the dynamics of the induction motor. This is 
where the d-q model would have been necessary. The motor
-winding parameters found experimentally are shown in 
Table 1.  
 

This section describes the relationship of the motor’s 
torque, power and speed. Chapman [6] derived the formula 
that describes the induced torque from an analysis of the 
three-phase motor’s equivalent circuit. This formula can be 
applied to the single-phase motor using a 1/3 scaling factor 
since the torque is additive. Thus, this formula was applied 

here using the parameters presented in Table 1. In addition, 
the ideal torque-speed characteristic was compared with 
experimental data for validity.  
 
Table 1. Induction-Motor Parameters 

 
It should be noted from Equation (1) that the produced 

torque is dependent on the slip (motor speed), operating 
frequency as it affects the reactance (X=jωL), and the phase 
voltage, Vϕ. The resistance also plays a role, but it was as-
sumed constant for purposes of this study. Most economical 
SPIMs are of the squirrel-cage type, where the rotor re-
sistance is practically fixed. Wound-rotor motors may pro-
vide access terminals to change their effective rotor re-
sistance. The dependence of τind on nm, Vϕ, f and R2 permits 
the reverse logic of adjusting nm for a given τind (load) using 
Vϕ and f.  

 
 
 

(1) 
 
 
 

where 
 
 
 
 
 
 
 

 
Equation (1) was utilized to create the torque-speed char-

acteristic curve presented in Figure 2, where s = (nm-nsync)/

nsync. In physical experiments, the motor was operated under 
a variable load and the torque was measured at the corre-
sponding speeds (see Figure 2). The rated motor voltage 
(115 V) and nominal frequency (60 Hz) were used in this 
test. Figures 3 and 4 show the simulation results for the 
same motor for variable f and Vϕ, respectively. 

  

Parameter Value 

Main winding stator resistance (ohms) 15.8971 

Main winding stator/rotor reactance (ohms) 17.9800 

Main winding stator/rotor inductance (H) 0.0477 

Main winding rotor resistance (ohms) 12.7190 

Main winding mutual reactance (ohms) 223.1849 

Main winding mutual inductance (H) 0.5920 



——————————————————————————————————————————————–———— 

 

Figure 2. Induction-Motor Torque-Speed Characteristic  

Figure 3. Torque-Speed Characteristic for Different Voltages 

Figure 4. Torque-Speed Characteristic for Different 

Frequencies 

System Setup and Experimental Data 
 

In order to validate the simulation results, it is usually 
necessary to create an experimental setup capable of operat-
ing the motor at different load conditions, while monitoring 
the corresponding variables. A Hysteresis Brake was used 
for loading the motor. This device requires a regulated cur-
rent source to produce a linearly proportional torque. 
Torque and speed sensors were used with their proper signal 
conditioning. 
 

A variable-voltage AC power supply was an important 
piece of equipment in the setup. The Fluke-41B power ana-
lyzer provided an effective means to monitor voltage, cur-
rent, power (real and reactive) and p.f. It provided valuable 
harmonic analysis data. Data acquisition and control were 
automated via traditional computer interface capabilities 
using LabVIEW software. Figure 5 shows a block diagram 
of the system and its physical setup. 
 

Figure 5(a). Block Diagram of the Experimental Setup 

 

Figure 5(b). Motor-Brake Experimental Setup 
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Power Consumption 
 

With the model of Figure 1 in mind, it is important to 
understand the power flow of a single-phase induction mo-
tor in order to analyze the data collected experimentally and 
validate simulation results. The calculated input power from 
Equations (2) and (3) corresponds to the power consump-
tion of the motor, where V is the input voltage. Then, the 
first type of loss appears as stator copper loss, which corre-
sponds to the power dissipated through the stator resistance, 
R1. The power present in the air-gap is dissipated through 
the rotor resistance and is defined as PAG in Equation(4). 
After some power is lost in the rotor, PRC, the remaining 
power corresponds to the power converted from electrical to 
mechanical (Pconv); see Equations (5) and (6). The output 
and rotor powers are then given by Equations (7) and (8). 
Using the induction-motor parameters presented in Table 1, 
the motor was simulated under three different loading con-
ditions in order to find the power consumption, the output 
power and the power converted from electrical to mechani-
cal. These simulations were compared with the results ob-
tained experimentally for model verification and are pre-
sented in Figure 6. These results demonstrate the validity of 
the mathematical model including the identified motor pa-
rameters. 

Figure 6. Power Consumption under Different Loading 

Conditions  

 
Moreover, the model was validated through the experi-

mental results obtained for the 120V, 100V and 80V voltage 
levels. Each voltage condition was tested over the torque 
range allowed by the motor. As the load increases, the speed 
and the slip change. Using these conditions, the values of R 
and L were determined for each case to conduct the simula-
tions. The speed was measured experimentally and was then 
used to calculate the output power generated by the motor. 

In addition, the speed was used to calculate the slip used for 
the simulations. The results are presented in Figures 7-10. 

 
(2) 

 
 
 

(3) 
 
 

(4) 
 

(5) 
 

(6) 
 

(7) 
 

(8) 

Figure 7. Power-Flow Representation over the Speed Range of 

Operation when Load is 0.038Nm 

 

Figure 8. Power Consumption at 120Vrms 
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Figure 9. Power Consumption at 100Vrms 

Figure 10. Power Consumption at 80Vrms 

 

Energy Efficiency 
 

The efficiency of the induction motor depends on several 
design parameters and factors that are part of the manufac-
turing process [7]. The motivation for producing high-
efficiency motors is to reduce the operational costs of the 
machines over time. This study intended to develop a strate-
gy for characterizing induction motors through simulations 
and experimental results, with the ultimate goal of finding 
the efficiency of the motor over a possible range of opera-
tion. In the previous section, the results showed the perfor-
mance of the motor from a power-consumption point of 
view. 

 
The efficiency results, experimental and simulated, ob-

tained for a variation of the supply voltage and maintaining 
the operating frequency at 60Hz, are presented in Figure 11. 

Under these conditions, when the motor is operated near its 
rated condition (higher load and rated voltage), it achieves 
the most efficient mode of operation, as expected. Thus, 
notice that once again the steady-state model is a good ap-
proximation of the induction motor. 

Figure 11. Efficiency under Different Loading Conditions 

(Operating at 60Hz) 

 

Optimum Mode of Operation 
 

The phase-control technique (control of the conduction 
angle) has a negative impact on the performance of the sys-
tem due to the inherent presence of harmonics [8]. The To-
tal Harmonic Distortion Ratio (THD-R) increases with the 
increment of the conduction angle. In addition, it was ob-
served that when the motor was operating at certain voltag-
es, and the load was increased, the THD-R also increased 
and the overall performance of the system diminished. Ex-
perimental tests were carried out to find the effects of this 
degradation on the efficiency of the motor under different 
loading conditions. The data presented in Table 2 show the 
experimental results using phase control over a range of 
loads, while operating at 100V. 
 
Table 2. Experimental Results – Phase Control Operating at 

100 V  

Load 

(Nm) 

nm (rpm) Pout  

(W) 

Pin 

(W) 

η  

(%) 

THD-R 

(%) 

0.05 1706 8.9326 36 24.81276 29.0 

0.10 1674 17.5301 49 35.77569 29.2 

0.15 1642 25.7925 62 41.60077 29.9 

0.21 1606 35.3178 76 46.47077 30.7 

0.26 1528 41.6031 104 40.00295 32.5 
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Notice the increase in THD-R as the load increases. Also, 
at the higher load (0.26Nm), there is a decrease in efficien-
cy. This is because this loading condition is beyond the ap-
propriate loading of the motor when operating at 100V. The 
results are shown in Figures 12 and 13 for the motor operat-
ing at 120V and 100V, respectively. In this configuration, 
the magnitude of the voltage is controlled by the input AC 
signal before it is passed through the rectifier. The frequen-
cy of the voltage applied to the motor after the full-bridge 
inverter depends on the modulating signal used for the 
PWM generator. 

Figure 12. Efficiency at 120V 

Figure 13. Efficiency at 100V 
 
Finally, the three control schemes were compared by means 
of simulation (see Figure 14). It was found that the most 
efficient technique over the range of loading conditions, at 
rated values, was the variable-frequency scheme, where an 

inverter was employed. The PWM signal of the inverter can 
be modified depending on the application. If the frequency 
of the modulating signal is changed, the range of motor 
speed can be changed as well. This is a characteristic that is 
not possible via phase-control or voltage-control schemes. 
Matlab/Simulink was used to simulate the full-bridge invert-
er where the power devices were switched using PWM sig-
nals (see Figure 15). The inverter produces AC signals of a 
frequency dependent on the PWM signal. The amplitude of 
the AC signal was controlled by the magnitude of the DC 
signal at the input of the inverter [1]. The motor was mod-
eled as an RL circuit, since the purpose of the study was to 
analyze the performance in the steady state. The resistor, R, 
corresponds to the losses in the stator and rotor losses, and 
the inductance corresponds to the main winding inductance 
[9], [10]. The resistor, R, would depend on the slip at which 
the motor is operated. The slip depends in the voltage and 
load applied to the motor. To analyze the motor using this 
model was necessary in order to define the operating condi-
tions (speed and load) in order to find the slip through the 
torque-speed characteristic of the motor. 

Figure 14. Efficiency under Different Loading Conditions 

Figure 15. Full-Bridge Inverter Implementation in Simulink 
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The signals presented in Figure 16 show an example of 
the current and voltage output from the inverter to the motor 
in the steady state.  

Figure 16. Example of AC Signals Generated by the Inverter 

 

Fan Application 
 

In variable airflow applications, it is common to use me-
chanical control devices like dampers while the motor con-
tinues to run at its rated power. This mode of operation is 
not efficient from an energy savings point of view since the 
power consumed is always constant, regardless of the de-
sired airflow. As presented by Mohan et al. [1], the load 
torque in a fan application is proportional to the square of 
the speed, according to Equation (9), and the power con-
sumed is proportional to the cube of the speed: 
 

(9) 
 
where k1is proportionality constant. 
 

For this current study, a fan curve was assumed to be 
k1=8.546x10-8. Figure 17 illustrates the torque-speed charac-
teristic of the motor at different operating voltages as well 
as the fan load curve. The intersection points of the fan 
curve with each of the corresponding motor curves signify 
the operating points for the fan at particular speeds. Each 
speed produces a specific air flow. 

 
The theoretical results presented in Table 3 show the 

torque, speed, corresponding slip, power consumed and 
generated along with the efficiency of the motor at each of 
the intersecting points (fan operating points) (see Figure 
17). In addition, the power savings compared to the use of 
dampers is calculated using Equation (10) and included in 
Table 3. 

Figure 17. Variable-Voltage Motor Characteristic and a Fan 

Load 

 
(10) 

 
 
Table 3. Operating Conditions of Fan at Different Speeds due 

to Voltage Control 

The data presented in these tables makes it abundantly 
clear that operating the motor at lower speeds, when less air 
flow is called for by the application, yields energy savings. 
Notice that the torque levels at each operating point is with-
in the 100% load range of the motor. This is the reason why 
the efficiency and the power factor of the motor maintain an 
almost constant level, with minimum differences among the 
operating points. 

 
Likewise, the variation of line frequency for speed control 

can be evaluated using the same methodology; this time, 
though, using the torque-speed characteristic curve of the 
motor at different operating frequencies versus the fan 
curves (see Figure 18). Table 4 contains the obtained theo-
retical results. It was found that the performance of the mo-
tor using the variable- frequency drive was superior to volt-
age control (see Figure 19). However, beyond the synchro-

V 

(V) 

T 

(Nm) 

nm 

(rpm) 

s  

(%) 

Pin 

(W) 

Pout 

(W) 

η 

(%) 

Pf Ps 

(%) 

70 0.186 1476 0.180 56.93 28.780 50.55 0.73 32.76 

80 0.209 1576.4 0.132 65.04 34.147 52.50 0.75 23.19 

90 0.224 1617.1 0.101 71.34 37.848 53.06 0.73 15.76 

100 0.234 1654.2 0.081 76.41 40.534 53.04 0.70 9.77 

120 0.247 1700.2 0.055 84.68 44.047 52.01 0.64 0 
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nous speed, the motor consumes more power and, therefore, 
the power savings are negative (see Table 4).  

Figure 18. Variable-Frequency Motor Characteristic and a 

Fan Load 

 
Table 4. Operating Conditions of Fan at Different Speeds due 

to Frequency Control 

Figure 19. Power Savings Comparison: Voltage Control and 

Frequency Control 

It is important to emphasize that the mathematical model 
presented here does not include the effects of harmonics. 
When the motor is operated using the variable-frequency 
drive, some harmonics are present in the voltage and current 
signals. The result of this is the mismatch in the power con-
sumption of the motor at rated values (120V, 60Hz) for the 
two cases presented in Tables 3 and 4. However, it was also 
noticed that the calculated power factor using the mathemat-
ical model, and the one found through simulations, was the 
same. Therefore, the mismatch on power consumption was 
due to a lower current present in the motor.  
 

Conclusion 
 

The SPIM was successfully modeled for its steady-state 
operation in using the equivalent circuit method and experi-
mentally determining the motor parameters. Test methodol-
ogies were developed and utilized to further validate the 
model and utilize it as an assessment tool for the efficiency 
of control schemes. 
  

Three different speed-control schemes were considered 
when studying the performance of the motor under different 
loading conditions. It became evident that the high THD 
produced by the phase controller had a significant negative 
impact on motor performance, due to excessive power loss-
es. Moreover, using the steady-state model, the full-bridge 
inverter was simulated as a variable-frequency drive and 
compared to the phase and voltage control schemes. It was 
found that the efficiency of the overall system was im-
proved by approximately 25% at high loading conditions. 
However, at low loading conditions, the three techniques 
yielded a low efficiency of about 30%. It became clear that 
operating conditions may require changing the control 
scheme. 

 
It is worth emphasizing that while PWM methodologies 

are usually embedded in numerous motor drives for their 
positive impact on the efficiency of the drives, the overall 
control scheme still needs to be evaluated carefully for its 
overall efficiency.  

 
The fan application was studied for voltage control and 

variable-frequency control. These two schemes were chosen 
because of their higher efficiency compared to phase con-
trol. The variable-frequency drive yielded better results 
from an energy efficiency point of view. In addition, it is 
important to note that the variable-frequency drive works 
for a wider range of speeds, resulting in more versatility for 
the fan application. Thus, in some applications it might be 
necessary to have several options for the airflow and a wid-
er range of speed would be needed. However, very high 
speeds may require changing the control scheme. 

f 

(Hz) 

V 

(V) 

T 

(Nm) 

nm 

(rpm) 

s 

 (%) 

Pin 

(W) 

Pout 

(W) 

η 

(%) 

Pf Ps 

(%) 

40 80 0.114 1156 0.036 15.72 13.825 85 0.59 81 

50 100 0.179 1445 0.036 37.7 27.012 64 0.70 55 

60 120 0.247 1700 0.055 69.88 44.047 63 0.64 17 

70 120 0.312 1911 0.090 101.3 62.443 62 0.70 -20 

80 120 0.365 2065 0.139 116.1 78.813 68 0.76 -37 
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Abstract  
 

Site amplification increases the intensity of ground shak-
ing that can occur due to local geological conditions. It does 
not depend only on the magnitude of the earthquake and the 
distance from the epicenter, but mainly on local soil proper-
ties that can vary considerably due to local geological con-
ditions that act as a filter, thereby affecting the seismic 
waves that come from the bedrock all the way to the ground 
surface. Good design of a seismic resistant structure re-
quires an estimation of the ground amplification intensity 
during earthquakes.  
 

This research study was part of a comprehensive seismic 
risk assessment puzzle put together by the Hazards and En-
gineering Risk Management Research Group for the city of 
Sharjah, United Arab Emirates, to help engineers and others 
in assessing and managing seismic risk—as it defines soil 
conditions—and its effects on ground motion traveling to 
buildings through soil. The authors carried out a local site-
specific ground-response analysis using SHAKE2000, a one
-dimensional ground-response modeling software covering 
the city of Sharjah. Soil data were collected from over 387 
boreholes in order to develop local site amplification-
potential maps in the area. Site effects were then integrated 
in the Geographic Information System (GIS) platform for 
combined hazard-assessment presentations. The Emirates of 
Sharjah is zoned indicating regions of different amplifica-
tion potential and regions of high vulnerability to seismic 
hazard. In addition, spectral acceleration maps at various 
frequencies were developed for future planning purposes as 
well as for risk analysis of structural damage due to earth-
quakes.  
 

Introduction  

 
The most important seismological aspect of earthquake 

hazard mitigation is the prediction of the strong ground mo-
tion likely at a particular site. Nevertheless, the aspects of 
earthquake prediction that still receive the most publicity 
are the prediction of the place, size and time of the earth-
quake. Of course, prediction of the region where earth-
quakes are likely to occur has long been achieved by seis-

micity studies using earthquake observatories, useful proba-
bility estimates of long-term hazards which can be inferred 
from geological measurements of the slip rate of faults, re-
gional strain changes, etc. 

 
The path of the seismic waves in the upper geological 

formation strongly influences their characteristics, thus pro-
ducing varying effects on the ground surface motion [1], 
[2]. The ground motion parameters at a particular site are 
influenced by the source, travel path and site characteristics. 
The influence of local soil conditions on the ground re-
sponse has been recognized for many years and its signifi-
cance was felt during the 1985 Mexican, 1989 San Francis-
co, U.S.A., and 1995 Los Angeles, U.S.A., earthquakes. In 
addition, Istanbul, Turkey, has also experienced many 
strong earthquakes throughout its history and suffered ex-
tensive damage. According to Ince [3], the data pertaining 
to the damage sustained by historical artifacts and structures 
from past earthquakes were examined along with the soil 
amplification of the region. It was found that soil amplifica-
tion and partial liquefaction contributed to the damage of 
historical artifacts and structures. 
 

Seismic events were once thought to pose little danger to 
United Arab Emirates (UAE) communities. However, re-
cent earthquakes and scientific evidence suggest that the 
risk is much higher than previously thought. The al-Masafi 
earthquake of 2002 had a magnitude of 5.2, and the succes-
sive earth tremors that followed are strong evidence of the 
active seismicity of the area. Currently, no reliable scientific 
means exist to predict earthquakes. Therefore, identifying 
seismic potential locations, adopting strong policies and 
implementing measures and utilizing other mitigation tech-
niques are essential to reducing risk from seismic hazards in 
any community. Sharjah is becoming one of the main Emir-
ates of UAE, having the third largest population and active 
business centers. For this, creating multiple maps that iden-
tify seismic risk areas can help Sharjah’s planners, policy 
makers, building code officials and engineers understand 
which areas should have minimal development to reduce the 
impact of earthquakes. 
 

Over a period of two years, the authors collected and ana-
lyzed data from over 387 boreholes in the Sharjah Munici-
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pality as well as others from different locations in the city. 
Many of the samples were collected from project sites 
where soil was used as backfill materials. The selections 
were based on the soil used for projects such as sub-base, 
sub-grade, below sub-grade, below foundation, below slab 
on grade and general filling. 
 

In this study, a numerical analysis for the one-
dimensional response of soil columns was carried out using 
SHAKE2000, a software package which has been previous-
ly used and found to be valuable [4]. It uses an equivalent 
linear, total stress analysis procedure to compute the re-
sponse of a 1-D, horizontally layered viscoelastic system 
subjected to vertically propagating shear waves. Further, it 
uses the exact continuum solution to the wave equation 
adapted for use with transient motions through the Fast Fou-
rier Transform algorithm. 
 
This study aimed to perform analyses on the influence of 
local soil conditions on ground response during earthquakes 
at various locations in the Emirate of Sharjah, UAE. The 
specific objectives of this study were: (1) to contribute to a 
comprehensive seismic risk assessment study of the city of 
Sharjah; (2) to estimate the amplification potential and pre-
pare maps indicating zones of high vulnerability to seismic 
hazard; (3) to obtain spectral acceleration maps used for 
seismic hazard risk assessment of the area; and, (4) to inte-
grate the site effects in GIS for combined hazard assess-
ment. 
 

Geology and Seismicity of the Area 
 

UAE has a mountain belt along the eastern coast on the 
Gulf of Oman, about one fifth of which is desert. The west-
ern part of the UAE is facing the subduction boundary 
across the Arabian Gulf opposite the Strait of Hormuz, one 
of the most seismically active zones in the world. The city 
of Sharjah faces the Zagros folded belt, one of the most ac-
tive faults in the world. The main city lies on the Arabian 
Gulf and other parts of the Emirate lie on the Gulf of Oman. 
It is located in the geological window between altitudes 25º 
25' N and 25º 14' N and 55º 45' E and 55º 20' E.  
 

It has been generally accepted that the UAE has little or 
no earthquake activity. However, the country is not as safe 
from earthquake disasters as often assumed. In March, 
2002, and according to Jamal and A-Homoud [5], an earth-
quake magnitude of 5 shocked the al-Masafi area, northeast 
of UAE, with its epicenter at a depth of 16 km. The strong 
motions recorded on December 10th, 2002, and April 25th, 
2003, represent sufficient evidence of the existence of con-
siderable seismic activity in the UAE. 
 

