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Abstract
There has been considerable confusion about the terms
perspective diminution and foreshortening in the literature.
Foreshortening factor has been defined and investigated in
computer graphics literature, but only for the case of parallel projections. The case for perspective projection does not
appear to have been investigated. In this paper, these concepts are elucidated through rigorous quantitative definitions of the perspective diminution factor and foreshortening factor. The inverse law and inverse square law that govern the perspective diminution factor and the perspective
foreshortening factor in relation to depth were investigated
and applied to a quantitative analysis of perspective distortion.

Introduction
Depth Perception and Representation by
Humans and Computers
Human perception of the three-dimensional (3D) world is
accomplished via a central projection onto the 2D retina.
Because the retina has fewer dimensions, after the projection, the depth information of the original 3D scene is lost.
This creates two tasks of opposite nature. One is depth perception, which is the inference of a 3D scene out of a 2D
image. The other is depth representation, which is to output
an image onto 2D media, given a 3D model. Humans have
learned to deal with both. Depth perception is acquired
through subconscious learning. Depth representation on 2D
media is the art of perspective drawing, which was discovered in early Renaissance. Today, computers must deal with
these, too, and which represent research topics in computer
vision (for depth perception) and computer graphics (for
depth representation).
In most of the situations in everyday life, a human can
cope with this loss of depth information by using depth cues
[1-3]. For example, when one is driving on the highway and
sees cars ahead, there is first a process of object recognition;
the images are recognized as cars. Next, prior knowledge is
called upon; that is, all of the cars have approximately the

same size, so prior knowledge must be used as a depth cue.
A bigger image of the car indicates a shorter distance in
depth, while a smaller image indicates a greater depth. Objects that are farther away look smaller. This phenomenon is
known as perspective diminution.
Occasionally, the eyes are deceived, as in the case of
trompe l'œil art. One popular form of trompe l'œil art is the
chalk art on street pavements, creating 3D illusions. Julian
Beever is one of these popular street pavement artists [4].
When viewed from a certain angle, the chalk drawing on the
pavement can be perceived as points on certain 3D objects
with varying depth; but, in fact, those are just points with
colors on the ground plane. This illusion is called depth
ambiguity, which is caused by the central projection.

Perspective Diminution and
Foreshortening
The perspective diminution was understood even in prehistory art. However, the precise representation of depth on
2D media was not discovered until the Renaissance, when
the principles of perspectives were fully understood. Before
and during early Renaissance, artists had struggled with
perspective drawing and had made various mistakes in inaccurate diminution rate of objects in depth.
The terms perspective diminution and foreshortening
have been widely used in fine art, computer graphics and
computer vision. However, the definitions of these terms
tend to be vague and confusing. These two terms are also
often used interchangeably [5]. William Longfellow [6]
pointed out:
The distinction between mere diminution from distance, and foreshortening, which is diminution from
obliquity of view, is not to be forgotten here. If we
stand in front of a square or circle, its plane being at
right angles to our line of vision, it looks like a
square or circle at any distance; it may grow larger
or smaller, but its proportions do not change. If we
look at it obliquely, the farther parts diminish more
than the nearer, the lines that are seen obliquely

——————————————————————————————————————————————–————
78
INTERNATIONAL JOURNAL OF MODERN ENGINEERING | VOLUME 13, NUMBER 2, SPRING/SUMMER 2013

——————————————————————————————————————————————–————
more than those that are seen squarely, and the
shape is distorted. This is foreshortening. (p.2)
However, to the best of the author’s knowledge, a quantitative analysis of perspective diminution and foreshortening
is still missing in the literature today. Figure 1 is a drawing
by Jan Vredeman De Vries, a Dutch artist in the Renaissance, in his book Perspective [7], published in 1604. It
illustrates perspective diminution and foreshortening. When
a person stands vertically but moves back in the depth direction, his size diminishes (diminution) and the different parts
of his body diminish proportionally. When a person is lying
down on the ground along the depth direction, the different
parts diminish disproportionately, with the part in greater
depth diminishing much faster (foreshortening).

Figure 1. Perspective Diminution and Foreshortening [7]

In computer graphics literature, the foreshortening factor
is defined for parallel projections, but not for central projections [8]. In parallel projections, the foreshortening factor is
a constant, depending only on the angle of parallel projection lines to the image plane and the orientation of the line
in 3D space relative to the image plane, but independent of
depth. The computer graphics literature does not distinguish
diminution from foreshortening either, because in parallel
projection there is no diminution with depth. The diminution in depth in the central projection case has not been discussed.
The situation for central projection is more complicated
because this factor also depends on the depth. The relationship between the length of the object in 3D space and its 2D
projection is nonlinear if the object has a span in depth. It is
even different along transverse directions and the depth direction. Because of this, two different factors, diminution
and foreshortening, are defined in this paper; they are also
defined locally in the differential sense for small-sized objects. The laws that govern the perspective diminution and

foreshortening factors are investigated and applied to a
quantitative analysis of perspective distortion.

Depth Inference from a Single Image in
Machine Vision
Even with the loss of depth information in an image, humans can easily make inferences about 3D depth by examining a photograph in most situations, except for some exceptional cases like that of trompe l'œil art. Of course, such
depth inference relies on object recognition and prior
knowledge of the 3D objects, which are known as depth
cues. One example of such depth cues is the known size of
familiar objects like human figures or cars. Another example is the recognition of some planes and line segments and
prior knowledge of their orientations; for example, the
ground plane and the trunks of trees. It is known that the
trunks of trees are in the vertical direction and, hence, all of
the points on the same trunk have the same depth. The
leaves connected to the trunk should have approximately the
same depth, too. Since the bottom of the trunk is on the
ground plane, this depth cue can be used to figure out the
depth of the bottom of the trunk. Hence, the depth of the
entire trunk and that of the leaves can be easily solved.
Finding space distance through measurements on the photographs has long been the effort in photogrammetry and
machine vision. Accurate and fast depth calculation from
images is important in machine vision and applications in
unmanned vehicles [9-11] and robotics [12]. It is well understood that at least two photographs taken from different
angles are needed in order to recover the depth information.
Recently, there have been new efforts in depth inference
from a single image [13-19]. Part of the reason is that stereopsis has its own drawbacks. In theory, stereopsis can find
depth for any situation, though in practice it depends on the
feature points extraction and registration of feature points in
two images. When the depth is too large, the difference in
the two images is too small, the uncertainty will be too big
and in, general, will fail. This leads to an argument that a
robot is better off being equipped with one eye than two
[20].
However, depth inference from a single image is an illposed problem, and it makes sense only with prior
knowledge and assumptions about the scene. For example,
when a photograph of buildings and trees is given, it is possible that this is a photograph of the 3D scene with varying
depth, but it is equally possible that this is a photograph of a
photograph hanging on the wall, in which case all of the
pixels have the same depth. Unavoidably, all of the depth
inference from a single image relies on depth cues. Crankshaw [13] used computer-aided depth inference with appli-
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cations in computer graphics to translate the photographic
view of a building into the plan view. This process is known
as reverse perspective analysis. Yu et al. [21] preprocessed
the image in order to detect edges, extract straight lines,
group the lines to form quadrilaterals and group them as
planes. Saxena et al. [18] used supervised learning methods
for depth inference. The results of these efforts was a depth
map of the image, meaning a depth value was assigned to
each pixel in the image. Experiments have been done with
controlled scenes, the inferred results from which were
compared with ground truth, which is a depth map obtained
with a 3D laser