According to UNESCO [6] and Malkawi et al. [7], the 
seismic activity in the area is attributed to the following: 
 

1. Major faults of unknown activity levels have been 
mapped as transecting the UAE. 

2. The horn formed by the territory of the UAE pene-
trates into the plate boundary of collision between the 
Arabian Peninsula and Asia, thus accumulating 
stresses. 

3. The Zagros Mountain is a folded belt that extends for 
about 1,500 km in the northwest-southeast direction 
along the western part of Iran and the northeastern 
part of Iraq from Oman in the southeast to the Turk-
ish borders in the northwest. The occurrences of 
earthquake events in the Zagros province define a 
zone, about 200 km wide, which runs parallel to the 
folded belt. The majority of the earthquakes occur in 
the crustal part of the Arabian plate that underlies the 
Zagros folded belt because it is one of the most active 
faults in the world. For example, a recent study of the 
historical seismicity of Iraq shows that most of the 
moderate to large historical events occurred in east-
ern Iraq along the Zagros folded belt. 

4. The Makran subduction zone, the area where Oman 
Gulf subducts under the Eurasian plate, is an oceanic 
crust, which extends eastward to the Owen Fracture 
zone along the Indian plate boundary. This oceanic 
crust descends below the continental crust along the 
Makran subduction trench. This zone is capable of 
producing very strong earthquakes. For instance, the 
maximum regionally observed earthquake on No-
vember 27th, 1945, had a magnitude of 8.2 at about 
750 km from the UAE. 

 

Ground Response Analysis 
 

Data Collection and General Classification 
 

Soil borehole logs from over 387 sites covering most 
parts of the Emirates of Sharjah were utilized in this study. 
Boreholes selected were those with overburden thickness 
varying from 1 to 30 meters, representing typical geological 
features in Sharjah. The exact GPS locations for all bore-
holes were obtained from the Sharjah Directorate of Town 
Planning and Surveying, as shown in Figure 1. 
 

Shear Wave Velocity 
 

Due to a lack of availability of actual published shear 
wave velocities for the area under study, the following em-
pirical model was used by Lyisan [8]: 
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Vs = 51.5 N0.516              (1) 
 
where:  N = uncorrected SPT 

Vs = shear wave velocity, m/s 

Figure 1. Borehole Locations in the City of Sharjah 

 

Attenuation Relationship 
 

The attenuation relationship is an equation that describes 
how the ground motion changes with magnitude and source-
site distance. Joyner and Boore [9] developed a highly gen-
eralized attenuation equation based on worldwide data, 
which were generated in two forms for earthquake magni-
tudes between 5.0 and 7.0:  

 
(2) 

 
(3) 

 
where 

PGA = peak ground acceleration at bedrock 
PGV = peak ground velocity at bedrock 
M = magnitude of earthquake 
d = shortest plan distance between fault and site 

(km) 
r = hypo-central distance 

 
(2) 

 
(3) 

 
Atkinson and Boore [10] developed the following model 

for PGA using all available worldwide data and for all rang-
es of ground motion levels: 

 

 
(4)  

 
where c1 = - 2.682, c2 = 0.980; c3 = 0.000580; c4 = -1.522; 
and, c5 = 0.518. 
 

Equation (4) was used to obtain PGA at rock level after 
attenuation in the city of Sharjah [7], [11]. Figure 2 shows 
the grids of the PGA map for 50 years with a 10% probabil-
ity of earthquake occurrence. The values obtained at bed-
rock for the city of Sharjah range from 0.06g to 0.09g. 

 

Figure 2. Seismic Hazard Map for the City of Sharjah for 50 

Years and a Probability of 10% [7], [11] 

 

Estimation of Ground Motion Signal at 
Bedrock  
 

The input ground motion considered for this study was 
the Chalfant Valley (July 21st, 1986, at 14:42) with an earth-
quake magnitude of 6.2 as recorded by Long Valley Dam (L 
Abut) station. The reason for selecting this ground motion 
was based on two factors: the magnitude of the most effec-
tive earthquakes that originated from southern Iran and af-
fected our study area was between 6.0 and 6.5, and the peak 
ground acceleration for the city of Sharjah over the last 50 
years and with a 10% probability was between 0.06g and 
0.09g. Chalfant Valley’s PGA falls within the same range. 

 

pcrcrcmcca 54321 lnln ++++=
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Results and Discussions 
 

Microzonation of Ground Shaking 
 

An equivalent linear one-dimensional ground response 
analysis using SHAKE2000 was followed for all borehole 
sites in the city of Sharjah in order to find the following 
parameters: peak ground acceleration, site amplification 
factor, peak spectral acceleration, frequency of peak accel-
eration, and the spectral acceleration at particular frequency 
zones. These factors are important for building a risk analy-
sis. Maps showing the variation of these parameters in Shar-
jah were developed using GIS. 
 
Peak Ground Acceleration at Rock and Surface 

The values of the PGA at rock level for all locations were 
plotted following UNESCO [6] and Joyner and Boore [9] in 
order to obtain the PGA map shown in Figure 2. The values 
obtained at bedrock for the city of Sharjah ranged from 
0.06g to 0.09g and were amplified based on the soil profile 
at different locations. From the SHAKE2000 analysis, the 
acceleration-time histories at various depths for all locations 
were found to obtain the peak acceleration value at the sur-
face. These values, ranging from 0.04g to 0.3g, were plotted 
in order to obtain the Peak Ground Acceleration (PGA) map 
at ground surface, as shown in Figure 3. The map shows 
irregularly distributed peak acceleration values due to varia-
tion in the soil profile at various locations.  

Figure 3. Peak Ground Acceleration Map at Surface Level 

 
Site Amplification Factor 

Amplification of ground motion is the increase in the in-
tensity of ground shaking that can occur due to geological 
conditions. To estimate the amplification of the ground sur-
face, it was necessary to estimate how many times the PGA 
at bedrock amplified on its way to the ground surface. The 
Site Amplification Factor refers to the ratio between the 
PGA at bedrock obtained from the ground acceleration-time 

history for each borehole and the PGA at the surface as an 
output from the ground response analysis. Results indicated 
that the amplification factors ranged from 1.2 to 3.0 for the 
city of Sharjah. Based on these factors, the city of Sharjah 
was divided into four main zones, as shown in Figure 4. 
Lower amplification values indicate smaller amplification 
potential and, hence, a lower seismic hazard. 

Figure 4. Site Amplification Factor Zonation Map for the City 

of Sharjah  

 
As shown in Figure 4, most of the study area falls under 

zone I, which exhibits a relatively low amplification poten-
tial ranging from 1.2 to 1.7. The soil profile indicates that 
70% of the soil column is dense to very dense, while 15% at 
a shallow 4-meter depth is loose. Table 1 shows typical soil 
profiles for zones I through IV. In zone II, a relatively small 
part of the city falls under this zone, with an amplification 
potential of 1.8 to 2.5. The soil profile indicates that 60% of 
the soil column is dense to very dense, while 15% of a shal-
low 4-meter depth is loose. In zone III, the amplification 
factor increased from 2.0 to 2.5. This is due to the soil col-
umn consisting of more loose to medium-dense soil, thus 
giving it more of a chance to trap the signal between soil 
particles with low shear wave velocity. Zone IV has an am-
plification factor of 1.9 to 3.0, which is slightly higher than 
previous zones. This zone contains less than 35% of dense 
to very dense sand, and more than 30% of loose sand, as 
shown in Table 1. It is worth mentioning that this region of 
the city contains high-rise buildings with a very dense popu-
lation, indicating more risk potential. 
 

Response Spectra at Surface 
 
Distribution of Spectral Acceleration for Specific Frequency 

At surface level, the estimate of the frequency at peak 
spectral acceleration is important for calculating the reso-
nance effect from coinciding with the structure’s natural 
frequency causing a negative impact on the safety of build-
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ings. Therefore, the spectral acceleration of different fre-
quencies—0.5 Hz, 2 Hz, 5 Hz, and 10 Hz—was calculated 
at each borehole and represents tall and high-rise, 3-4 story, 
2-story, and 1-story buildings, respectively. A peak spectral 
acceleration (PSA) map for the city of Sharjah is shown in 
Figure 5. The PSA values vary from 0.14 to 1.4 and are 
divided into three main zones, as shown in Table 2. 
 
Table l. Representative Soil Profiles for Zones I - IV 

Table 2. Zonation Based on PSA 

Figure 6 illustrates the spectral acceleration at 0.5 Hz, 
which relates to tall and high-rise buildings commonly 
found in the western part of the city of Sharjah. The acceler-
ation values vary from 0.04g to 0.07g with an average value 
of 0.05g. This average value is on the lower end of the am-
plification range and considered relatively low from a seis-
mic hazard point of view. 
 

Figure 7 illustrates the spectral acceleration at 2 Hz fre-
quency. The acceleration values vary from 0.06g to 0.5g 
with an average of 0.28g. The higher range is found in two 

areas, one around the coastal region, while the other is in the 
middle part of the city. A small part was also found near the 
northern border of the city of Sharjah. 

Figure 5. Peak Spectral Acceleration Zonation Map for the 

City of Sharjah 

Figure 6. Spectral Acceleration Map of the City of Sharjah at 

0.5 Hz 

Figure 7. Spectral Acceleration Map of the City of Sharjah at 

2 Hz 

 
Figure 8 shows the spectral acceleration at 5 Hz, which 

relates to 2-story buildings. The acceleration values vary 
from 0.05g to 0.9g with an average value of 0.48g. Most of 
the areas that have high spectral acceleration in this frequen-

Depth, m Zone I 
Depth, 

m Zone II   

 Soil Type 
Avg. 
SV 

 Soil Type Avg. SV 

0 - 4.5 Loose Sand 160 0 - 4.5 Loose Sand 158 

4.5 – 8.5 
Medium 

Dense Sand 
202 4.5 – 10.5 

Medium 
Dense Sand 

217 

8.5 - 30 
Dense to 

very Dense 
Sand 

284 10.5 - 30 
Dense to 

very Dense 
Sand 

304 

Depth, m Zone III 
Depth, 

m Zone IV   

 Soil Type 
Avg. 
SV 

 Soil Type Avg. SV 

0 - 7.5 Loose Sand 146 0 - 10.5 Loose Sand 128 

7.5 – 20.5 
Medium 

Dense Sand 
261 10.5 – 18.5 

Medium 
Dense Sand 

234 

20.5 - 30 
Dense to 

very Dense 
Sand 

302 18.5 - 30 
Dense to 

very Dense 
Sand 

308 

Zone PSA 

I 0.14 -0.60 

II 0.60 – 0.80 

III 0.80 – 1.40 
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cy range are residential areas with 1- or 2-story buildings, 
which might be cause for concern during an earthquake. 

Figure 8. Spectral Acceleration Map of the City of Sharjah at 

5 Hz 

 
Figure 9 shows the spectral acceleration at 10 Hz. The 

acceleration values vary from 0.06g to 0.55g, with an aver-
age value of 0.3g. The distribution pattern of accelerations 
in this frequency range was similar to the one at a frequency 
of 5 Hz, in terms of building heights. In areas with high 
spectral acceleration under this frequency, 1-story buildings 
can be at high risk to life and property. 

Figure 9. Spectral Acceleration Map of the City of Sharjah at 

10 Hz 

 
Distribution of Frequency at PSA 

Figure 10 shows the frequency distribution at which max-
imum amplification is likely to take place. The map indi-
cates three different zones of frequencies. First, the frequen-
cy range of 2.0 Hz to 5.0 Hz, where most of the city is under 
and site amplification might take place. This frequency 
range corresponds to 2- to 4-story buildings. In the city of 
Sharjah, these types of buildings are dominant and most 
likely affected by the presumed earthquake scenario pre-
sented in this study. Second, the frequency zone that is at a 
relatively lower risk ranges between 1.75 Hz to 2.5 Hz, 

which corresponds to 4- to 5-story buildings. Third, tall and 
high-rise buildings at a frequency of 1 Hz or less are consid-
ered outside the range for the peak spectral acceleration. 

Figure 10. Frequency Range of Peak Ground Acceleration for 

the City of Sharjah (in Hz) 

 

Conclusion 
 

This study looked at a local site-specific ground response 
analysis, which is an important step in estimating the effects 
of earthquakes. The analysis used a one-dimensional ground 
response, modeled using SHAKE2000. Soil data from 387 
boreholes were collected in order to develop local site am-
plification potential maps for the city of Sharjah. Further-
more, the researchers utilized a Geographical Information 
System (GIS) to create amplification potential and surface 
response spectra maps at various locations in Sharjah. These 
maps show zones of high vulnerability earthquake risk that 
can be used for earthquake-resistant design of structures. 
 

The city of Sharjah was divided into four zones, accord-
ing to the amplification factor, which ranged from 1.2 to 
3.0. In Zone IV, a high amplification factor was found near 
the west region of the city, while the rest of the city lies in 
Zone I with amplification factors of 1.2 to 1.7. Response 
spectra at the ground surface obtained for all borehole sites 
showed a wide range of spectral acceleration at different 
frequencies. The range for spectral acceleration at 0.5 Hz 
was between 0.04g to 0.07g; at 2 Hz, it was in the range of 
0.06g to 0.5g; at 5 Hz, it was in the range of 0.05g to 0.9g; 
at 10 Hz, it was in the range of 0.06g to 0.55g. 
 

Most of the city lies in the frequency range of 2.0 Hz to 
5.0 Hz, where site amplification will take place. This fre-
quency range corresponds to 2- to 4-story buildings. In the 
city of Sharjah, these types of buildings are dominant and 
most likely affected by the presumed earthquake scenario 
presented in this study. 
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The reader is cautioned that the results presented in this 
paper were based on a limited soil sample. Prior to imple-
mentation in the field, further analysis using more soil data 
covering the entire city would need to be conducted. Final-
ly, this work can be further improved by utilizing the dy-
namic properties of soil in this type of analysis. 
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VARIABLE TIMING CONTROL FOR ARCP 

VOLTAGE SOURCE INVERTERS OPERATING 

AT LOW DC VOLTAGE 

Abstract  
 

The Auxiliary Resonant Commutated Pole (ARCP) in-
verter has been of interest in motor drive applications that 
can benefit from any combination of increased conversion 
efficiency, reduced EMI radiation or higher PWM switching 
frequency. The ARCP inverter achieves high efficiency by 
turning the main switches on or off only under zero-voltage 
conditions. This reduces switching losses in the main circuit 
and potentially increases overall conversion efficiency. Fur-
thermore, the reduced loss in the main switch allows for 
higher switching frequencies, which is of benefit for iron-
less low-inductance motors that are widely being used in 
small- to medium-power vehicle propulsion applications. 
The soft-switching ARCP generates an output with signifi-
cantly reduced dv/dt and di/dt as compared to hard-switched 
inverters, which tends to reduce EMI emissions. All of these 
attributes of the soft-switching ARCP are beneficial in elec-
tric propulsion or electric vehicle auxiliary applications. In 
the ARCP inverter, the control signal timing for main and 
auxiliary switches is critical for maintaining the most favor-
able operating conditions. Many ARCP implementations 
utilize variable-timing control, where load current polarity 
and magnitude are used to determine the control signal tim-
ing–usually without additional sensors. In this study, the 
timing of main and auxiliary switching was examined for 
low dc bus voltage operation. A variable-timing methodolo-
gy for ARCP switching was developed specifically in order 
to address issues associated with low-voltage ARCP opera-
tion. The operation principles are described here along with 
simulation and experimental results to demonstrate the ap-
proach. 
 

Introduction 
 

Auxiliary Resonant Commutated Pole (ARCP) technolo-
gy was developed with the initial intent of reducing switch-
ing losses in the main switching devices of power conver-
sion systems by switching them on or off only under zero-
voltage conditions [1]. This soft-switching strategy also was 
intended to yield benefits such as reduced EMI emission [2-
4] and permit operation of the switches at increased switch-
ing frequencies. 

Although the adoption of the ARCP inverter tends to in-
crease the overall cost and complexity of a drive system, its 
potential benefits make the ARCP of interest in a variety of 
electric vehicle (EV) applications. The ARCP inverter was 
proposed for electric vehicle propulsion by Dong et al. [5] 
and Morii et al. [6]. Dong et al. [5] demonstrated a signifi-
cant efficiency benefit for an EV application with the use of 
an ARCP inverter operating with a DC bus voltage of 324 
V. Similar results were obtained by Morii et al. [6] when 
they used an ARCP inverter suitable for high-power EVs.  
 

There are two basic approaches used to generate the 
ARCP auxiliary and main switch control signals—fixed and 
variable timing. For the fixed-timing implementation, all 
switching times signals are generated using preset, constant 
values. Thus, fixed timing is easy to implement and has 
been shown to perform well over a limited range of load 
currents. However, fixed timing cannot produce zero-
voltage switching (ZVS) for a wide load-current range. Var-
iable-timing control was introduced by Chan et al. [7] to 
address this shortcoming of fixed timing, and uses the in-
stantaneous load current to generate the switching signals 
that yield ZVS across the load-current range. Several studies 
have demonstrated improved ARCP efficiency for variable-
timing control compared with the fixed-timing approach, 
with the increased performance coming at the expense of 
higher complexity [8-10]. Although voltage sensors placed 
across the switching devices are sometimes used to assist in 
ZVS implementation [11], their use significantly increases 
cost and complexity. Therefore, voltage sensors are general-
ly avoided so that switching times must be determined in 
real-time using the circuit model and measured load current. 
 

Although switching methodologies for ARCP inverters 
have been examined in the literature, published works in 
this area are aimed at high-voltage applications. In one such 
case, an ARCP inverter operating at 700 vdc showed im-
provement in efficiency when variable-timing control meth-
ods were employed [12]. In this current paper, the authors 
identify some of the issues that are specifically associated 
with low-voltage operation of the ARCP, and present a 
technique for implementation of variable-timing control 
under low-voltage conditions. In this study, simulations 
were performed and a prototype ARCP was operated at rela-
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tively low voltages in order to demonstrate operation of the 
low-voltage system. The low-voltage range (24-42 V) is 
appropriate for small-vehicle propulsion applications and 
electric-vehicle auxiliaries such as power-steering assist. 

 

ARCP Principle of Operation 
 

The principle concept of the ARCP inverter is to force the 
voltage across main switches to be nearly zero volts before 
toggling their state. This has the effect of reducing the 
switching loss as compared to standard hard-switched con-
figurations. An ARCP inverter configuration used to 
achieve this zero-voltage switching (ZVS) is shown in Fig-
ure 1 and it consists of two snubber capacitors (Cr1 and Cr2) 
and a resonant branch added to a standard hard-switched 
pole. The resonant branch contains two auxiliary switches, 
SP and SS, for pumping current into or sinking current from 
the pole, respectively. Both the pump (SP) and sink (SS) 
auxiliary switches include anti-parallel diodes and a reso-
nant inductor, Lr. The main pole was constructed with the 
main switches S1 and S2, their associated flyback diodes 
and the aforementioned snubber capacitors. 

Figure 1. ARCP Pole Configuration 

 
In order to operate the ARCP with the same conventional 

controllers as hard-switched inverters, the ARCP interface 
should be compatible with the standard PWM signals that 
are widely used in electric-machine control systems. The 
signals required to control the ARCP are shown in Figure 2, 
where the PWM input signal triggers the start of an ARCP 
state transition. Here, it is assumed that a logical 1 at the 
PWM input should deliver full DC bus voltage (Vd) to the 
pole output (Vpole), while a logical 0 should produce 0 V at 
the pole output.  
 

In a hard-switched inverter, a rising PWM input signal 
turns off the lower switch (S2) and, following a short dead 
time, turns on the upper switch (S1). Similarly, a falling 
PWM input signal first turns off S1, then turns on S2. For 
ARCP soft-switching, where load current is to be commu-
tated from a power switch to a diode (e.g., from S1 to D2 or 
S2 to D1; see Figure 1), the hard-switched sequence can be 

used to obtain ZVS if the load-current magnitude is suffi-
cient to charge or discharge the pole voltage from its current 
state to the opposite rail within switching time constraints. 
Otherwise, the auxiliary circuit must be used to introduce 
enough current to assist with the charge/discharge of the 
resonant capacitor. When switching load current from a 
diode to a switch or when load-current magnitude is small, 
the auxiliary circuit will always be used to assist the capaci-
tor charge/discharge.  

Figure 2. ARCP Signal Timing 

 
Referring to Figure 2, ARCP operation when auxiliary 

current assist is necessary to commutate the load current 
from the lower diode (D2) to the upper switch (S1) is de-
scribed as follows, where a positive load current iload  is as-
sumed. A rising edge of the PWM input signal triggers the 
auxiliary pump switch (SP) so that the resonant inductor 
begins to charge. The time to charge the resonant inductor 
to the required current level (tcharge + tboost) is variable and 
depends on the load-current level as well as the necessary 
boost current. When the auxiliary current (iaux) magnitude 
exceeds the load current by a sufficient margin, called the 
boost current, iboost, the bottom switch S2 is turned off. With 
S2 off, the boost current charges and discharges snubber 
capacitors Cr2 and Cr1. In this case, the pole output voltage, 
vpole, rises, while the slope of the auxiliary current decreases, 
eventually becoming negative. When Cr1 is fully dis-
charged, the upper switch, S1, is turned on at zero voltage. 
The resonant inductor continues to discharge toward zero 
current, at which point it will be turned off under zero-
current conditions. The transitions for commutating load 
current from the upper switch (S1) back to the lower diode 
(D2) are similar.  
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Referring once again to Figure 2, it can be seen that for 
ARCP operation, the state change for the main switches 
occurs after some delay due to the resonant inductor charge 
time (tcharge + tboost). To accommodate the maximum possible 
resonant inductor charge time delay, and to maintain com-
patibility with PWM controllers, a delayed PWM signal 
(PWM In’) is generated. Therefore, the PWM input and 
delayed PWM input are offset by a delay (tdelay) correspond-
ing to the maximum possible resonant inductor charge time, 
which has been expressed by Jiang [13] as: 
 

In Equation (1), ꞋIaux is the maximum auxiliary current 
level required for the inverter operation, which is the rated 
load current plus the required boost current. Similarly, the 
required ramp time for charging the resonant inductor based 
on the variable load current is often determined using Equa-
tion (2): 

 
(1) 

 
 
 

(2) 
 
 

For variable-timing ARCP implementations, accurate 
prediction of the auxiliary current and pole output voltage 
state is essential for achieving zero-voltage (for main 
switches) or zero-current (for auxiliary devices) switching 
and, therefore, exploiting the ARCP benefits. For example, 
if the predicted auxiliary circuit charge time, (tcharge + tboost), 
is longer than necessary, the resonant inductor will charge 
to an unnecessarily high current level resulting in increased 
auxiliary circuit conduction losses. Similarly, if the predict-
ed auxiliary circuit charge time is shorter than necessary, 
the resonant inductor current may be insufficient to commu-
tate the snubber capacitors to the opposite rail, and ZVS 
cannot be achieved. 
 

The direct measurement of the auxiliary current is not 
easily or inexpensively incorporated into the ARCP control-
ler. Therefore, for purposes of generating necessary timing 
signals, the auxiliary current dynamics are often computed 
[14] using Equation (3): 

 
 
 

(3) 
 

 
Likewise, in the absence of a voltage sensor, the voltage 
dynamics are characterized using the solution of Equation 
(3) along with the load-current measurement shown in 
Equation (4). 
 

 
(4) 

 
 

Low-Voltage ARCP Operation 
 

In this section, the operation of the ARCP at low voltages 
is illustrated. Important aspects of operating the ARCP at 
low voltages are described along with the consequences of 
low-voltage operation relative to timing signal generation. 
Simulations are then used to substantiate the analysis. 
 

Low-Voltage ARCP Operating States 
 

For ARCP analysis and modeling, ideal-power switching 
device models have typically been used since, in high-
voltage ARCP operation, those power device non-idealities 
are insignificant relative to the high operating DC bus volt-
age. For low-voltage operation, however, those power 
switch characteristics must be included in order to obtain 
ZVS through prediction of switching times. ARCP opera-
tion is now described using Figures 3 and 4, which show the 
ARCP signals and states, and the corresponding circuit for 
each state, respectively. In the interest of brevity, only a 
positive transition of the PWM input is considered. The load 
current is assumed to be positive so that the auxiliary circuit 
assist is necessary. 

Figure 3. ARCP Signal Timing States, Including Switch Drops 

 
The initial operating point in Figure 3 is state 0, which is 

a steady-state condition where S2 is gated on, and S1 off. 
Due to the load-current direction, diode D2 is conducting 
the full load current, and the pole voltage output is the diode 
voltage drop, –Vd2. In this state, the auxiliary current is non-
conducting and the resonant capacitors, Cr1 and Cr2, are 
charged to Vd+Vd2 and -Vd2, respectively. 
 

diaux

dt
=

Vd − 2Vpole

2Lr

dvpole

dt
=

1

2cr

iaux − iload( )

  

tdelay =
2

) 
I auxLr

Vd

tcharge + tboost =
2Lr

Vd

i load + iboost( )
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The auxiliary pump switch (SP) turn-on marks the transi-
tion to state 1, as shown in Figure 3. Note in Figure 2 that 
there is an interval of between the PWM input edge and the 
auxiliary pump switch turn on. This interval depends on the 
amount of auxiliary current needed at the present operating 
point. In state 1, the resonant inductor will charge according 
to Equation (5), where vsa and vda represent the on-voltage 
drops of auxiliary circuit switches and diodes, respectively. 
As shown in Figure 4, the pole voltage in state 1 is clamped 
by load-current flow in D2 to yield Equation 6. 
 

 
(5) 

 
 

(6) 
 
 

It is important to note the difference between Equation (5) 
and its approximation in Equation (3) that is often used for 
ARCP analysis. For high dc bus voltages, Equations (3) and 
(5) yield very similar results. However, for low dc bus volt-
ages, their outcomes may differ significantly. State 1 per-
sists until iaux exceeds iload and the ARCP transitions to state 

2. At this point, diode D2 turns off, and the difference be-
tween iaux and iload  begins to charge cr2 until the capacitor 
voltage reaches the minimum turn-on voltage of the main 
switch, S2, which is vce,sat. In state 2, the auxiliary current is 
governed by Equation (5), while the pole voltage is de-
scribed by Equation (4). 
 

The changeover from state 2 to 3 occurs when cr2 is 
charged so that the main switch S2 begins to conduct. In 
state 3, the main switch, S2, conducts the difference be-
tween the auxiliary and load current until this difference 
reaches a level (iboost) sufficient to charge the resonant ca-
pacitor, cr2, to the positive rail. In this state, the auxiliary 
current and pole-voltage equations obey Equations (5) and 
(6). When the resonant inductor is charged to the specified 
boost current level, S2 is turned off and the ARCP transi-
tions to state 4, as shown in Figures 3 and 4. With S2 turned 
off, the boost current charges the resonant capacitors ac-
cording to Equation (4), while the auxiliary current follows 
Equation (5). The timing for the turn-off of S2 (or start of 
state 4) is of great importance: if it is turned off too late, 
unnecessary boost current and losses are introduced, while 
if it is turned off prematurely, it may not be possible for the 
resonant capacitor to be charged to the positive rail.  

Figure 4. ARCP Turn-On States for Positive Load Current 

diaux

dt
=

1

Lr

vd

2
− sgn iaux( ) vsa + vda( )− v pole

 

 
 

 

 
 

dvc2

dt
=

dv pole

dt
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In state 4, as resonant capacitor cr2 charges, the auxiliary 
current will be reduced in slope according to Equation (5). It 
is also important to note that for auxiliary circuit pumping, 
the magnitude of diaux/dt for rising versus falling auxiliary 
current will be different due to the voltage drops in the aux-
iliary and main switches. Thus, the auxiliary current charge 
and discharge will not be symmetric as originally predicted 
by Equation (3). The effect will be similar for auxiliary cur-
rent sinking, during transitions from the upper diode (D1) to 
the lower switch (S2). For transitions from the upper switch 
(S1) to the lower diode (D2) at light positive load currents, 
or from the lower switch (S2) to the upper diode (D1) for 
light negative load currents, the asymmetry is even more 
pronounced. The asymmetry has implications in the calcula-
tion of optimum switching times for the auxiliary pump 
cycle that has not been addressed in previous works.  
 

A transition to state 5 occurs when the pole voltage is 
fully charged and the boost current turns on D1. At (or near) 
this point, upper switch S1 can be turned on at zero voltage. 
Note, however, that S1 will not conduct current until its turn
-on voltage, vce,sat, is reached. In state 5, the auxiliary cur-
rent continues to ramp toward zero according to Equation 
(5), and the pole voltage is determined from Equation (6). 
When iaux falls below iload, D1 turns off and the difference in 
these currents will charge upper resonant capacitor cr1 until 
the turn-on voltage of S1 is met. This corresponds to state 6 
in Figures 3 and 4. In state 6, the pole voltage and auxiliary 
current are represented by Equations (4) and (5), respective-
ly. 
 

 State 7 begins when cr1 is charged to a level sufficient to 
allow S1 to begin conducting. In state 7, the load current is 
increasingly provided through S1 as iaux continues to decay 
toward zero. For this state, the pole voltage and auxiliary 
current are modeled by Equations (6) and (5), respectively. 
When iaux fully discharges, marking the end of state 7, its 
control signal may be turned off at zero current. Since the 
auxiliary circuit will not conduct in the opposite direction 
(with SS off), this timing is not critical as long as the gate 
turn-off signal is applied after full discharge. When the res-
onant inductor is fully discharged, there is a transition to 
state 8, as shown in Figures 3 and 4. State 8 represents a 
steady state where switch S1 is on, S2 is off, the auxiliary 
current is again disabled and the output pole voltage is vd-vs1 
(for positive load current). The system will remain in state 8 
until the input PWM signals the need to commutate the load 
current from the upper switch (S1) to the lower diode (D2). 
 

A similar sequence was used to go from state 8 back to 
state 0 (upper switch to lower diode) for negative load cur-
rent or small positive load current–the difference is that the 
auxiliary circuit branch sinks current in this case by turning 

on switch SS. However, similar procedures can be easily 
applied to identify state transitions for this case. In the inter-
est of brevity, the details of these state transitions are not 
included in this discussion. For sufficiently negative load 
current, it is not necessary to use the auxiliary branch to 
commutate current from the lower diode to the upper switch 
since the load current itself can be used to charge the reso-
nant capacitors to the opposite rail. Similarly, for sufficient 
positive load current, it is not necessary to use the auxiliary 
branch to sink current when transitioning from the upper 
switch to the lower diode.  
 

Low-Voltage ARCP Experimental Results 

Figure 5. ARCP Simulation at 50 vdc and Pos. Load Current 

 
In order to analyze low-voltage ARCP operation, a circuit 

simulation was performed. Example simulation results are 
shown in Figure 5, which shows operation at 50 vdc bus, 
and a positive load current of 1A. The simulation demon-
strates some of the aspects of low-voltage ARCP operation 
as described previously. For example, the auxiliary current 
is asymmetric (auxiliary current rising slope is less than 
falling slope), as predicted by Equation (5). 
 

Finally, to confirm simulations, an ARCP inverter pole 
pair (in H-bridge configuration) was constructed using IG-
BTs as the main switch and MCTs as the auxiliary switch. 
The system was programmed using variable-timing control. 
An example waveform showing auxiliary current and pole 
voltage from the experimental system is shown in Figure 6 
for a positive load current of 1A and a dc bus voltage of 50 
V. The experimental results show the same characteristics 
as the simulation. 
 

Variable-Timing Control  
 

In this section, the ARCP pole output voltage and auxilia-
ry current signals are characterized for each ARCP state, 
and general solutions for the timing associated with each 
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state are developed. This analysis forms the basis for the 
variable-timing control of the ARCP.  

Figure 6. Experimental ARCP Aux. Current and Pole Voltage 

 

ARCP Circuit Timing Analysis 
 

The ARCP states shown in Figures 3 and 4 included two 
distinct operating modes. For states 2, 4 and 6, the circuit 
was in resonance mode. In states 1, 3, 5 and 7, the output 
voltage was clamped at some known value. Each of these 
operating modes of the ARCP was then analyzed to charac-
terize the circuit timing. 
 
1) Resonant Circuit Timing Analysis: The circuit was then 

analyzed for the resonant mode. The solution yielded 
timing characteristics for states 2, 4 and 6. Applying 
KCL to the circuit model for resonant mode shown in 
Figure 7 yielded Equations (7) and (8): 

Figure 7. ARCP Equivalent Circuit for Resonance 

 
 

(7) 
 
 
 

(8) 
 

where Vpole,init is the pole voltage at the start of each ARCP 
state, and Vda and Vsa represent the voltage drops across the 
auxiliary circuit diode and switch, respectively. The solution 
to Equation (7) is shown by Equation (9) 
  

(9) 
 
where Equations (10) and (11) are 
 

(10) 
 
 
 

(11) 
 
 
and iaux,init represents the auxiliary current at the start of the 
ARCP state of interest. Also, 
 
 

for V'in ≥ 0          (12) 
 
or 

 
for V'in < 0          (13) 

 
 
With the auxiliary current known from Equation (9), the 
pole voltage output can be determined from Equation (14): 
 

(14) 
 
 
Differentiating Equation (9) and plugging it into Equation 
(14) gives us 
 

(15) 
 

where 
 

(16) 
 
 
Finally, Equation (15) was solved for each possible time for 
which the pole voltage, Vpole(t) would take on the value

, given the initial conditions; see Equation (17): 
 
 

(17) 
 
 
This yielded (for n=0, 1, 2, …) all possible times for which 
the pole voltage would have the specified magnitude. For 
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the ARCP application where resonance is not sustained, the 
authors were interested in the solution with the smallest 
positive time from Equation (17). 
 
2) Clamped Circuit Timing Analysis: For ARCP states 1, 

3, 5 and 7, the output voltage of the ARCP was 
clamped so that the circuit was not in resonance. With 
the voltage clamped, one can easily solve for the time 
required for the auxiliary current to reach a target value,

,  given the initial condition of Equation (18): 
 
 

(18) 
 
 

Variable Timing  
 

Using the solutions from the previous section, each of the 
ARCP states described in Figures 3 and 4 were then ana-
lyzed to quantify their respective state times. By knowing 
the timing characteristics of each state, the required switch-
ing times for the main and auxiliary switches can be predict-
ed and applied to variable-timing control. It should be not-
ed, once again, that the following analysis was performed 
for a positive load current and for the commutation of cur-
rent from the lower diode (D2) to the upper switch (S1). 
Other transitions can be analyzed using the same procedure. 
 
ARCP state 1 has the output voltage clamped to −vd2, an 
initial auxiliary current of zero, and a target auxiliary cur-
rent equal to the load current. Therefore, Equation (18) was 
used to find the total time required for ARCP state 1: 
 
 
 

(19) 
 
ARCP state 2 was a resonant state where the initial pole 
voltage was −vd2, and the pole voltage at the end of this state 
would be vs2. Therefore, Equation (17) was used to deter-
mine the total time required for ARCP state 2: 
 
 

(20) 
 
 

Once the total time for state 2 was determined, it could be 
used with Equation (9) to find the auxiliary current at the 
end of state 2: 
 

(21) 
 
 
For ARCP state 3, the resonant capacitor was clamped by a 
conducting S2. The initial auxiliary current was given by 

I aux

Equation (21), and the final auxiliary current was the load 
current plus the required boost current. Thus, using Equa-
tion (19) gives: 
 

(22) 
 
 
Next, ARCP state 4 was examined, for which the pole volt-
age resonates from an initial value of vs2 to a final value of 
vd + vd1 . From Equation (17), it was found that 
 

 
(23) 

 
 
The corresponding auxiliary current at the end of t4 was   
 

 
(24) 

 
 
For ARCP state 5, the auxiliary current decayed from its 
initial value given by Equation (24) to a final value that was 
equal to the load current. During this time, the pole voltage 
was clamped to the DC bus voltage plus the diode voltage 
drop. The time for auxiliary current to decay is 
 
 

(25) 
 
The total time for ARCP state 6 was computed using Equa-
tion (17) from the initial pole voltage of vd + vd1 to its value 
when upper switch S1 begins to conduct, which was vd − 
vce,sat . 
 

(26) 
 
 

The auxiliary current at the end of t6 was obtained from the 
auxiliary current at the start of the state, which was iload: 
 
 

(27) 
 
 
Finally, ARCP state 7 time, where the auxiliary current 
ramps to zero with the pole voltage clamped at vd − vce,sat 
was computed using Equation (18): 
 
 

(28) 
 
At the end of state 7, the auxiliary switch was turned off at 
zero current and the ARCP was in a steady state with the 
upper switch (S1) conducting the full load current.  
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Variable-Timing Control for Low-Voltage 
ARCP 
 

Lai et al. [11] showed that variable-timing control of the 
ARCP was critical for optimizing the inverter performance–
specifically in minimizing losses in the power switching 
components and avoiding damaging transient currents. The 
ARCP timing results from the previous section were then 
used to determine optimum switching times for auxiliary 
and main switches. 
 

Referring to Figure 2, the fixed delay time, tdelay, between 
the input PWM signal transition and the turn off of main 
switch S2 first had to be computed. This delay is necessary 
to allow sufficient time for the auxiliary current to reach its 
required level before switching the state of any main switch-
es. Although Equation (1) has been used in the literature, it 
may not allow sufficient time when considering voltage 
drops in the auxiliary circuit. Therefore, a more accurate 
computation applicable to low-voltage ARCP operation 
would be given as Equation (29): 
 
 

(29) 
 
 
Next, referring to Figure 2, auxiliary switch SP is turned on, 
tcharge + tboost, before main switch S2 is turned off. Noting 
that tcharge and tboost correspond to ARCP states 1-3, the time 
from the PWM-In signal until the auxiliary switch SP is 
turned on was determined by Equation (30): 
 
 

(30) 
 
 
From Figure 2, it can be seen that the lower switch (S2) is 
turned off exactly tdelay after the PWM In signal: 
 

(31) 
 
 
The upper switch (S1) can be turned on at zero voltage at  
 

(32) 
 
 
Finally, the auxiliary pump switch, SP, can be turned off at 
zero current no sooner than   
 

(33) 
 

ARCP Simulation Results  
 

In this section, the ARCP timing analysis presented previ-
ously is compared with more traditional variable-timing 
approaches. In addition, simulations of a low-voltage varia-
ble-timing ARCP inverter using these results are performed.  
 

Variable-Timing Comparison  
 

The ARCP variable-time computation methodology pre-
sented in the previous section was then compared to other 
techniques that have been reported in the literature. The 
results are summarized in Figure 8. For purposes of compar-
ison, the resonant inductor and capacitor values were adjust-
ed in proportion, and in inverse proportion to the dc voltage, 
respectively, so that the calculated times would be constant 
using the conventional calculation method. 

Figure 8. Switching Time Calculations for 1A Load 

 
The first variable-timing parameter to be compared was 

the time required for the auxiliary current to be charged to 
the load current plus the required boost current level. In this 
study, that time corresponded to t1 + t2 + t3, from Equations 
(19), (20) and (22), whereas other published works [15], 
[16] used Equation (2). Figure 8 shows that these two com-
putations produce results that correspond closely at high dc 
bus voltages, yet diverge significantly at low voltages due to 
the significance of device non-idealities that are not consid-
ered in Equation (2). The significance of this computation is 
that it is used to determine the time at which the lower 
switch is to be turned off in order to end the charging of the 
auxiliary inductor. Too short a charge time could result in 
insufficient boost current to resonate the pole output voltage 
to the opposite rail, whereas too long a charging time would 
yield excessive boost current that could unnecessarily in-
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crease the total ARCP commutation time and increase the 
conduction losses. 
 
Next, the resonant time (t4), as described in Equation (23), 
was compared with the computation suggested by Kuhn and 
Sudhoff [15]: 
 
 

(34)  
 
 

Once again, Figure 8 shows that the results were similar 
only at high dc voltages. The time required for the auxiliary 
current to decay to zero after the completion of the resonant 
phase (t5 + t6 + t7) as specified in  Equations (25), (26) and 
(28) was compared to the method used by Kuhn and 
Sudhoff [15]. Figure 8 also shows good agreement except at 
low dc voltages, as expected. The comparison shown in 
Figure 8 corresponds to ARCP transitions from the lower 
diode to the upper switch with positive load current. How-
ever, examination of other ARCP transitions yielded similar 
results to those of Figure 8. 
 

ARCP Simulation  
 

An ARCP circuit simulation was then used to compare 
computed timing characteristics to those obtained from the 
simulation. The simulation utilized a low bus voltage of 
28V dc, Cr = 10,000 pf, Lr = 18 µH and a positive load cur-
rent of 1A. The boost current was set to 1.5A. The result of 
a transition from the lower diode to the upper switch is 
shown in Figure 9.  

 
Figure 9. ARCP Simulation for Low DC Bus Voltage, 1A Load 

 

A close examination of the circuit simulation shows that 
the time for the auxiliary current to reach the load-current 
level plus the boost current (as measured from the auxiliary 
pump switch turn-on) was 3.053 µsec. This compares quite 
favorably with the computed value from Equations (19), 
(20) and (22) of 3.076 µsec. However, the traditional calcu-
lation methodology yielded 2.678 µsec. Thus, if the tradi-
tional methodology were to be applied to this low-voltage 
ARCP with variable-timing control, the lower switch would 
be turned off before the required boost current is reached. 
This could result in loss of zero-voltage switching. 
 

The circuit simulation showed a resonant time (t4) of 
0.379 µsec, compared to the computed time from Equation 
(23) of 0.3698 µsec. The traditional calculation method 
yielded a resonant time of 3.598 µsec. Finally, the total time 
for the ARCP commutation as measured from the turn-on of 
the auxiliary pump switch to the instant the auxiliary current 
decayed to zero was observed to be 5.699 µsec in the simu-
lation. The computed value using Equations (19), (20), (22), 
(23), (25), (26) and (28) was 5.71 µsec, while the traditional 
computation yielded 5.64 µsec.  
 

Conclusion 
 

In this paper, the authors presented a variable-timing 
method for accurate soft-switching in an ARCP converter 
over a wide dc bus voltage range. It was shown through 
simulation that special attention is needed for accurate tim-
ing control of the ARCP when the dc bus voltage is low 
(where low is defined generally as the voltage level at 
which the switching device voltage drops play a significant 
role in the circuit). This proposed approach was verified 
through simulation to be accurate in determining appropri-
ate gate switching times required to optimize performance 
of the ARCP. The switching times determined using the 
proposed approach were also compared to approaches 
where the device voltage drops were not considered to 
demonstrate the potential implications of low-voltage 
ARCP operations on variable timing.  
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Abstract  
 

Directional guiding, passing or stopping of elastic waves 
through engineered materials have many applications to the 
engineering fields. Recently, such engineered composite 
materials received great attention by the broader research 
community. In elastic waves, the longitudinal and transverse 
motion of material particles are coupled, which exhibits 
richer physics and demands greater attention than electro-
magnetic waves and acoustic waves in fluids. Waves in pe-
riodic media exhibit the property of Bragg scattering and 
create frequency band gaps in which the energy propagation 
is prohibited. However, in addition to the Bragg scattering, 
it has been found that local resonance of artificially de-
signed resonators can also play a critical role in the genera-
tion of low-frequency band gaps. It has been found that neg-
ative effective mass density and negative effective elastic 
modulus are created by virtue of the local resonators and are 
correlated with the creation of the frequency band gaps that 
can be artificially perturbed.  
 

In this paper, the authors present a novel anisotropic de-
sign of metamaterial using local split-ring resonators of 
multiple-length scales. Unlike traditional metamaterials, 
multiple split rings of different dimensions are embedded in 
a polymer matrix. Considering the complexity of the pro-
posed material, it is extremely difficult to find the dynamic 
response of the material using analytical methods. Thus, a 
numerical simulation was performed in order to find fre-
quency band gaps. Simultaneously, correlation between the 
band gaps and negative effective mass density and negative 
effective elastic modulus was verified. Both unidirectional 
split rings and bidirectional chiral split rings were studied. 
The effects of discontinuity in the rings at larger scales were 
compared with the dynamic characteristics of full rings in 
the proposed metamaterial. Application of such metamateri-
als will be primarily for vibration isolation and impact miti-
gation of structures. The proposed configuration is based on 
unit dimension and is, thus, dimensionless. The concept can 
be easily commutable between macro-scale structures for 
low-frequency applications and micro-scale MEMS devices 
for high-frequency applications.  
  

Introduction  

 
Sonic and ultrasonic wave propagation through periodic 

structures has been the subject of interest for many years. 
Recently, this topic received greater attention in solid-state 
physics and acoustics. Periodic media has a unique capabil-
ity of being able to manipulate wave propagation by exhibit-
ing innumerous possibilities, e.g., creating directional guid-
ing, frequency filtration, negative dispersion and many other 
novel phenomena yet to be discovered. Such properties of 
the periodic media have triggered many new ideas of possi-
ble applications to different engineering fields. Periodic 
elastic structures are capable of producing frequency band 
gaps, where apparently no wave energy can be transmitted 
through the structures; however, energy is not actually lost 
but is in fact absorbed by the local resonators. A significant 
amount of research has been conducted in recent years on 
the manipulation of frequency band gaps in different fre-
quency ranges through an innovative design of the acousto-
elastic metamaterials.  

 
Acoustoelastic metamaterials and a novel arrangement of 

phononic crystals are used for vibration control, impact mit-
igation and acoustic wave manipulation. Structures (e.g., 
civil, mechanical and aerospace) or individual structural 
components are vulnerable to external vibration, especially 
when the external vibration frequencies are at the proximity 
of the natural frequencies of the structures. The natural fre-
quencies of a system are known during the design of the 
structural systems. Thus, if possible, the proposed met-
amaterials can be placed on the structures and the design of 
the metamaterials can be tuned in such a way that the exter-
nal vibration frequencies close to the natural frequencies of 
the structure will be completely damped, keeping the struc-
ture safe. Other possible applications of metamaterials are 
evident in naval research. Metamaterials are capable of 
guiding and bending acoustic waves; for example, sonar 
radiated waves can be twisted and guided so that they will 
never be reflected back to the enemies. And while a perfect 
acoustic clock could be built, it is admittedly a rather 
farfetched futuristic application. These acoustoelastic met-
amaterials are classified into two broader categories. One 
set of metamaterials is made by changing the structural ge-
ometry by processes such as grooving, cutting, etc.; in other 
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words, perturbing the surface texture of the structures. On 
the other hand, metamaterials can also be made by design-
ing novel inclusion patterns in the host matrix of the materi-
als and considering them composite or engineered materials.  
 

El-Bahrawy [1] and Banerjee et al. [2-4] studied wave 
propagation in periodic wave guides, where the surfaces of 
the elastic media (wave guides) were proposed to be per-
turbed sinusoidally without creating any inclusions inside 
the material (metamaterial of type 1). Thus, surface pertur-
bations (surface etching) and volume perturbations 
(inclusions) are completely different genre of metamaterials. 
Here, the metamaterials with volume perturbation is dis-
cussed. Photonic researchers are also engaged in designing 
electromagnetic metamaterials [5-7] in the exploration of 
photonic band gaps, a range of frequencies where electro-
magnetic waves cannot propagate [8]. The same is true for 
the physical understanding of stress (elastic) wave propaga-
tion in phononic crystals and electromagnetic wave propa-
gation in photonic crystals [9-11]. Thus, the concepts of 
designing newly engineered materials are commutable be-
tween electrodynamics and elastodynamics. As a rule of 
thumb, mass-in-mass systems are frequently proposed for 
elastodynamic problems to predicatively manipulate the 
frequency band gaps with engineered volume inclusion 
(metamaterials of type II). Applications of such acoustic 
metamaterials have been envisioned for acoustic cloaking, 
vibration control, sound isolation, etc. [12], [13].  
 

Band-gap manipulation is very important in periodic 
structures in order to diversify their applicability. The for-
mation of a negative bulk modulus and negative effective 
mass densities can result in band gaps in periodic structures 
[14-16]. Negative effective mass density arises from the 
negative momentum of the unit cell with a positive velocity 
field [17]. In mass-in-mass unit cells, the effective mass of 
the cell becomes negative at frequencies near the local reso-
nance frequency, due to the special decay in wave ampli-
tudes [18]. Hsu [19] showed that frequency band gaps can 
be formed by multiple scattering of the periodic inclusions, 
also known as Bragg scattering. Low-frequency sounds can 
be controlled by introducing locally resonant components 
into phononic crystals [20-22]. Generally speaking, a locally 
resonant medium consists of a heavy material core coated 
with softer material and then embedded into a host of other 
media. There are always multiple possibilities for opening 
new low-frequency forbidden gaps by setting an engineered 
local resonator in phononic crystals. Band gaps can be ob-
tained or manipulated by altering the geometry of the local 
resonators [19].  
 

Table 1. Material Properties 

Recently, researchers have attempted to open new portals 
of band gaps by artificially designing the metamaterial sys-
tem. Huang et al. [14] proposed a multi-resonator system by 
introducing an additional mass in a previously proposed one
-resonator mass-in-mass model [18]. Similarly a layer-in-
layer system was proposed by Zhu et al. [23] to calculate 
the effective dynamic properties of the finite acoustic met-
amaterial. Low-frequency or high-frequency (high or low 
wavelengths, respectively) bands were already engineered 
by the proposed models. A model that can devise a wider 
band of frequency gaps (at both low- and high-frequency 
regions) is desired. If by any means higher numbers of 
closely spaced band gaps are obtained, they can eventually 
be merged by manipulation. Such multiple band gaps could 
potentially form a wider band gap. Such possibilities were 
not demonstrated by any previous models. In this study, 
then, a novel split-ring metamaterial was proposed. The 
proposed model not only obtains wider frequency bands but 
also multiple band gaps in both low- and high-frequency 
regions. The proposed unit cell is composed of a multiscale 
mass-in-mass system that forms a multiscale mass-in-mass 
model (MMM), which was proposed by any researchers. A 
two-dimensional study was performed and the full structure 
was considered infinite with periodic unit cells.  
 

The concept of split rings was inspired by its counterpart 
from electromagnetic waves in photonics. Guenneau et al. 
[24] proposed a double ‘C’ resonator for wave focusing and 
confinement. Movchan et al. [25] used split-ring resonators 
to control electromagnetic bands in two-dimensional pho-
tonic structures. Many other photonic researchers found 
split rings useful in manipulating electromagnetic waves for 
specific purposes. To the best of authors’ knowledge, split-
ring resonators were introduced into the acoustic wave are-
na for the very first time in this study. 

 
A few possible futuristic applications of the proposed 

metamaterials were mentioned in previous paragraphs. 
However, in the near term, this research will likely have a 
significant impact on the design of innovative microphones 
for directional sensitivity of sounds [26]. Speech recogni-
tion by reducing noise will improve the quality of synthe-
sized sound for clean speech recognition in transformed 
domains [27]. Similar to the concept of Filtered-XRLS, an 

Material 
Young’s 
Modulus 

(GPa) 

Density (kg/m3) Poisson’s 
Ratio 

Steel 205 7850 0.28 

Epoxy 2.35 1110 0.38 
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Floquet boundary conditions are based on the Floquet theo-
ry, which can be applied to the problem of small-amplitude 
vibrations of spatially periodic structures. A Bloch solution 
[29] for the frequency response to a small-amplitude time-
periodic excitation that also possesses spatial periodicity can 
be sought in the form of the product of two functions. One 
follows the periodicity of the structure, while the other fol-
lows the periodicity of the excitation. The problem can be 
solved on a unit cell of periodicity by applying the corre-
sponding periodicity conditions to each of the two compo-
nents in the product. The Floquet periodicity conditions at 
the corresponding boundaries of the periodicity cell are ex-
pressed as 
 

(1)  
 
where u is the displacement vector and vector k represents 
the spatial periodicity of the excitation or the wave number. 
T stands for target and S stands for source element. xt − xs 

k. xt − xs calculates the distance between source and target 
and, thus, k provides the phase difference between them. 
The general linear relation between the stress and strain 
tensors in solid materials at xm is expressed by Hook’s law: 

 
(2) 

  
Here, σ is the Cauchy’s stress tensor, ε is the strain tensor 
and Cijkl is a fourth-order elasticity tensor. For small defor-
mations, the strain tensor is defined as 

 
(3) 

 
 

where i, j, k and l take on the values of 1, 2 and 3; typical 
index notation applies. ui  represents particle displacement 
along i. The elastic wave equation is then expressed as 
 

(4) 
 
Here, ρ(xm) is the medium density, which is a function of 
space; s and F represent the source terms. If a time-
harmonic wave is assumed, the displacement function can 
be written as 

(5)  
 
where f represents the frequency and ω = 2π f is the angular 
frequency. Assuming the same time-harmonic dependency 
for the source terms s0 and F, the wave equation for linear 
elastic waves reduces to an inhomogeneous equation: 
 

(6) 
 

Alternatively, eigenmodes and eigenfrequencies can be 
solved by treating this Helmholtz equation as an eigenvalue 

algorithm with sequential updates [28] can be used to opti-
mize the design of appropriate acoustic metamaterial filters, 
which will eventually help active acoustic noise control. In 
this paper, a step towards the engineering design of such a 
metamaterial is presented.  
 

Numerical Implementation  
 

A two-dimensional structure with a multiple-resonator 
system was proposed in this study. Figure 1a illustrates the 
schematic of the unit cells. One unit cell is composed of a 
steel core with a diameter of 0.1414" embedded in a circular 
ring with an outside diameter of 0.2828”. A softer material 
(epoxy) was used to seal the space between the steel ball 
and the circular ring. A similar mass-in-mass system was 
proposed by Huang et al. [18].  

 
In this paper, an additional set of semicircular rings was 

placed symmetrically in order to increase the number of 
band gaps. To generate access to the new portal in order to 
manipulate further frequency bands, another pair of ellipti-
cal split rings was positioned symmetrically but orthogonal-
ly to the previously positioned semicircular rings. All of the 
rings were made of steel with a thickness of 0.037” and in-
cluded in a softer material. For simplicity, the steel cores, 
elastic coating and the split rings were considered embed-
ded in an epoxy matrix. Material properties of the unit cell 
are listed in Table 1. Additional studies were performed in 
order to analyze the geometrical dependency of elliptical 
split rings compared to elliptical full rings (see Figure 1b).  

(a) Split Ellipse  (b) Full Ellipse 

 

Figure 1. Proposed Multiple Resonator Unit Cell 

 

The proposed model was fairly complicated for perform-
ing analytical solutions for obtaining the dispersion curves. 
The eigenvalue analysis (dispersion) was performed using 
Finite Element simulation. The Floquet periodic boundary 
condition was enforced at all four boundaries of the unit 
cell. Floquet boundary conditions can be written as (x + dx, 
y + dy) = F(x,y), where dx and dy are the period length of 
the periodic media along x and y directions, respectively. 
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partial differential equation. Eigenfrequency equations are 
derived by assuming a harmonic displacement field, similar 
to the frequency response formulation. The only difference 
is that the eigenfrequency study uses a new variable, jω, 
explicitly expressed in the eigenvalue jω = − λ. The eigen-
frequency f is then derived from jω as 
 

(7) 
 

A dispersion relation was obtained by discretizing the 
wave number domain from zero to ka/π, where ‘a’ is the 
periodicity of the unit cell and ‘k’ is the fundamental or 
incident wave number. Please note that, according to the 
Bloch-Floquet theorem, any solution of wave number 
in periodic media can be written as  

 
(8) 

 
(9) 

 
where n and m take on the values 1,2,3,…∞. a and b are the 
periodicity of the unit cell along the x and y directions, re-
spectively. In this study, a = b. G is the reciprocal basis of 
the proposed periodic media.  
 

Dispersion Relation and Geometric 
Dependency 
 

The primary objective of this study was to obtain multiple 
band gaps at both low- and high-frequency regions. Fre-
quencies up to 180 kHz were analyzed in this study. Fre-
quencies less than 50 kHz were considered to be in the low-
frequency region and 50–180 kHz frequencies were consid-
ered to be in the high-frequency region. Figure 2 shows the 
dispersion relation for the multi-resonant system proposed 
in Figure 1a. The total band structure was computed for the 
ΓXMΓ boundary (see Figure 1b). Three band gaps were 
observed in the low-frequency region from 20.83 to 22.07 
kHz, 27.22 to 29.94 kHz and 36.72 to 37.47 kHz, with 
bandwidths of 1245 Hz, 2723 Hz and 743 Hz, respectively.  
 

To understand the explanation of band-gap formation in 
gap frequencies, a frequency-domain analysis was per-
formed. A uniformly distributed compressive load of mag-
nitude 1 N (P in Figure 3a) was applied on both sides of the 
unit cell along the x direction. According to load-
deformation laws, one can expect to observe compressive 
deformation in unit cells along the x direction. At an arbi-
trary frequency of 28.5 kHz (a frequency within the band 
gap 27.22 to 29.94 kHz) it was observed that the unit cell 
tends to elongate along the x direction. Such an unusual 
phenomenon signifies the formation of negative bulk modu-

lus at frequencies where band gaps exist and verifies the 
established hypothesis on creation of resonant band gaps. 

Figure 2. Dispersion Relation with Split Ellipse Resonator 

Figure 3. (a) Loading Setup in Unit Cell and (b) Displacement 

Mode at f = 28.5 kHz 

 
Another objective of this study was to understand the 

geometric effect of elliptical resonators. Both the models 
with split rings (model 1) and full-ring resonators (model 2) 
were introduced in Figure 1. The full-ellipse resonator mod-
el also produced three band gaps from 20.59 to 22.7 kHz, 
26.64 to 30.37 kHz and 37.17 to 37.9 kHz, with bandwidths 
of 2118 Hz, 3726 Hz and 729 Hz, respectively (see Figure 
4). Both proposed models generated three low-frequency 
band gaps for the ΓXMΓ boundary. No high-frequency band 
gaps were observed. In model 2, each band gap was formed 
in more or less the same frequency ranges, compared to 
model 1. However, higher bandwidths were noticed for full-
ellipse configurations for the first two band gaps, while the 
third band gap thickness was relatively unchanged in both 
models.  
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Figure 4. Dispersion Relation with Full Ellipse Resonator 

 
Vibration in steel-core and steel resonators created the 

band modes in the first band gap. Steel-ball and closed steel 
rings were the dominating resonators in these bands and 
elliptical rings were vibrating with smaller amplitudes. Plate 
vibration was also coupled with these modes. In the second 
band gap, resonances at elliptical rings were more promi-
nent than the first mode. Since elliptical rings are responsi-
ble for both first and second band mode resonances, a 
change in resonator geometry affected the bandwidth. Vi-
bration modes at location A & B (see Figure 2) is shown in 
Figures 5a and 5b. A full ellipse can absorb more energy 
than a split resonator, which results in higher bandwidth at 
the second band gap in the full-ellipse model. In the third 
gap, very little vibration was observed in the elliptical rings 
(see Figure 5c), which signifies almost the same bandwidth 
for both models.  

Figure 5. Displacement (top) and Von Mises Stress (bottom) 

Mode at (a) A, (b) B and (c) C Positions (see also Figure 2) 

 

Band gaps over the full frequency range (0-180 kHz) for 
the ΓXMΓ boundary and their dependency on elliptical res-
onators are reported in Figures 2, 4 and 5. The geometric 
influence of elliptical resonators in the Γ-X, X-M and M-Γ 
directions were also explored individually.  

 
A comparative study was conducted and the band struc-

tures obtained from the models are presented in Figures 6, 7 
and 8. A remarkable number of band gaps, more than 20, 
were achieved in both the Γ-X and X-M directions for each 
model. In this paper, bandwidths higher than 700 Hz are 
reported. In the figures shown in this paper, the y axis repre-
sents the location of the band gaps along the frequency axis 
and the x axis represents the frequency bandwidth of the 
band gaps. Larger band gaps were observed at low frequen-
cies in all directions. In the low-frequency region, frequency 
bands were generated very close to each other. Larger band 
modes were mostly dependent on elliptical ring resonators. 
Thus, geometric alteration will help to manipulate the band 
structure. It was also observed that the local resonances 
were a function of the incident wave direction. 

Figure 6. Band-Gap Comparison for Split and Full Ellipse 

Resonator in Γ-X Direction 

 
At higher frequencies, significant numbers of smaller 

band gaps were observed (in both the Γ-X and X-M direc-
tions). These band gaps were strongly influenced by the cell 
geometry. Different frequency ranges were more pro-
nounced for different geometries. Epoxy modes were main-
ly dominant in the high-frequency regions. Low-amplitude 
vibrations of elliptical and half-circular resonators were also 
coupled with those modes. Since epoxy modes were domi-
nant at higher frequencies, little scattering can be achieved, 
which is another reason to get smaller band gaps. Using this 
understanding, a new orientation was proposed to expand 
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the first band gap at the lower frequencies. The proposed 
configuration is shown in Figure 9.  

Figure 7. Band-Gap Comparison for Split and Full Ellipse 

Resonator in X-M Direction 

Figure 8. Band-Gap Comparison for Split and Full Ellipse 

Resonator in M-Γ Direction 

 
A similar eigenvalue analysis of the system was per-

formed and the dispersion relation between frequency and 
wave number for the proposed 2D mirror image pattern is 
shown in Figures 10 and 11. Figures 10 and 11 show the 
dispersion curves in the Γ-X, X-M and M-Γ directions for 
both the split-ellipse and the full-ellipse configurations, re-
spectively.  
 
 
 

Figure 9. Proposed Multiple Diagonally Symmetric Resonator 

Unit Cell with Split-Ring Ellipse (left) and Full-Ring Ellipse 

(right) 

Figure 10. Dispersion Relation for the Split Ellipse Resonators 

Figure 11. Dispersion Relation for the Full Ellipse Resonators 
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The dispersion relations show the existence of absolute 
band gaps below 50 kHz. These band gaps are essentially 
wider (between 24 kHz and 33 kHz) than the band gaps 
obtained in Figures 2 and 3. Figure 12 shows the displace-
ment and Von Mises stress pattern for the modes T and Q 
(see Figure 10). Figure 13 shows the complete band struc-
ture of the diagonally symmetric pattern between 0–180 
kHz along the X-M direction. It clearly shows that the num-
ber of band gaps is improved by the split-ring configuration 
if organized in a diagonally symmetric (mirror image) pat-
tern of the unit cells, which was originally proposed in Fig-
ure 1 over a full-ring configuration.  

Figure 12. Displacement (left column) and Von Mises Stress 

(right column) for Mode T (top rows) and Mode Q (bottom 

rows) 

Figure 13. Band-Gap Comparison for Split and Full Ellipse 

Resonators in Diagonally Symmetric Configuration in X-M 

Direction 
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Conclusion 
 

Obtaining multiple band gaps by designing a novel con-
figuration of metamaterials is one of the key areas of inter-
est in recent days. Mass-in-mass and layer-in-layer models 
were proposed by previous researchers for finding multiple 
band gaps. But the number of band gaps was not significant-
ly increased by these models. In this current study, a novel 
multi-scale mass-in-mass (MMM) system containing split-
ring resonators for achieving several band gaps in both low- 
and high-frequency regions was proposed. Split-ring resona-
tors are frequently used for guiding electromagnetic waves; 
however, it was initiated in order to implement this idea for 
guiding the acoustic waves for the first time. Three distinct 
band gaps were obtained (ΓXYΓ boundary) from the pro-
posed model. However, multiple and wider band gaps were 
achieved for wave propagation along the direction other 
than the orthogonal directions. Wider band gaps were visi-
ble in the low-frequency region, while other smaller band 
gaps were noticed in the high-frequency region. It was also 
found that the frequency bands were influenced by the ge-
ometry of the elliptical resonators. Band position and width 
can be manipulated with the change of resonator geometry. 
A diagonally symmetric orientation of the unit cell was able 
to drastically improve the extent of the band gaps. This 
study can be useful to isolate or guide different directional 
wave and control the vibration over a wide range of fre-
quencies, which can be a useful note for structural health 
monitoring.  
 

References 
 
[1] El-Bahrawy, A. (1994a). Stopbands and Passbands 

for symmetric Rayleigh-Lamb modes in a plate with 
corrugated surfaces. Journal of Sound and Vibration 
170(2), 145-160. 

[2] Banerjee, S., & Kundu, T. (2006). Elastic Wave 
Propagation in Sinusoidally Corrugated Wave 
Guides. Journal of Acoustical Society of America, 
119(4), 2006-2017. 

[3] Banerjee, S., & Kundu, T. (2006). Symmetric and 
Anti-symmetric Rayleigh-Lamb modes in Sinusoidal-
ly corrugated waveguides: An Analytical approach. 
International Journal of Solids and Structures, 43, 
6551-6567. 

——————————————————————————————————————————————————– 
WAVE PROPAGATION IN METAMATERIAL USING MULTISCALE RESONATORS BY CREATING LOCAL ANISOTROPY                   57 



——————————————————————————————————————————————–———— 

——————————————————————————————————————————————–———— 
58                                INTERNATIONAL JOURNAL OF MODERN ENGINEERING | VOLUME 13, NUMBER 2, SPRING/SUMMER 2013 

[4] Banerjee, S., & Kundu, T. (2008). Elastic Wave Field 
Computation in Multilayered Non-Planar Solid 
Structures: A Mesh-free Semi-Analytical Approach, 
Journal of Acoustical Society of America, 123(3), 
1371-1382. 

[5] Veselago, V. G. (1968). The Electrodynamics of 
Substances With Simultaneously Negative Values of 
ε and µ. Soviet Physics Uspekhi, 10, 509–514. 

[6] Smith, D. R., Pendry, J. B., & Wiltshire, M. C. K. 
(2004). Metamaterials and Negative Refractive In-
dex. Science, 305, 788–792. 

[7] Pendry, J. B., Holden, A. J., Robbins, D. J., & Stew-
art, W. J. (1999). Magnetism From Conductors and 
Enhanced Nonlinear Phenomena. IEEE Transactions 

on Microwave Theory Tech., 47, 2075–2084. 
[8] Smirnova, E. I., Mastovsky, I., Shapiro, M. A., Tem-

kin, R. J., Earley, L. M., & Edwards, R. L. (2005). 
Fabrication and Cold Test of Photonic Band Gap 
Resonators and Accelerator Structures. Physical Re-

view Special Topic Accelerator & Beams, 8, 091302. 
[9] Liu, Z., Chan, C. T., & Sheng, P. (2005). Analytic 

Model of Phononic Crystals With Local Resonances. 
Physical Review B, 71, 014103. 

[10] Mei, J., Liu, Z., Wen, W., & Sheng, P. (2006). Effec-
tive Mass Density of Fluid-Solid Composites. Physi-

cal Review Letters, 96, 024301. 
[11] Wu, Y., Lai, Y., & Zhang, Z. (2007). Effective Medi-

um Theory for Elastic Metamaterials in Two Dimen-
sions. Physical Review B, 76, 205313. 

[12] Sigalas, M. M., & Economou, E. N. (1992). Elastic 
and Acoustic Wave Band Structure. Journal of Sound 

and Vibration, 158, 377–382. 
[13] Poulton, C. G., Movchan, A. B., McPhedran, R. C., 

Nicorovici, N. A., & Antipov, Y. A. (2000). Eigen-
value Problems for Doubly Periodic Elastic Struc-
tures and Phononic Band Gaps. Proceedings of Royal 

Society London, A, 456, 2543–2559. 
[14] Huang, G. L., & Su C. T. (2010). Band Gaps in a 

Multiresonator Acoustic Metamaterial. Journal of 

Vibration and Acoustics, 132(3), 031003. 
[15] Li, J., & Chan, C. T. (2004). Double-Negative 

Acoustic Metamaterial. Physical Review E, 70, 
055602. 

[16] Milton, G. W., & Willis, J. R. (2007). On Modifica-
tions of Newton’s Second Law and Linear Continu-
um Elastodynamics. Proceedings of Royal Society 

London A, 463, 855–880. 
[17] Yao, S. S., Zhou, X. M., & Hu, G. K. (2008). Experi-

mental Study on Negative Effective Mass in a 1D 
Mass-Spring System. New Journal of Physics, 10, 
043020. 

[18] Huang, H. H., Sun, C. T., & Huang, G. L. (2009). On 
the Negative Effective Mass Density in Acoustic 

Metamaterials. International Journal of Engineering 

Sciences, 47, 610–617. 
[19] Hsu, J. C. (2011). Local resonances-induced low-

frequency band gaps in two-dimensional phononic 
crystal slabs with periodic stepped resonators. Jour-

nal of Physics D: Applied Physics, 44, 055401. 
[20] Liu, Z., Zhang, X., Mao, Y., Zhu, Y. Y., Yang, Z., 

Chan, C. T., et al. (2000). Locally resonant sonic 
materials. Science, 289, 1734. 

[21] Goffaux, C., S´anchez-Dehesa, J., Levy Yeyati A., 
Lambin, Ph., Khelif, A., Vasseur, J. O., et al. (2002). 
Evidence of Fano-like interference phenomena in 
locally resonant materials. Physical Review Letters, 
88, 225502. 

[22] Hsu, J. C., & Wu, T. T. (2007). Lamb waves in bina-
ry locally resonant phononic plates with two dimen-
sional lattices. Applied Physics Letters, 90, 201904. 

[23]  Zhu, R., Huang, G. L., Hu, & G. K. (2012). Effective 
dynamics properties and multi-resonant design of 
acoustic metamaterials. Journal of Vibration and 

Acoustics, 134, 031006-1. 
[24] Guenneau, S., Movchan, A., Pétursson, G., & Rama-

krishna, S. A. (2007). Acoustic metamaterials for 
sound focusing and confinement. New Journal of 

Physics, 9, 399.  
[25] Movchan, A. B., & Guenneau, S. (2004). Split-ring 

resonators and localized modes. Physical Review B, 
70, 125116 

[26] Varada, V., Wang, H., & Devabhaktuni, V. (2010). 
Sound source localization employing polar directivity 
patterns of bidirectional microphones. International 

Journal of Modern Engineering, 11(1), 35-44.  
[27] Ngo, H., & Mehrubeoglu, M. (2010). Effect of the 

number of LPC coefficients on the quality of synthe-
sized sounds. International Journal of Engineering 

Research and Innovation, 2(2), 11-16. 
[28] Tan, Li., & Jiang, J. (2009). Active noise control us-

ing the filtered-XRLS algorithm with sequential up-
dates. International Journal of Modern Engineering, 
9(2), 29-34. 

[29] Brillouin, L. (1953). Wave Propagation in periodic 

structures. Dover Publications, Inc.  
 

Biographies 
 

RIAZ AHMED is a Graduate Student in the Mechanical 
Engineering Department of the University of South Caroli-
na. He received his MS degree from University of South 
Carolina, USA and BS degree in Mechanical Engineering 
from Khulna University of Engineering and Technology, 
Bangladesh. His area of research is related to theoretical and 
computational modeling of acoustics/ultrasonic waves in 



——————————————————————————————————————————————–———— 

 

periodic media and novel design of acoustoelastic met-
amaterials.   

SOURAV BANERJEE is an Assistant professor of Me-
chanical Engineering at The University of South Carolina. 
He earned his B.S. degree (2000) from Bengal Engineering 
College, West Bengal, India in Civil Engineering. He re-
ceived his M.Tech with specialization in Structural Engi-
neering from Indian Institute of Technology, Bombay, India 
in 2002 and he received his Ph.D. (Engineering Mechanics, 
2005) from the University of Arizona, Tucson, AZ. Dr. 
Banerjee is currently teaching at the University of South 
Carolina. His research area is related to theoretical and com-
putational modeling of ultrasonic waves and phonons in 
homogeneous and heterogeneous media (e.g. metal, compo-
sites, functionally graded materials etc.). He has published 
22 peer reviewed research papers and about 40 papers in 
conference proceedings. He has earner numerous awards 
and recognitions in the field of Structural Health Monitor-
ing, e.g. prestigious ‘Achenbach Medal’ in the year 2010 is 
one of them. Dr. Banerjee may be reached at 
banerjes@cec.sc.edu. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

——————————————————————————————————————————————————– 
WAVE PROPAGATION IN METAMATERIAL USING MULTISCALE RESONATORS BY CREATING LOCAL ANISOTROPY                   59 



DYNAMIC INTELLIGENT MEAN FILTER FOR 

IMPULSE NOISE SUPPRESSION IN 2D IMAGES 
——————————————————————————————————————————————–———— 

Benjamin Asubam Weyori,  Nkrumah University of Science and Technology (GHANA); 
Kwame Osei Boateng, Kwame Nkrumah University of Science and Technology (GHANA) 

Abstract  
 

Noise, as random, unwanted data, appears in images from 
various sources. So its reduction or removal is an important 
task in image processing. This study employed an intelligent 
mean filter, which is an extension of the median filter, adap-
tive median filter, and the mean filter, to achieve the pur-
pose of noise reduction. The proposed mean filter belongs 
to the broad class of nonlinear filters. The method is more 
effective in image processing because it utilizes an intelli-
gent technique to find the mean of a set of pixels in the ac-
tive window, which is used to perform the filtering process. 
Impulsive noise is a form of image corruption where each 
pixel value is replaced with an extremely large or small val-
ue that is not related to the surrounding pixel values by a 
significant probability. 

 
Any pixel that is noisy is replaced with the computed 

mean. The adaptiveness of the method lies in the size of the 
filtering window, which is determined by the amount of 
noise in the window. The filtering process starts with a 3x3 
window and extends it to a 5x5 window until it gets to the 
maximum window size chosen by this technique, which is 
9x9. The window size extends from the initial size to the 
subsequent sizes if the amount of noise pollution in each 
chosen size is greater than 40% using some approximation 
schemes. The moving-window architecture is employed to 
the movement of the window through the entire image in 
order to aid the filtering process. The performance of the 
proposed intelligent Mean filter has been evaluated in 
MATLAB simulations on an image that was subjected to 
various degrees of corruption with impulse noise. The re-
sults demonstrated the effectiveness of the algorithm.  
 

Introduction  
 

The transfer medium, the working conditions and the re-
cording devices of an imaging system are subjected to noise 
corruption during transmission. Thus, the image quality is 
reduced and the effectiveness and accuracy of the subse-
quent processing course, such as edge detection, image seg-
mentation, and pattern segmentation, can be negatively af-
fected. Therefore, it is helpful to remove the noise from the 
image using an image filter. But the effective removal of the 

noise is often accomplished at the expense of blurred or 
even lost features [1]. 
 

Noise filtering is an important component in signal pro-
cessing systems, which is comprised of estimating the 
amount of the signal that has been degraded by noise. The 
percentage of noise corruption is calculated by taking the 
percentage of the degraded pixels in the entire image. Intui-
tively, when the percentage of the polluted pixel is greater 
than the percentage of the clean uncorrupted pixel, most of 
the proposed filtering techniques generate a fairly poor re-
sult. The design of a filter will depend on the detection of 
the type of noise, estimation of the intensity of the noise 
corruption and the distribution of the noise [2], [3]. Digital 
image filtering techniques can be categorized into two broad 
areas: spatial domain filtering and frequency domain filter-
ing. The spatial domain filtering technique is based on the 
direct manipulation of the image pixels, while the frequency 
domain filtering technique has to do with modifying the 
Fourier transform of the image [3]. 
 

Various spatial filtering techniques have been proposed 
for removing impulse noise in the past, and it is well known 
that linear filters can produce serious image blurring. As a 
result, nonlinear filters have been widely exploited due to 
their much improved filtering performance, particularly in 
relation to impulse noise attenuation and detail preservation. 
One of the most popular and robust nonlinear filters is the 
standard median (SM) filter [4], which exploits the rank-
order information of pixel intensities within a filtering win-
dow and replaces the center pixel with the median value. 
The SM filter’s effectiveness in noise suppression and sim-
plicity of implementation has led to various modifications, 
such as the weighted median (WM) filter [5] and the center 
weighted median (CWM) filter [6]. 
 

The median filter is implemented by replacing all of the 
pixels in the activate window with the selected center pixel 
known as the median. The process replaces the corrupted 
and also the uncorrupted pixels in the image; the replaced 
uncorrupted pixels cause a lot of defeat in the image quality. 
Hence, a tentative solution for circumventing this problem 
is to implement a noise (impulse noise) detection technique 
to aid in the filtering process; this identifies only the cor-
rupted pixels that will be replaced, while the uncorrupted 
pixels remain intact. The switching median filter [1], [7-9] 
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has achieved a lot of significant performance due to the 
noise detection mechanism that solves the problem of iden-
tifying the corrupted pixels in a filtering process.  
 

The most popular approaches for dealing with such im-
pulse noise have centered on median filtering and the rich 
class of order statistic filters that have emerged from the 
study of median filters [10], [11]. Recently, variations on 
the median filtering scheme have been shown, under specif-
ic signal/noise models, to deliver improved performance 
relative to the corresponding traditional methods. To solve 
the problem of filtering out edge details and image details 
causing blurring of the image, an intelligent mean filtering 
scheme is presented in this paper. It exhibits improved per-
formance in removing impulse noise, while preserving the 
fine details of the 2D image structure. 
 

Impulse (salt-and-pepper) Noise 
 

Impulse noise is a sort of unidirectional impulse-like 
noise. This category of noise is usually occurs as a result of 
electromagnetic interference, analog-to-digital converter 
error, bit error in transmission, malfunctioning pixels in 
camera sensors or faulty memory locations [8], [11], [12]. 
Intuitively, when an image is polluted with this kind of 
noise, it sets some of the pixel values of the region with 
lower values to the maximum value and also converts some 
of the pixel values to the minimum value or zero.  
 

Hence, an image that has been corrupted with impulse 
noise (salt and pepper) appears as bright spots in the dark 
region and dark spots in the bright region of the image. The 
uncorrupted pixels remain intact in the image. The percent-
age of the noise present in the image is calculated by the 
difference of the total percentage and the percentage of un-
corrupted pixels. This can be quantified by finding the per-
centage of the corrupted pixels. The probability density 
function of impulse noise is given by: 
 
 
 
 
 

(1) 
 
 
 

The probability density function describes the distribution 
of the impulse noise particles in the image, where a and b 
are the pixel values in the image. When a happens to be far 
less than b and most of the image pixels lie in the range 
around the value of a, then b becomes a distortion with a 
high intensity appearing as a bright dot or bright spot in that 
region. Otherwise, when the pixel values lie in the range of 
b, then a instead becomes the distortion with a lower inten-
sity and appears as a dark dot or dark spot.  

If Pa or Pb is zero, then only one kind of situation can 
occur; that is, whether the spots that appear are either bright 
or dark in the entire image, which is termed unipolar noise. 
If neither of the probabilities are zero and both of the dark 
spots and the white spots are randomly distributed in the 
entire image, and if the frequency of appearance is approxi-
mately equal, then the noise is described as salt-and-pepper 
impulse noise. 
 

Bipolar impulse noise occurs when an image contains 
extremely low values in a region where the pixel values are 
of high intensity and extremely high values in the region 
where the values are of low intensity. The salt-and-pepper 
impulse noise and the spots and spikes impulse noise belong 
to this category of noise, where the values of a and b are 
referred to as saturated values in the sense that they produce 
extremely pure white or extremely pure black, correspond-
ing to the minimum and maximum values allowed. Positive 
(high pixel values) impulses appear white (salt) noise, while 
the zero impulses appear as black (pepper). For an 8-bit 
image this means that a = 0 (black) and b = 255 (white) [2], 
[3]. 
 

Mean Filter 
 

Mean filtering is a linear filtering method for image 
smoothing. Its implementation is, as its name implies, intui-
tive and easy, i.e., it can reduce the amount of intensity vari-
ation between one pixel and the neighboring ones. The 
mean filter is the simplest type of low-pass filter because all 
of the coefficients of the mean filter have identical values. 
An example of a mean filter is shown in Figures 1 and 2. 
The idea is simply to replace each pixel value in an image 
with the mean value of its neighbors, including itself. The 
main purpose of doing this is to eliminate pixels which are 
unrepresentative of their surroundings [13], [14]. 

 
 Figure 1. 3x3 Mean Filter/Kernel 

 
Three factors can affect the characteristics of the filter 

(mask/kernel): width, height and shape of the filter. For 
example, the larger the size of the kernel, the more severe 
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in the filtering process. After the window size is increased, 
the entire process is carried out again. If the same situation 
occurs, or the same conditions are met, the window size is 
increased again until it reaches the maximum window size. 
If the two conditions are not met, then the two values appear 
to be noiseless pixel values, hence the intelligent mean is 
computed. This is done by adding the median value and the 
two values before the median and after the median and di-
viding it by the number of values.  
 

The computation of the intelligent mean is quite complex 
and takes time. After this process, the difference between 
the individual pixel values and the intelligent mean is com-
puted. These differences are compared to a threshold value. 
If the difference is less than the threshold value, then the 
pixel value associated with this is replaced by the intelligent 
mean. This process continues until all of the affected values 
are successfully replaced. Finally, the maximum value is 
also replaced by K if it is equal to 255 for an 8-bit image; it 
is, however, different for an image with a higher bit count. 
 

The neighborhood pixel properties are carefully employed 
in choosing the window size, and the relationship involved 
is used to arrive at a useful algorithm. The moving-window 
architecture technique shown in Figure 3 is adapted from 
the adaptive median filtering technique to help in the imple-
mentation of this algorithm. This is a systematic technique 
that moves throughout the entire image from point to point 
and helps the filtering process to work in every window.  
 

 
      Input                                          w 

 
 
          W1   W2    W3 

 

                                              W4   W5    W6 

    

                                              W7   W8    W9 

 

 
 
 
 
 
 
 
 
 
 
               w rows  

 
Figure 3. Moving-Window Architecture 

 

would be the smoothing result. Therefore, there is always a 
compromise between the reduction of noise and the blurring 
effects associated with the selection of filter size and type. 
A better filtering technique is needed for areas in an image 
that have fine details and edges so that these details are not 
lost in the filtering process [2]. Figure 2 shows an example 
of the standard mean filter and how the mean is computed to 
form the window pixels that replace the center pixel. 

Figure 2. Example of Mean Filtering 

 

Proposed Intelligent Mean Filter  
 

The intelligent mean filter algorithm is an ordered statisti-
cal non-linear filter which combines the techniques of the 
traditional median filter and mean filter in order to achieve a 
better result. The median filter ranks the pixel values using 
the ascending order or descending order and picks the mid-
dle value or the median, which is applied by replacing the 
median or middle values with the center values in the acti-
vate region. However, no detection mechanism is used to 
test and verify whether or not the center value in the region 
is polluted. 
 

In this proposed filter algorithm, an initial window is cho-
sen as 2n+1, and then the pixel values in the window are 
arranged using some specified criteria. The pixel value be-
fore the median value, the median value and the pixel value 
after the median value are chosen, including the minimum 
and maximum values. The pixel value before the median 
value and the value after the median value are tested to find 
out if they are polluted or not. The test is conducted by com-
paring them to the minimum and maximum values. If the 
condition of the value before the median is equal to the min-
imum value, then the window size is increased. On the other 
hand, if the value after the median is equal to the maximum 
value, then the window size is increased, meaning that there 
is a very high likelihood of impulse noise being present in 
the window. Hence, the size of the window is increased in 
order to bring in more pixels that may not be polluted to aid 

1229
)83169151521215212( =++++++=Mean
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For finding the arithmetic mean of a discrete set of numbers, 
a formula is applied, which is the same for finding the intel-
ligent mean. If n numbers are picked, each distinct number 
is denoted by ai, where i = 1,…,n. 
 

(2) 
 

Implementation and Testing of the 
Algorithm 
 
K = median position in the sorted list 
Xmed = median of gray level value in Sx,y 
Xmin = minimum gray level value in Sx,y 
Xmax = maximum gray level value in Sx,y 

Xk-1  = value directly adjacent to the left of the median 
value  

Xk+1  = value directly adjacent to the right of the median 
value  

Sx,y  = size of the window 
D = largest interval between the sorted values starting 

for n=2 to n=n-1 
K1 = pixel corrupted by impulse noise (salt noise) i.e., 
  K1 = 0. 
K2 = pixel corrupted by impulse noise (pepper noise) 

i.e., K2 = 255 for an 8-bit image 
 
The modified median filtering algorithm works at three dif-
ferent levels, denoted as level A, B and C, as follows: 
 
Level A:  
A1 = Xk-1 - Xmin  
A2 = Xk+1 - Xmax 

If A1 > 0 and A2 < 0 Goto level B Else increase the window 
size. 
 
Level B:  
 
 
 
 
 
 
 
If B1 is true then replace Xi,j  with Xmean and proceed 
If B2=0 the replace Xmax with Xmax ─ threshold 
 
Figure 4 illustrates how the value to the immediate left of 
the median and the value to the immediate right of the medi-
an (when the values are arranged in ascending order hori-
zontally) are tested for the presence of impulse noise. Figure 
5 illustrates how the intelligent mean is computed and how 
the detected pixels that are corrupted with impulse noise are 
replaced with the intelligent mean. 
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Figure 4. Flowchart Showing the Steps for the Detection of the 

Presence of Impulse Noise in the Active Window 

 
 

Experimental Results  
 

In order to test the performance rate of the proposed algo-
rithm, experiments were performed at different noise levels. 
Intensive simulations were carried out on several images 
corrupted with impulse noise and Gaussian noise. The re-
sults showed that the modified efficient median filter 
achieved better results when applied to images corrupted by 
impulse noise (salt and pepper) than the results obtained 
from the image corrupted by Gaussian noise. The perfor-
mance evaluation of the filtering operation was demonstrat-
ed by the output of the following images. The modified me-
dian filtering algorithm was implemented using MATLAB 
7.40(R2007a), applied to a 3x3 window. 
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Figure 5. Flowchart Showing the Computational Steps of the 

Intelligent Mean Filter 

Figure 6. Original Image of the Moon 

  

Figure 7. Histogram of the Original Image 

Figure 8. Image Polluted with 10% Impulse Noise 

 

Figure 9. Filtered Image Using Intelligent Mean Filter 
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Figure 10. Image Polluted with 20% Impulse Noise 

Figure 11. Filtered Image Using Intelligent Mean Filter 

Figure 12. Image Polluted with 30% Impulse Noise 

Figure 13. Filtered Image Using Intelligent Mean Filter 

Figure 14. Image Polluted with 40% Impulse Noise 

 Figure 15.Filtered Image Using Intelligent Mean Filter 
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Figure 16. Image Polluted with 50% Impulse Noise 

 

 

Figure 17. Filtered Image Using Intelligent Mean Filter 

 
The original 2D grayscale 8-bit image of the moon is 

shown in Figure 6. The image is loaded and display using 
Matlab without noise added to it. Figures 8, 10, 12, 14 and 
16 are the moon image corrupted with 10%, 20%, 30%, 
40% and 50% salt-and-pepper noise, respectively. To show 
the efficiency and measure the effectiveness of the intelli-
gent mean, the technique was applied to these corrupted 
images in order to produce the filtered images shown in 
Figures 9, 11, 13, 15 and 17. The images produced by the 
application of the intelligent mean clearly show that, pictori-
ally, the noise added to the image was eliminated or signifi-
cantly reduced. Figure 7 shows the distribution of the pixels 
in the image. 
 
 
 

Simulation Results 
 

Intensive simulations were carried out using several imag-
es of the moon, corrupted with various levels of impulse 
noise. The performance of the filtering operation was quan-
tified using the Peak Signal-to-Noise Ratio (PSNR). The 
PSNR was chosen because it is one of the best known tech-
niques for assessing the amount of noise pollution in an 
image and also the amount of noise that is left in a filtered 
image. The peak signal-to-noise criterion was adopted in 
order to measure quantitatively the performance of various 
digital filtering techniques [12]. This PSNR is defined as: 
 
 

(3) 
 

where 
 

(4) 
 
 
and where M and N are the total number of pixels in the 
column and row of the image, respectively, and G denotes 
the noise image and F denotes the filtered image. 
 
Table 1. Peak Signal-to-Noise Ratio of the Filtering Techniques 

Conclusion 
 

In this study, the authors proposed an intelligent mean 
filter, designed and implemented using MATLAB. The 
method is a very simple non-linear filter, compared to other 
filters, and is easier to implement in terms of noise detection 
and noise signal suppression. It employs a moving-window 
architecture that moves through the image pixels in an over-
lapping manner and filters the signal based on the computa-
tion of the intelligent mean per window.  
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Figure 18. Graphical Representation of the Result of the Peak 

Signal-to-Noise Ratio in the Filtering Techniques 

 
Extensive simulation experiments were conducted on the 

moon image with different levels of noise in order to com-
pare the proposed intelligent mean technique with several 
other filtering techniques. The simulation results quantita-
tively showed that the proposed algorithm performed better 
than many existing state-of-the-art techniques in terms of 
preserving fine details of the image and drastically reducing 
the image noise factor.  
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Abstract  
 

The efficient design/redesign of the logistics network is 
essential for companies to maintain their competitive ad-
vantage. This paper presents a novel non-linear mixed-
integer programming model for the multi-product capacitat-
ed location routing inventory problem (MPCLRIP), where a 
two-layer distribution system consisting of depots and cus-
tomers was studied. The supply decisions such as location 
of depots, allocation of customers to the depots, finding 
routes to serve customers, inventory levels at depots, and 
product order intervals can be simultaneously and optimally 
made. A heuristic solution tackles the proposed combinato-
rial optimization problem, where a set of generated prob-
lems were solved in a reasonable computational time.  
 

Introduction  
 

A supply network deals with the distribution of product(s) 
from a source to the final customers. Smart design/redesign 
of the supply network is a key to cutting enterprise costs in 
today’s competitive market. As Melo et al. [1] indicated, 
some typical supply chain decisions include capacity, inven-
tory, procurement, production, routing and the choice of 
transportation modes. Knowing that such decisions can be 
classified into strategic, tactical and operational levels, a 
common decision process is to follow a sequential decision 
approach from strategic level to operational level when de-
signing/redesigning the logistics network [2]. Due to supply 
chain decision interactions, such a sequential approach, 
however, may result in sub-optimal networks [3], [4]. 
Therefore, there has been a tendency by researchers and 
practitioners to combine two or more supply decisions. Pre-
sented by Laporte et al. [5], capacitated location routing 
problem (CLRP) is a classical logistics problem which takes 
location and routing problems into account simultaneously. 
When using a CLRP model, the decision maker considers 
three simultaneous decisions: location of facility, allocation 
of customers to facilities and determining routes to serve the 
customers. Nagy and Salhi [6] considered some real-world 
applications of LRP and its variant which include postal 
delivery, newspaper delivery, blood distribution, food distri-
bution, school bus pick-up and delivery, waste disposal 
transportation and mobile healthcare. While the LRP mod-
els have been well studied, the integration of other supply 

decisions such as inventory and packaging problems have 
been dropped from the literature [6]. Moreover, the multi-
commodity problem, which represents a real-life aspect of 
facility location and supply chain networks [1], was dropped 
from most LRP studies as well. Integrating inventory into 
the LRP model results in more complexity as more deci-
sions are incorporated into the model. In fact, most of the 
integrated location, routing and inventory studies concen-
trate on dual combinations of location, routing and invento-
ry including location-routing, location-inventory and rout-
ing-inventory, ignoring all of the three decisions simultane-
ously. As such, a body of research is also available on inte-
grated routing-inventory and location-inventory models. 
 

A review of the inventory-routing (IR) literature was done 
by Kleywegt et al. [7], [8], who reviewed the inventory-
routing (IR) literature in terms of demand, vehicle, horizon, 
delivery and inventory characteristics. They then formulated 
IR as the Markov decision process and provided approxima-
tion methods for it. Their study indicates that when the in-
ventory and routing problems are integrated, the total cost 
of the system is reduced. Moin and Salhi [9] classified the 
IR models based on their planning horizon: single period, 
multiple period and infinite. They also categorized the IR 
solution approaches into two classes: the theoretical meth-
od, where a derivation of the lower bound is determined; 
and, the heuristic method, where a near-optimal solution is 
sought. Shen et al. [10] proposed a joint inventory-location 
model for a network consisting of one supplier and a set of 
retailers to minimize the location-inventory-shipment costs 
in a blood-products distribution system. The study, in fact, 
improves the current network configuration from a decen-
tralized system, where each retailer has a blood warehouse, 
to a centralized inventory system, where some retailers are 
identified as distribution center (DC)/depot and products 
(with variable demand) are shipped from there to their as-
signed retailers. It was assumed that the inventory policy at 
DCs/depots follows an approximation of the (Q,r) system, 
where Q is the order quantity and r is the reorder level.  
 

In this paper, the authors present a mixed-integer pro-
gramming model for a two-layer multi-product capacitated 
location routing inventory problem (MPCLRIP), where the 
classical capacitated LRP (CLRP) model is integrated with 
the inventory system that runs under fixed-order interval 
policy for multiple products at the depot level. Since CLRP 
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is a combinatorial optimization problem [11], an efficient 
heuristic solution methodology is presented to tackle the 
proposed model. 
 

Literature Review 
 

Shen [12] presented a survey on integrated supply chain 
models. The study proposed various integrated model for-
mulations for location, allocation, transportation and inven-
tory decisions. It also considered routing cost approximation 
when a subset of customers is assigned to the same route. 
The combination of location, routing and inventory litera-
ture can be classified into two categories: direct delivery 
and multiple delivery. Direct delivery studies assume that 
products are directly transported from depots to customers. 
In other words, each individual customer's requirement is 
equal to or greater than one truck load. Erlebacher and 
Meller [13] developed an analytical model for a stylized 
version of a three-layer supply chain system with capacitat-
ed plants. They considered non-linear inventory costs for 
the proposed continuous review policy. Moreover, the recti-
linear distance is assumed from plants to DCs/depots and 
from there to customers.  
 

Daskin et al. [14] formulated a non-linear integer program 
for a three-layer supply chain system (facility, DC/depot 
and retailer). They converted the model to the Lagrangian 
relaxation sub-problem and proposed a number of heuristics 
to solve it. The study applied the (Q,r) model with type I 
service as the inventory policy and approximated Q* using 
the EOQ model. The type I service assumes that the service 
level in the (Q,r) model is approximately equal to the proba-
bility of demand during lead time being less than the reorder 
point (r). Ghezavati et al. [15] studied a three-tiered distri-
bution network that considers service level constraints and 
coverage radius assumptions, where demand at each depot 
follows the Poisson distribution. In this model, products are 
shipped from a single supplier to multiple potential DCs/
depots and then from there to the customers. The service 
level constraint assumption takes the safety stock and de-
mand costs into consideration simultaneously. The coverage 
radius assumption considers that each DC/depot can serve a 
subset of customers based on their distances from that DC/
depot. Representing the solution in a matrix structure, the 
authors considered a genetic algorithm (GA) as the solution 
methodology.  
 

In contrast to direct delivery, the multi-delivery system 
assumes that customer demand is less than truck load 
(LTL), allowing multiple customer visits on a route. An 
initial version of one such model that considered variable 
warehousing costs in the objective function of the LRP 
model was the work of Perl and Daskin [11], where the var-

iable warehousing costs were involved in the objective 
function. Sajjadi and Cheraghi [16] proposed a multi-
product LRIP model that considered a periodical inventory 
policy (T, Imax), assuming that the demand follows a sto-
chastic distribution. The proposed model was then solved by 
a two-phase simulated annealing (SA) approach. Liu and 
Lee [17] integrated the inventory problem running under the 
(Q,r) policy with LRP. Liu and Lin [18] proposed a heuris-
tic solution based on the SA and tabu search (TS) approach-
es to deal with the model that had been previously proposed 
by Liu and Lee [17]. Ambrosino and Scuttela [19] proposed 
four-layer static and dynamic LRP models in which there 
were two types of customers, while warehousing costs were 
considered in the objective function.  
 

Forouzanfar and Tavakkoli-Moghaddam [20] presented a 
non-linear mixed-integer model for integrating location, 
routing and inventory decisions in a supply network where 
demand is uncertain. A genetic algorithm was proposed to 
solve various problem sizes. Klibi et al. [21] proposed the 
stochastic multi-period location-transportation problem 
(SMLTP). This study modifies three LRP assumptions in 
order to adopt more realistic situations by considering other 
transportation modes in the model such as single-customer 
partial truckloads, full truckloads and multi-drop truckloads. 
The model assumed that orders are received at depots on a 
daily basis, which must be fulfilled the next day. The order 
intervals and quantity of demand follow a probabilistic dis-
tribution.  
 

In contrast to many transportation models that minimize 
the logistics costs, the proposed objective function maxim-
izes profit as it subtracts the depot opening cost as well as 
inventory holding, customer shipment and production/
procurement costs from sales revenue. A heuristic nested 
method that hierarchically combines location-allocation and 
transportation problems was proposed as the solution meth-
odology. Javid and Azad [22] proposed a mixed-integer 
model for location-routing-inventory decisions in a supply 
network design. Their model considers single-product distri-
bution, while the DCs/depots run under a continuous review 
system. Furthermore, the study assumed that customer de-
mand would follow a normal distribution, the safety stock 
would be available to prevent depot stock out, and the DC/
depot opening cost would depend on the capacity level of 
the DC/depot. The proposed two-phase heuristic approach 
considers a randomly generated constructive algorithm in 
the first phase, which is improved by TS and SA proce-
dures. The improvement phase is broken down into location 
and routing sub-problems, where multiple procedures are 
proposed to improve location and routing phases sequential-
ly. Yang et al. [23] modeled the just-in-time (JIT) delivery 
strategy using a two-stage integrated location-routing-
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(1) 

 
 
 
 
 

(2) 
 
 
 

The total annual inventory cost of the system can be de-
fined as the sum of the ordering cost and holding cost, re-
spectively. Equation (1) indicates that there are two types of 
ordering costs, the ordering cost for all products together 
(family), known as major ordering cost (A), and the order-
ing costs considered for each individual product, known as 
minor ordering cost (ap). The demand is known and fixed; 
no shortage and safety stock are allowed. Such a model is 
applicable when inventory cannot be continuously moni-
tored and/or items from same supplier may yield savings in 
ordering, packing and shipping costs.  
 

Moreover, when demand levels for multiple items are 
highly variable (e.g., low-demand product versus high-
demand product), it may not be economical to replenish all 
items at all order times. Instead, at every time interval T, 
only those items that are in high demand are ordered. In 
fact, the time interval, T, is defined as the basic (family) 
order interval, and a product p can be ordered at a positive 
integer coefficient of interval T, namely product order inter-
val, based on its annual demand size. As such, while a high-
demand product is ordered every T units of time, a low-
demand product may be ordered every mT (2T, 3T or 
more). The coefficient m was considered as a variable in the 
model. In a network such as the LRP, where a subset of 
customers is assigned to a depot j, Equation (2) can be re-
written as follows: 
 

 
 

(3) 
 
 
 
Equation (3) calculates the optimal basic order interval time 
for a multiple-product multiple-customer inventory system.  
 

Mathematical Model  
 

The problem under consideration was a two-layer distri-
bution system consisting of depots at the first layer and cus-
tomers at the second layer. The basic assumptions of CLRP 

inventory problem assuming exponential distribution for 
customer demand. The study determined the best order in-
terval inventory policy at depots, while it took a penalty cost 
into account in the objective function for late deliveries. A 
numerical example was solved by the proposed particle 
swarm optimization (PSO) approach as the solution. Results 
indicated that the JIT strategy reduced network costs. Other 
related works were conducted by Xuefeng [24], Zhang et al. 
[25] and Liu et al. [26].  
 

Model Description  

 
The following notations are used in this paper.  
I = {i; i=1, 2,…, n}: Set of customers (second layer)  
J = {j; j= n+1, n+2,…, n+m}: Set of depots (first layer)  
V = {v; v=1,…, V}: Set of vehicles  
P = {p; p=1,…, P}: Set of products  

H =  {h; h=1, 2…, n+m }: Set of nodes on the 
  network including depots and customers 
Lgh : Distance traveled from point (node) g to point 
  (node) h, assumed symmetric  
A : Ordering cost for the family of products (major 
  setup cost)  
ap : Ordering cost for product p (minor setup cost) 
vp : Unit variable cost of product p 
r : Annual inventory cost rate  
Hp : Holding cost of product p per unit per year 
  (Hp=r* vp)  
Di : Annual demand of customer i 
Dp : Annual demand for product p 
Dip : Annual demand of customer i for product p 
Dpj : Annual demand of product p at depot j  
Fj : Fixed depot opening cost of depot j  
Kj : Capacity space of depot j. Products can share the 
  space based on a standard unit volume.  
Kv : Capacity of vehicle v. Products can share the space 

 based on a standard unit volume.  
T : Basic order interval time 
t. : Service order interval of the network per year  
mp : Order interval multiplier of product p 
αp : Volume/Size unit coefficient  
 

Inventory Model  
 

The inventory model proposed in this study was adopted 
from the model presented by Silver et al. [27]. The model 
represented the order interval inventory system where one 
orders multiple items for the warehouse in a specific time 
interval, T. Referring to Silver et al. [27], the annual inven-
tory cost (IC) and optimal order interval (T*) can be ob-
tained from Equations (1) and (2), respectively.  

 

JIU
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are held by the proposed model: at each interval, a set of 
homogenous vehicle(s) holding limited capacity begin their 
tour from selected depot(s), serves a subset of customers in 
full and returns to the same depot(s). Each customer is 
served through only one vehicle, where the vehicle itself is 
assigned to only one depot. While the capacities of the de-
pots and vehicles are limited, there is no individual limit on 
each product capacity, meaning that the products can share 
depot and vehicle spaces. 

 
Depots hold inventory, and the demand for products is 

deterministic and the inventory policy follows the time-
interval strategy explained in the previous section. It was 
assumed that there is no inventory cost at the customer lev-
el. The annual cost of the network includes the fixed-depot 
opening cost, routing cost and inventory cost. The network 
has a fixed and known service interval that means the net-
work is served t times per year. However, this is different 
from the scheduling problem in which the time of the ser-
vice is identified. Therefore, each route may have a different 
dispatching schedule during a year; however, the total annu-
al number of dispatches is the same for all routes (1/t).  
 
The following decision variables were used in the model: 
 
Zghv : Routing decision: 1 if there is an immediate 
  connection from point g to point h on route v, 
  otherwise 0 
Xj : Location decision: 1 if depot j is open, otherwise 0 
Yij : Allocation decision: 1 if customer i is assigned to 
  depot j, otherwise 0 
Tj  : Basic order interval at depot j 
mpj : Order interval multiplier of product p at depot j 
 

The mathematical MPCLRIP model formulated as a non-
linear mixed-integer programming model is presented as 
follows:  
 

 

 

 

 
(4) 

 
 
 
 
 
 
subject to: 
 

(5) 
 

 
(6) 

 
 

 
(7) 

 
 
 

(8) 
 
 
 

(9) 
 
 
 

(10) 
 
 
 

(11) 
 
 
Zghv = 0,1 g = 1,…, n + m; h = 1,…, n + m; v = 1,…, v  (12) 

 
Xj = 0,1 j = n + 1,…, n + m                    (13) 

 
Yij = 0,1 i = 1,…, n, j = n + 1,…, n + m          (14) 

 
Tj ≥ 0 j = n + 1,…, n + m                    (15) 

 
     mp ϵ natural number                        (16) 

 
The objective function, Equation (4), can be explained as 

follows: The first term indicates the fixed opening cost of 
depots. The second term is the annual routing cost where the 
coefficient 1/t indicates the number of services per year for 
the network. The rest of the terms show the inventory cost: 
the order cost and holding cost, respectively. As explained, 
it was assumed that there is a base-order interval time (Tj) 
for a depot and then each product can be ordered every oth-
er mpj * Tj time, meaning that for a product with a lower 
demand, it is not required to order every Tj time. The con-
straints can be detailed as follows. Equation (5) indicates 
that each customer is on only one route. Equation (6) shows 
that every vehicle that enters a node should exit from that 
node. Equation (7) indicates that any vehicle on the network 
can depart a depot only once. Equation (8) notes the sub-
tour elimination. Equation (9) shows that if a customer is 
assigned to a depot, there should be a route from that depot 
passing through the customer. Equations (10) and (11) are 
capacity constraints on the vehicle and depot, respectively. 
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Equations (12)–(15) illustrate the integrity constraints; 
Equations (12)–(14) are binary assumptions, while Equation 
(15) ensures non-negative values for the order interval deci-
sions and Equation (16) restricts the value of mps to natural 
numbers. 
 

Solution Methodology  
 

The heuristic solution algorithm consists of two proce-
dures which are performed sequentially: location-allocation-
routing procedure and inventory procedure. The location-
allocation-routing procedure is a modified version of the 
procedure developed by Sajjadi et al. [28]. The structure of 
this procedure is shown in Figure 1. The algorithm is com-
posed of two components: initial solution generation and 
solution improvement. The improvement itself is divided 
into three subsections: location-allocation, allocation-
routing and routing improvements.  
 
Step one generates the initial solution; it determines 

which depot(s) should be open and allocates customers to 
the opened depots. The second step deals with the location-
allocation structure; it improves the initial solution by 
changing the open depots and allocating the customers to 
the selected depots. The third step constructs tours from 
open depots to customers. The fourth step attempts to re-
duce the routing costs by changing the customer allocation; 
if this step changes the allocation of customers, it also con-
structs another set of tours from open depots to customers. 
The fifth step selects the best solution generated in the third 

and fourth steps. Finally, the sixth step improves the posi-
tion of customers among the routes which are assigned to a 
depot.  
 

While the model by Sajjadi et al. [28] deals with a single-
product LRP, the model presented in this paper considers a 
multi-product LRP and so the customer may demand sever-
al types of products with different sizes and volumes. The αp 
coefficient converts each product volume to a standard vol-
ume. To update the remaining capacity of depots and re-
maining capacity of vehicles in the above procedure, a 
standard unit volume (e.g., one cubic foot) must first be 
selected and then the total volume of each customer’s de-
mand is calculated using αp. The depot capacity and vehicle 
capacity are also expressed based on the standard unit.  
 

 Using the solution from the location-allocation-routing 
procedure (Steps 1-6), the inventory decisions are obtained 
by the inventory procedure. The procedure consists of four 
additional steps adopted from Silver et al. [27] to find the 
order intervals for each product. The four steps are as fol-
lows. 
 
Step 7. For each open depot, based on the customers allocat-
ed to the depot, calculate the total demand for each product, 
Dpj.  
 
Step 8. Set mpj =1 for the product that has the minimum: 
 
 

Figure 1. The structure of location-allocation-routing procedure [14] 
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For other products calculate mpj based on Equation (17) and 
round it to the nearest integer greater than zero.  
 

(17) 
 
 
Step 9. Calculate the basic order interval by Equation (18): 
 
 

(18) 
 
 
Repeat Steps 7–9 for all open depots. 
 
Step 10. The annual inventory cost for each depot (ICj) is 
calculated from Equation (19). The total inventory cost will 
be the sum of the inventory costs of all open depots. 
 
 

(19) 
 
 

Numerical Example and 
Computational Analysis 
 

The above heuristic algorithm was coded in MATLAB 
R2012b on an Intel(R) Core(TM) i7-3770S CPU @ 3.10 
GHz machine with 8.00 GB of RAM. A numerical example 
consisting of 100 customers, 10 depots and 5 products was 
solved using the proposed algorithm. The location and ca-
pacity of the depots and vehicles were obtained from the 
dataset by Prins et al. [29]. 
 

As the data set takes single products into consideration, 
the problem was broken down in order to represent multiple
-product problems (five products). The input inventory as-
sumptions were assumed as follows: 1) The major setup 
cost for the family of products, A, is $1,000; 2) The annual 
inventory cost of one dollar of inventory, r, is $0.25; and, 3) 
The minor setup cost, ap, and the unit variable cost, vp, for 
each product are shown in Table 1. Moreover, the volume/
size unit coefficient, αp, which converts different product 
sizes to a standard unit volume, is shown in Table 1. As 
proposed, the algorithm consists of 10 steps of which Steps 
1-6 solve the location-routing problem and Steps 7-10 take 
the inventory decision into account. Figure 2 plots the loca-
tion-routing solution, indicating how the initial LRP solu-
tion would be improved from Step 1 to Step 6. The total 
demand for each product at each depot, Dpj, is shown in 
Table 2. Tables 3-6 indicate the inventory solution for the 
problem (output), which is the result of Steps 7-10 of the 
proposed heuristic algorithm. 

Table 1. Minor Setup Cost and Unit Variable Cost (dollars) 

Table 2. Demand at Open Depots 

Table 3. Basic Order Interval   

Table 4. Order Interval Multipliers 

Table 5. Order Interval Time and Inventory Cost 

Product ap($) vp($) αp 

Product 1 200 4000 10 

Product 2 240 500 6.67 

Product 3 280 2500 2 

Product 4 320 500 0.67 

Product 5 360 3500 0.36 

Product Depot 3 Depot 5 Depot 8 Depot 9 

Product 1 6 9 9 8 

Product 2 8 14 14 12 

Product 3 28 46 46 42 

Product 4 83 137 138 125 

Product 5 152 252 253 229 

Opened Depot Tj , in years Tj , in days 

Depot 3 0.1439 53 

 Depot 5 0.1121 41 

Depot 8 0.1119 41 

Depot 9 0.1177 43 

Product mpj 

Product 1 2 

Product 2 5 

Product 3 1 

Product 4 2 

Product 5 1 

Product\Depot Depot 3 Depot 5 Depot 8 Depot 9 

Product 1 106 82 82 86 

Product 2 265 205 205 215 

Product 3 53 41 41 43 

Product 4 106 82 82 86 

Product 5 53 41 41 43 

Inventory 
Cost ($), ICj 

27,082 34,767 34,830 33,109 
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Figure 2. Location-Routing Solution for 100-10-1 Benchmark Problem  

Benchmark 
Problem 

Tj , in days, at opened depots 

Cost ($) 

Location-
Routing 

Inventory Total 

20-5-1 74 112 82 - 55,908 49,201 105,109 

20-5-2 111 80 77 - 49,403 48,944 98,347 

50-5-1 56 57 53 - 92,484 77,462 169,946 

50-5-2 58 61 47 - 92,501 77,948 170,449 

100-5-1 56 33 35 - 281,820 109,485 391,305 

100-5-2 32 31 - - 199,159 90,697 289,856 

100-10-1 53 41 41 43 323,577 129,788 453,365 

100-10-2 39 40 37 - 249,332 110,272 359,604 

200-10-1 25 32 26 - 485,749 155,837 641,586 

200-10-2 29 25 28 - 456,304 156,383 612,687 

Table 6. Solution Results 
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The proposed algorithm determined the opening of depots 
3, 5, 8 and 9 (Table 3). The basic order intervals, Tj, are 
presented in the table as well. The order interval multipliers 
of products at open depots, mpj, are shown in Table 4. Also, 
the order interval times for each product at each depot, 
mpj*Tj, and the inventory costs, ICj, are presented in Table 
5. 

In addition to the numerical example, using the developed 
algorithm, two sets of problems were solved. First, in order 
to verify the accuracy of the algorithm, a small-size problem 
consisting of two depots, two products and three customers 
was solved and then the results were compared to the opti-
mal solution obtained from the enumeration method. It was 
observed that the proposed algorithm is capable of achiev-
ing the optimal solution for the problem under study. Sec-
ond, a set of problems with different sizes was solved. To 
form the problems, the inventory data (same as the numeri-
cal example) were added to a set of LRP benchmark prob-
lems obtained from the dataset by Prins et al. [29]. From 
each problem size in the dataset, two problems were solved. 
Similar to the numerical example, the number of product 
types was set to five.  
 

Compared to the work by Silver et al. [27] and Sajjadi et 
al. [28], the proposed algorithm generates quality solutions 
for Steps 1-6 and Steps 7-8, respectively (see Table 6). Note 
also that the multipliers, mpj, for each product at all depots 
in all problem sizes are the same (see Table 4). The reason 
is that the multiplier value is greatly affected by the invento-
ry data, which were the same for all of the problems consid-
ered in this study. In each problem, the algorithm balanced 
the depots and tried to use as much capacity as possible 
from the open depots. Since the demands for each product at 
the open depots were not very far from each other, the algo-
rithm computed the same multipliers at the open depots. 
However, as expected, Tj was more sensitive to demand 
levels than mpj. That is why the Tj values, shown in Table 6, 
were different for each depot and in each problem. In fact, 
as demand increased, Tj decreased. For example, consider 
the Tj values for the 20-5-1 problem. The solution indicated 
that there should be three open depots in the network with Tj 
of 74, 112, and 82 days. Product 1, in open depot 1, should 
be ordered every 2*74 days, while product 2 should be or-
dered every 5*74 days, etc. 
 

In order to show the capability of the proposed algorithm, 
the effect of using different order intervals for different 
products on the inventory, cost was considered in Table 7. If 
each depot wants to order all products at the same order 
interval (mpj=1), as the classical order interval policy as-
sumes, the inventory cost increases. It is indicated in Table 
7 that for the benchmark problems, the inventory cost in-
creases by almost 5%. This shows that the proposed algo-

rithm is effective in decreasing the cost. Since the proposed 
model is novel, there is no exact benchmark problem that 
can be compared to this computational time. However, the 
computational time for the benchmark problems in this 
study were compared with the time obtained from the 
LRGTS algorithm proposed by Prins et al. [30]. Figure 3 
shows the plots of the computational time for the considered 
problems. It was shown that the CPU time for the proposed 
algorithm was much less than that of the LRGTS.  

 
Table 7. Classical versus Proposed Order Intervals Inventory 

Cost Effect 

Considering that the proposed algorithm in this study takes 
both the inventory decision and multiple product system 
into consideration, while the LRGTS only considers a 
CLRP model, it can be concluded that the solutions are gen-
erated in a reasonable amount of time. 

Figure 3. CPU-Time Comparison 

Benchmark 
Problem 

Inventory Cost 
with Different 

Order Intervals 

Inventory Cost 
with One Order 

Interval 

Increase in 
Inventory 

Cost 

20-5-1 49,201 51,662 5.00% 

20-5-2 48,944 51,322 4.86% 

50-5-1 77,462 81,217 4.85% 

50-5-2 77,948 81,732 4.85% 

100-5-1 109,485 114,837 4.89% 

100-5-2 90,697 95,131 4.89% 

100-10-1 129,788 136,158 4.91% 

100-10-2 110,272 115,628 4.86% 

200-10-1 155,837 163,427 4.87% 

200-10-2 156,383 164,053 4.90% 
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Conclusion 
 

A novel mathematical model for multiple-product capaci-
tated location routing problems that takes into account in-
ventory decisions was proposed in this study. The inventory 
procedure takes the time interval policy into account where 
the basic time interval is determined for each open depot, 
and computed multipliers indicate the time interval order for 
each product. Such a model is especially appropriate when 
demands for different products vary greatly, making a wide 
customer request range. A heuristic solution that combines a 
modified version of the work by Silver et al. [25] and Saj-
jadi et al. [26] was proposed as the solution approach. 
Benchmark problems obtained from the LRP literature were 
combined with inventory parameters set by the authors and 
then solved by the proposed algorithm. A numerical exam-
ple was also solved to show how the proposed algorithm 
tackles the problem. Future research is needed to consider 
demand uncertainty in the model. Furthermore, heuristic 
solution approaches that consider inventory decision and 
location routing problems simultaneously rather than se-
quentially should also be considered in future studies.  
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Abstract 
  

There has been considerable confusion about the terms 
perspective diminution and foreshortening in the literature. 
Foreshortening factor has been defined and investigated in 
computer graphics literature, but only for the case of paral-
lel projections. The case for perspective projection does not 
appear to have been investigated. In this paper, these con-
cepts are elucidated through rigorous quantitative defini-
tions of the perspective diminution factor and foreshorten-
ing factor. The inverse law and inverse square law that gov-
ern the perspective diminution factor and the perspective 
foreshortening factor in relation to depth were investigated 
and applied to a quantitative analysis of perspective distor-
tion. 
  

Introduction  

  

Depth Perception and Representation by 
Humans and Computers 
 

Human perception of the three-dimensional (3D) world is 
accomplished via a central projection onto the 2D retina. 
Because the retina has fewer dimensions, after the projec-
tion, the depth information of the original 3D scene is lost. 
This creates two tasks of opposite nature. One is depth per-
ception, which is the inference of a 3D scene out of a 2D 
image. The other is depth representation, which is to output 
an image onto 2D media, given a 3D model. Humans have 
learned to deal with both. Depth perception is acquired 
through subconscious learning. Depth representation on 2D 
media is the art of perspective drawing, which was discov-
ered in early Renaissance. Today, computers must deal with 
these, too, and which represent research topics in computer 
vision (for depth perception) and computer graphics (for 
depth representation). 
 

In most of the situations in everyday life, a human can 
cope with this loss of depth information by using depth cues 
[1-3]. For example, when one is driving on the highway and 
sees cars ahead, there is first a process of object recognition; 
the images are recognized as cars. Next, prior knowledge is 
called upon; that is, all of the cars have approximately the 

same size, so prior knowledge must be used as a depth cue. 
A bigger image of the car indicates a shorter distance in 
depth, while a smaller image indicates a greater depth. Ob-
jects that are farther away look smaller. This phenomenon is 
known as perspective diminution. 
 

Occasionally, the eyes are deceived, as in the case of 
trompe l'œil art. One popular form of trompe l'œil art is the 
chalk art on street pavements, creating 3D illusions. Julian 
Beever is one of these popular street pavement artists [4]. 
When viewed from a certain angle, the chalk drawing on the 
pavement can be perceived as points on certain 3D objects 
with varying depth; but, in fact, those are just points with 
colors on the ground plane. This illusion is called depth 
ambiguity, which is caused by the central projection.  
 

Perspective Diminution and 
Foreshortening 
 

The perspective diminution was understood even in pre-
history art. However, the precise representation of depth on 
2D media was not discovered until the Renaissance, when 
the principles of perspectives were fully understood. Before 
and during early Renaissance, artists had struggled with 
perspective drawing and had made various mistakes in inac-
curate diminution rate of objects in depth. 
 

The terms perspective diminution and foreshortening 
have been widely used in fine art, computer graphics and 
computer vision. However, the definitions of these terms 
tend to be vague and confusing. These two terms are also 
often used interchangeably [5]. William Longfellow [6] 
pointed out: 
 

The distinction between mere diminution from dis-
tance, and foreshortening, which is diminution from 
obliquity of view, is not to be forgotten here. If we 
stand in front of a square or circle, its plane being at 
right angles to our line of vision, it looks like a 
square or circle at any distance; it may grow larger 
or smaller, but its proportions do not change. If we 
look at it obliquely, the farther parts diminish more 
than the nearer, the lines that are seen obliquely 

DEFINITIONS OF PERSPECTIVE DIMINUTION FACTOR 
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more than those that are seen squarely, and the 
shape is distorted. This is foreshortening. (p.2) 

 
However, to the best of the author’s knowledge, a quanti-

tative analysis of perspective diminution and foreshortening 
is still missing in the literature today. Figure 1 is a drawing 
by Jan Vredeman De Vries, a Dutch artist in the Renais-
sance, in his book Perspective [7], published in 1604. It 
illustrates perspective diminution and foreshortening. When 
a person stands vertically but moves back in the depth direc-
tion, his size diminishes (diminution) and the different parts 
of his body diminish proportionally. When a person is lying 
down on the ground along the depth direction, the different 
parts diminish disproportionately, with the part in greater 
depth diminishing much faster (foreshortening).  

Figure 1. Perspective Diminution and Foreshortening [7] 

 

In computer graphics literature, the foreshortening factor 
is defined for parallel projections, but not for central projec-
tions [8]. In parallel projections, the foreshortening factor is 
a constant, depending only on the angle of parallel projec-
tion lines to the image plane and the orientation of the line 
in 3D space relative to the image plane, but independent of 
depth. The computer graphics literature does not distinguish 
diminution from foreshortening either, because in parallel 
projection there is no diminution with depth. The diminu-
tion in depth in the central projection case has not been dis-
cussed. 
 

The situation for central projection is more complicated 
because this factor also depends on the depth. The relation-
ship between the length of the object in 3D space and its 2D 
projection is nonlinear if the object has a span in depth. It is 
even different along transverse directions and the depth di-
rection. Because of this, two different factors, diminution 
and foreshortening, are defined in this paper; they are also 
defined locally in the differential sense for small-sized ob-
jects. The laws that govern the perspective diminution and 

foreshortening factors are investigated and applied to a 
quantitative analysis of perspective distortion. 
 

Depth Inference from a Single Image in 
Machine Vision 
 

Even with the loss of depth information in an image, hu-
mans can easily make inferences about 3D depth by exam-
ining a photograph in most situations, except for some ex-
ceptional cases like that of trompe l'œil art. Of course, such 
depth inference relies on object recognition and prior 
knowledge of the 3D objects, which are known as depth 
cues. One example of such depth cues is the known size of 
familiar objects like human figures or cars. Another exam-
ple is the recognition of some planes and line segments and 
prior knowledge of their orientations; for example, the 
ground plane and the trunks of trees. It is known that the 
trunks of trees are in the vertical direction and, hence, all of 
the points on the same trunk have the same depth. The 
leaves connected to the trunk should have approximately the 
same depth, too. Since the bottom of the trunk is on the 
ground plane, this depth cue can be used to figure out the 
depth of the bottom of the trunk. Hence, the depth of the 
entire trunk and that of the leaves can be easily solved. 
 

Finding space distance through measurements on the pho-
tographs has long been the effort in photogrammetry and 
machine vision. Accurate and fast depth calculation from 
images is important in machine vision and applications in 
unmanned vehicles [9-11] and robotics [12]. It is well un-
derstood that at least two photographs taken from different 
angles are needed in order to recover the depth information. 
Recently, there have been new efforts in depth inference 
from a single image [13-19]. Part of the reason is that stere-
opsis has its own drawbacks. In theory, stereopsis can find 
depth for any situation, though in practice it depends on the 
feature points extraction and registration of feature points in 
two images. When the depth is too large, the difference in 
the two images is too small, the uncertainty will be too big 
and in, general, will fail. This leads to an argument that a 
robot is better off being equipped with one eye than two 
[20]. 
 

However, depth inference from a single image is an ill-
posed problem, and it makes sense only with prior 
knowledge and assumptions about the scene. For example, 
when a photograph of buildings and trees is given, it is pos-
sible that this is a photograph of the 3D scene with varying 
depth, but it is equally possible that this is a photograph of a 
photograph hanging on the wall, in which case all of the 
pixels have the same depth. Unavoidably, all of the depth 
inference from a single image relies on depth cues. Crank-
shaw [13] used computer-aided depth inference with appli-
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cations in computer graphics to translate the photographic 
view of a building into the plan view. This process is known 
as reverse perspective analysis. Yu et al. [21] preprocessed 
the image in order to detect edges, extract straight lines, 
group the lines to form quadrilaterals and group them as 
planes. Saxena et al. [18] used supervised learning methods 
for depth inference. The results of these efforts was a depth 
map of the image, meaning a depth value was assigned to 
each pixel in the image. Experiments have been done with 
controlled scenes, the inferred results from which were 
compared with ground truth, which is a depth map obtained 
with a 3D laser scanner. The process is fully automated. 
However, this goal of fully automated and depth inference 
for each pixel seems too ambitious and the error rate is like-
ly to be high [18]. 
 

A Model of the Camera and the 
Scene 
 

The projective model for the camera and the scene are 
described next. The discussion in this paper is based on 
these assumptions of the camera model and the scene mod-
el. In the theory of optics, the subject distance µ (distance 
from the object to the center of the lens), the image distance 
v (distance from the image to the center of the lens) and the 
focal length f of the lens are related by 
 

(1) 
 
 
For different subject distance, µ, the image distance v is 
different. If the scene is non-planar in a 3D space, the image 
points of the scene do not lie in the same plane. A more 
precise definition of a scene will be presented shortly. 
 

In practice, the film or image sensor of the camera is a 
plane. For each 3D scene point, a very small circular disk, 
called a circle of confusion, is recorded on the image sensor. 
When the scene point is within the depth of field, the circle 
of confusion is so small that it is indistinguishable from a 
point to the human eyes. This leads to the projective model, 
or geometric model, of a camera. It is also called the pin-
hole camera model. The image of the 3D world is the cen-
tral projection on the image plane. The center of projection 
(COP) is the optical center of the lens. 
 

Practically, with the cameras for photography, the image 
distance is slightly bigger than the focal length of the cam-
era lens. When optics is not the concern, the term focal 
length and image distance are often used interchangeably in 
photography. The image plane (image sensor) of a camera is 
behind the lens and the image is upside down. With the geo-

metric model of the camera, it does not hurt if the image 
plane is placed in front of the COP, just like the canvas of 
the artist. Everything in theory will be the same, but the 
image will be upright. In computer graphics, animation and 
video games, a virtual camera is employed. The image plane 
is the computer screen, which is the viewing window. The 
COP of the virtual camera is also called the viewpoint and  
is located in the position of the eye of the user of the com-
puter. The virtual camera looks into this viewing window 
and sees the 3D virtual world, which is projected onto the 
computer screen. In the following discussion, the projective 
camera model is used. 
 

A clarification of the scene is needed. A scene is defined 
to be a subset, S, of points in the 3D space. Some re-
strictions on subset S need to be imposed in order to be con-
sidered a scene. Let the origin of the coordinate system with 
(x,y,z) = (0,0,0) coincide with the COP. The convention in 
some computer graphics applications (like DirectX) is to 
make the positive z pointing into the depth direction of the 
scene. It is assumed that all of the scene points are located 
in the half space z > 0. Imagine that all projection rays radi-
ate into the half space, z > 0, starting from COP. It is further 
assumed that each ray intersects with S on at least one point. 
In general, the entire half space is not considered as a scene. 
It does not hurt but it is just not interesting or useful looking 
at a photograph of dense fog with a uniform gray color rec-
orded on the image. Occlusion is allowed in the scene for 
the scene model to be general enough. If a ray intersects 
with S at more than one point, occlusion occurs. In such a 
case, the front-most point (with the lowest z value) will be 
projected onto the image plane, while other points on the 
same ray will be occluded and will not show up in the im-
age.  
 

A curved smooth surface is an example of a scene, but a 
scene is not limited to a single smooth surface. Surfaces 
with sharp edges, like a cube, can be part of a scene, where 
smoothness of the surface is not assumed. Occlusion in the 
scene in general is allowed. A sphere in front of a back-
ground surface is an example. In such cases, when the pro-
jection ray sweeps continuously across the scene, disconti-
nuity in the z direction may occur. Buildings and trees, to-
gether with the ground surface, are an example of a scene. If 
any closed surface (like a cube or a sphere) has the interior 
as part of a scene, all of the interior points will be occluded 
and will not show on the image, no matter from what angle 
the image is taken. The back faces of the closed surface will 
be occluded as well. Only the front faces will show on the 
image.  
 

In general, the scene points do not lie on the same plane. 
The terms 3D scene and non-planar scene are used inter-
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With this coordinate system setup, for any scene point A 
with coordinates (x,y,z) in 3D space, the coordinates (X,Y) 
of the image point A’ in the image plane are 
 
 
 

(2)  
 
 
 

Perspective Diminution Factor 
 

For simplicity, a scene point, P , in the y - z plane (x = 0) 
is considered in Figure 3. However, this restriction of x = 0 
is not necessary for the theory to hold; it simply makes the 
diagram easier to draw and easier to see. The definition of 
perspective diminution factor, perspective foreshortening 
factor, as well as the following theorems apply to any scene 
point with any x,y,z coordinate values. 

Figure 3. Perspective Diminution Factor 

 
In perspective projection, the length in 3D space and the 

length of its projected image on the image plane have a non-
linear relationship. Locally, this nonlinear relationship can 
be approximated linearly using differential calculus. It is 
assumed that the object is a small line segment, PQ. As-
sume the line segment PQ is in the transverse y direction. 
After perspective projection with the center at O, the images 
of P and Q are P’ and Q’, respectively. If you imagine that 
PQ is a small tree on the ground, then P’Q’ is its image on 
the film of the camera.  
 

changeably. A special case of a scene is when all of the sce-
ne points are located on a plane embedded in the 3D space. 
Such a scene is called a planar scene or 2D scene. 
 

Perspective Diminution Factor and 
Perspective Foreshortening Factor 
 

Coordinate Setup for Perspective 
Projection 
 

A coordinate system (x,y,z) is set up with the origin O at 
the COP, as shown in Figure 2. The image plane is parallel 
to the x - y plane with an image distance f. Imagine a person 
is looking through this virtual camera. It is customary for 
the viewer to set positive x in the right direction, positive y 
in the upward direction and positive z in the forward or the 
depth direction. This way, all of the scene points that a 
viewer can see have positive z values that increase as a point 
moves forward, from the viewer’s perspective. This conven-
tion of coordinate setup results in a left-handed coordinate 
system. In computer graphics applications, Microsoft Di-
rectX adopts this left-handed coordinate system as its de-
fault for this viewer's convention. The x and y directions are 
called transverse directions, while the z direction is called 
the longitudinal or depth direction. On the image plane, an 
X - Y coordinate system is used. X is parallel to x and y is 
parallel to y, with C at the origin, where C is the principal 
vanishing point and is the intersection of the image plane 
and the z axis. 

Figure 2. Camera Coordinate System Setup and Perspective 

Projection 
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Suppose point P has depth z and vertical coordinate y. 
Note that y is the vertical coordinate of point P, instead of 
the size of PQ. The size of the object is denoted by ∆y = 
PQ. The size of the image is denoted by ∆Y = P’Q’. From 
Equation (2), when z is kept constant but y is varied by a 
small amount (∆y), the image Y will change by ∆Y: 
 
 

(3) 
 
 
In the limit of PQ → 0, the ratio 
 
 
 
 
is a constant, which shall be defined as the perspective dimi-
nution factor. 
 
Definition 1. Suppose a small object has coordinates (x,y,z) 
in 3D space and its image has coordinates (X,Y) in the im-

age plane. The quantity 
 
 

(4)  
 

 

is called the perspective diminution factor at depth z. 
 
The symbol Mǁ is used because the transverse direction is 

parallel to the image plane. The diminution factor defined 
above is similar to the transverse magnification of optical 
systems, but here the projective model of the camera is 
used. It can easily be found that the diminution factor is 
completely determined by the depth z of the object in 3D 
space, and has nothing to do with optics. 

 
It should be mentioned that it was assumed earlier that the 

object line segment PQ is oriented along the vertical y di-
rection to intuitively motivate the definition but, in fact, 
Definition 1 applies to objects of any orientation (other than 
exactly parallel to the x - z plane, which has no variation in 
y). In this definition of the diminution factor, the key is to 
take the partial derivative of Y with respect to y. The object 
can be oriented in any direction, as long as there is a varia-
tion in y. 
 
Theorem 1. The perspective diminution factor Mǁ of an ob-

ject located at (x,y,z) is inversely proportional to its depth z, 
as shown in Equation (5) 

 

(5) 
 

where f is the image distance, which is an intrinsic parame-

ter of the camera. 

The proof is straightforward by taking the partial derivative 
of Y with respect to y in Equation (2). 
 
Meaning of the diminution factor. Suppose that PQ has 
unit length. When it is placed at a depth z and parallel to the 
y direction, Mǁ represents the size (height) of the image 
P’Q’. Mǁ is a function of depth z. The diminution factor in 
the x direction is similar to the y direction.  
 
Corollary 1. The perspective diminution factor can be 

equivalently defined as the magnification in the x direction. 

That is, 

 

                                (6)  
 
 

In most of the photographs in which the objects are far 
enough away (z big enough), Mǁ < 1 holds, which means 
that the image is smaller in size than the object; although, 
under certain circumstances, when the depth z is small com-
pared to the image distance, it is possible to have Mǁ > 1, as 
in close-up photography and microscopic photography. 
 

Perspective Foreshortening Factor 
 

The magnification along the depth direction z (which is 
called foreshortening when the magnification is less than 
one) is quite different from the transverse magnification 
(diminution in y direction). In Figure 4, suppose that the 
segment PR is in the z direction with size ∆z = PR, and the 
size of its image is ∆Y = P’R’. 
 
When y is kept constant but z is changed by a small amount 
(∆z), the image position Y will change by ∆Y. In the limit of 
PR → 0, the ratio 

 
 
 

is a constant, which shall be defined as the perspective fore-
shortening factor. 
 
Definition 2. Suppose a small object has coordinates (x,y,z) 
in 3D space and its image has coordinates (X,Y) in the im-

age plane. The quantity 
 
 

(7)  
 

 

is called the perspective foreshortening factor at depth z. 
 

The symbol  is used because the depth direction is 
perpendicular to the image plane. The perspective foreshort-
ening factor defined above is similar to the longitudinal 
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magnification of optical systems, but again there are no op-
tics involved here; it is completely determined by the physi-
cal location (x,y,z) of the object. 

Figure 4. Perspective Foreshortening Factor 

 
Theorem 2. The perspective foreshortening factor

of an object located at (x,y,z) is inversely proportional to 

the square of its depth z, but directly proportional to its ver-

tical position y, as shown in Equation (8): 
 
 

(8)  
 
 

The proof is also straightforward by taking the partial 
derivative of Y with respect to z in Equation (2). The effect 
that the apparent size of an object in the depth direction di-
minishes according to the inverse square law in Equation (8) 
is called perspective foreshortening. The perspective fore-
shortening factor is also proportional to y. When y is small-

er,  is smaller, meaning that the foreshortening is more 
dramatic. Notice that y/z = tan α, where α = COP is the 
view angle of the segment PR. Equation (8) can also be 
written as  
 

(9)  
 
 
This means that when z is fixed, the foreshortening factor is 
proportional to tan α. The closer the object is to the line of 
sight (z-axis), or the smaller the viewing angle α is, the 
more dramatic is the perspective foreshortening. 
 

⊥M

⊥M

Similar to diminution, when the depth increases, the size 
of the image of object PR gets smaller as the effect of fore-
shortening. However, when the object PR is in the depth 
direction, the image diminishes, obeying an inverse square 
law, a rate much faster than diminution. The effect of fore-
shortening is more dramatic than diminution. Namely, the 
depth direction is shortened much faster than the transverse 
directions. When the depth is doubled, the apparent size of 
objects with transverse orientation shrinks to one half, while 
the apparent size of objects with longitudinal orientation 
shrinks to one quarter. This is also the reason that the photo-
graphs of 3D objects taken from different distances are not 
related by a similar transformation. 
 

From Equation (8), when z is very small, and the 
image size can be very big, especially compared to the size 
of the objects in greater depth. Figure 5 shows two photo-
graphs of the foreshortening effect, where the length of the 
person is in the depth direction of the camera. The front part 
of the object (feet in the left picture, head in the right pic-
ture) is exaggeratedly magnified, while the far side is fore-
shortened dramatically. This effect is often associated with 
photographs shot with wide-angle lenses because one can 
shoot at very short subject distances with wide-angle lenses. 
 

Quantitative Analysis of Perspective 
Distortion 
 

Photographs are used in courtrooms and many other plac-
es as evidence. There is a saying “The camera does not lie.” 
However, everyone has some experience of seeing quite 
different photographs of the same scene. Some photographs 
can be very misleading; they can cheat the eyes. For exam-
ple, Figure 6 shows two photographs of the same scene. The 
depth perception from the two images is quite different. The 
foreground arch and pillars are about the same size in both 
photographs. Using this foreground as a reference, the arch 
and pillars in the background of Figure 6(a) look much 
smaller than those in Figure 6(b). This makes the back-
ground objects in Figure 6(a) look much farther away, while 
those in Figure 6(b) look much closer. The brick walkway 
in Figure 6(a) seems about twice as long as that in Figure 6
(b). This phenomenon is known as perspective distortion. 
They have the same cause as for perspective diminution and 
perspective foreshortening.  
 

There is a common misconception held by some laypeo-
ple, including some photographers, about this perspective 
distortion: a wide-angle lens stretches distance, while a tele-
photo lens compresses distance. Some photographers have 
offered explanations: perspective distortion is not caused by 
the focal length of a camera, either wide angle or telephoto; 
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rather, it is caused by subject distance (subject to camera 
distance). It is a coincidence that wide-angle lenses are of-
ten used for short subject distances, while telephoto lenses 
are often used for long subject distances. This explanation is 
correct. In fact, Figure 6(a) was taken with a wide-angle 
lens from five meters away. Figure 6(b) was taken with a 
telephoto lens from ten meters away. 
 

Figure 7(a) is a duplicate of Figure 6(a), for easier com-
parison. If two photographs of the same scene are taken at 
the same position (same subject distance), using two differ-
ent cameras, one telephoto and one wide angle, then the two 
photographs are related by a similar transformation. The 
objects appear bigger in the photograph shot with a telepho-
to lens but the field of view of the telephoto lens is smaller. 
Figures 6(b) and 7(b) were shot at the same position (10 
meters); 6(b) with a telephoto lens and 7(b) with a wide-
angle lens. It can easily be seen that Figure 6(b) is exactly 
the same as the central part of Figure 7(b) (in the rectangle) 
being cropped and enlarged. Telephoto lenses perform this 
cropping and enlargement mechanically and automatically.  
 

In fact, resizing (proportionally enlarging or shrinking) of 
a photograph is the true culprit of perspective distortion. 
The pictures in Figures 5(a) and 5(b) are examples of per-
spective foreshortening. They are also examples of perspec-
tive distortion. The human body’s proportion seems to be 
distorted in Figures 5(a) and 5(b). In Figure 5(a), the feet 
seem to be disproportionately big, the legs long and the 
head small. In Figure 5 (b), the head seems to be dispropor-
tionately big, while the legs are short and the feet are small. 

Resizing of the photograph causes perspective distortion. 
If the major objects are oriented parallel to the image plane, 
resizing the photograph will not alter the proportion of the 
objects, but rather change the perception of distance – an 
enlarged picture causes a perception that the objects are 
closer, while a shrunken picture causes a perception that the 
objects are farther away. Also, resizing the image can alter 
the perception of spacing in depth direction between the 
objects. This is illustrated by comparing Figure 7(b) with 
Figure 6(b). 
 

If the major objects are oriented along the depth direction 
of the lens, as in the case of Figures 5(a) and 5(b), resizing 
the pictures will cause the distortion of the relative size of 
the different parts of the same object along the depth direc-
tion. Figure 5(a) looks like a picture of a person with abnor-
mal body proportions (extremely long legs). If fact, if the 
picture is enlarged enough, it does not seem to be abnormal 
any more. If the photographer looks with his own eyes at 
the model in the scene in Figure 5(a), when his eyes are 
very close to the feet of the model, the same position where 
the camera was placed when the photograph was shot, what 
he sees is the same as the enlarged photograph of Figure 5
(a). That is, if the human eye is placed at the same position 
as the camera, the eye sees exactly what the camera sees, 
which is the photograph. When the photograph is post-
processed by shrinking it to a smaller size, as in Figure 5(a), 
the human brain interprets the model as being farther away. 
The human brain has been trained and has learned the laws 

of foreshortening factor in Equation (8) unconscious-⊥M

(a)                                                                                                  (b) 

Figure 5. Foreshortening Effects 
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ly. When the foreshortening factor is applied to ob-
jects at larger depth, it results in an interpretation in the 
brain that the person is out of proportion and, hence, a per-
ception of perspective distortion. Figures 5(a) and 5(b) are 
examples of perspective distortions caused by shrinking the 
images (taking close-up photographs with wide-angle lens, 
then shrinking the image), where distance in the depth di-
rection appears to be longer than it actually is. Figure 6(b) is 
an example of perspective distortion caused by enlarging 
the image (taking far-away photographs, then enlarging the 
images), where distance in the depth direction (length of the 
walkway) appears to be shorter than it actually is. This en-
largement can be done by cropping the central part of a 

⊥M wide-angle photograph (Figure 7b) and editing it with soft-
ware, or by a telephoto lens mechanically and automatically 
at the time the picture is being shot (Figure 6b).  
 

The perspective diminution factor and perspective fore-
shortening factor, which were defined earlier, will now be 
used to give a quantitative analysis of perspective distortion. 

The perspective foreshortening factor in Equation (8) 

is inversely proportional to z2.  is equal to the length of 
the image in the photograph corresponding to unit length in 

the depth direction in 3D space. The inverse of , 
 
 

⊥M

⊥M

⊥M

 (a) Wide-Angle Lens, From a Short Distance (5 meters)                    (b) Wide-Angle Lens, From a Long Distance (10 meters)  

Figure 7. Same Scene Shot with the Same Lens (Wide Angle) from Different Distances  

 (a) Wide-Angle Lens, From a Short Distance (5 meters)                       (b) Telephoto Lens, From a Long Distance (10 meters)  

Figure 6. Same Scene Shot with a Wide Angle Lens and a Telephoto Lens from Different Distances  
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(10)  
 
 
 
represents the real distance in depth in three dimensions 
corresponding to unit length measured on the photograph; 
for example, 1 mm. This is a magnifying process that our 
brains are trained for when interpreting the depth represent-
ed in photographs. This magnification is nonlinear in z. The 
closer to the center in the photograph (larger depth z), the 
greater this magnification is. Although the human brain 
does not use formulas to do the calculation, it is trained 
through experience. It uses relative size (transverse diminu-
tion, like height and width) as a depth cue to calculate depth 
subconsciously. When the photograph is enlarged, either 
manually or by a telephoto lens, the brain is cheated, think-
ing it is closer than it really is. The brain then uses this 
wrong distance to estimate the spacing in the depth dimen-
sion in space. As in the example from Figure 6(b), the pho-
tograph was shot with a telephoto lens; thus, the background 
objects are perceived as closer in depth than they actually 
are. 
 

The telephoto lens works the same way as telescopes. 
They are all long focal length optical systems. The focal 
length of a telescope should be even longer (infinite in the 
ideal case). The only difference between a telephoto camera 
lens and a telescope is that a telephoto lens forms a real im-
age on the image sensor, while a telescope forms a virtual 
image, which is observed by the eye. Some astronomical 
telescopes form real images and record the images as photo-
graphs, too. If you have the experience of watching a far-
away person walking in the direction of the line of sight 
through a pair of binoculars, you should notice that although 
the person's arms and legs seem to be swinging, the person 
appears to be marking time without any apparent displace-
ment in the depth direction. Often times, you are not able to 
see whether the person is facing you or away from you in 
binoculars. Because the depth does not seem to change, you 
cannot even tell whether the person is walking toward you 
or away from you. To explain this, look at how the diminu-

tion factor  changes with depth z in Equation (5). Tak-
ing the derivative of Equation (5) with respect to z, one can 
find 
 

(11)  
 
 
 
When z is very large, dMǁ / dz is close to zero. This means 
that the height of the image of the person is almost constant 
when z changes. This also explains the two pictures of the 
same scene shot with a wide-angle lens and a telephoto lens 
from different distances, as in Figures 6(a) and 6(b). The 
distance ∆z in 3D space between the foreground objects and 
background objects is the same in the two pictures. Howev-

||M

er, because the wide-angle photograph (Figure 6a) was shot 
at a closer distance (smaller z), the difference in image size 
between the foreground objects and the background objects 
is big (bigger dMǁ / dz), while in the photograph shot with 
the telephoto lens (Figure 6b), the difference in image size 
is smaller because of the larger depth z (smaller dMǁ / dz). 
Hence, Figure 6(b) gives the illusion that the walkway is 
shorter and the illusion that the telephoto lens compresses 
depth. 
 

Conclusions 
 

Perspective analysis and depth calculation and inference 
are very important in machine vision, unmanned vehicles 
and robotics. Precise definitions of perspective diminution 
factor and foreshortening factor were given in this paper. 
With these definitions, various perspective imaging situa-
tions and perspective distortions were analyzed. Applying 
perspective analysis in machine vision will be future re-
search directions. 
 

Image Credits 
 

The drawing in Figure 1, by Jan Vredeman De Vries 
(1604), is in the public domain. The remaining photographs 
were taken by the author. 
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GINEERING is an online/print publication, designed for 
Engineering, Engineering Technology, and Industrial Tech-
nology professionals. All submissions to this journal, sub-
mission of manuscripts, peer-reviews of submitted docu-
ments, requested editing changes, notification of acceptance 
or rejection, and final publication of accepted manuscripts 
will be handled electronically. The only exception is the 
submission of separate high-quality image files that are too 
large to send electronically. 

 
All manuscript submissions must be prepared in Mi-

crosoft Word (.doc or .docx) and contain all figures, images 
and/or pictures embedded where you want them and appro-
priately captioned. Also, for all accepted manuscripts, each 
figure, image or picture that was imported into your Word 
document must be saved individually as a 300dpi or higher 

JPEG (.jpg) file and submitted separately; your manuscript 
and figure numbers must be used in the title of the file (e.g., 
M13-F-18 Figure 4); that means one additional file for each 
image imported into your manuscript. These 300dpi images 
do NOT need to be embedded in your manuscript. For ta-
bles or graphs created directly in Word, you do not need to 
submit them as separate files. 
 

Included below is a summary of the formatting instruc-
tions. You should, however, review the sample Word docu-
ment on our website (www.ijme.us/formatting_guidelines) 
for details on how to correctly format your manuscript. The 
editorial staff reserves the right to edit and reformat any 
submitted document in order to meet publication standards 
of the journal. 
 

The references included in the References section of 
your manuscript must follow APA-formatting guidelines. In 
order to help you, the sample Word document also includes 
numerous examples of how to format a variety of scenarios. 
Keep in mind that an incorrectly formatted manuscript will 
be returned to you, a delay that may cause it (if accepted) to 
be moved to a subsequent issue of the journal. 
 
1. Word Document Page Setup:  Two columns with ¼” 

spacing between columns; Top of page = ¾"; Bottom 
of page = 1" (from the top of the footer to bottom of 
page); Left margin = ¾"; Right margin = ¾". 

 
2. Paper Title:  Centered at the top of the first page 

with a 22-point Times New Roman (Bold), Small-Caps 
font. 

 

3. Page Breaks:  Do not use page breaks. 
 
4. Body Fonts:  Use 10-point Times New Roman (TNR) 

for body text throughout (1/8” paragraph indention); 9
-point TNR for author names/affiliations under the 
paper title; 16-point TNR for major section titles; 14-
point TNR for minor section titles; 9-point TNR 
BOLD for caption titles for tables and figures; other 
font sizes as noted in the sample document. 

 
5. In-text Referencing:  List and number each reference 

when referring to them in the body of your document 
(e.g., [1]). The first entry must be [1] followed by [2], 
[3], etc., continuing in numerical order to the final 
entry in your References section. Again, see the sam-
ple Word document for specifics. Do not use the End-
Page Reference utility in Microsoft Word. You must 
manually place references in the body of the text. 

 
6. Tables and Figures:  Center all tables and figures. 

Captions for tables must be above the table, while cap-
tions for figures are below; all captions are left-
justified.  

 
7. Page Limit:  Manuscripts should not be more than 15 

pages (single-spaced, 2-column format). 
 
8. Page Numbering:  Do not use page numbers.  
 
9. Publication Charges:  Manuscripts accepted for pub-

lication are subject to mandatory publication charges. 
 
10. Copyright Agreement:  A Copyright Transfer Form 

must be signed and submitted by all authors on a given 
paper before that paper will be published. 

 
11. Submissions:  All manuscripts and associated files 

must be submitted electronically; the only exception 
would be if you wish to submit a CD with the individ-
ual files for your high-quality images, as noted above. 

 
 MANUSCRIPTS should be submitted to Dr. Philip 

D. Weinsier, manuscript editor, at philipw@bgsu.edu 
along with a copy to editor@ijme.us. 

 
 FILES containing your high-quality images should 

ONLY be submitted to philipw@bgsu.edu. 
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Review Board, Dr. Philip Weinsier, at 
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www.ijme.us/ijme_editorial.htm 

• IJME was established in 2000 and is the first and 
official flagship journal of the International 
Association of Journal and Conferences (IAJC). 
 

• IJME is a high-quality, independent journal steered by 
a distinguished board of directors and supported by an 
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known universities, colleges and corporations in the 
U.S. and abroad. 
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the top 100 engineering journals worldwide, and is the 
#1 visited engineering journal website (according to 
the National Science Digital Library). 
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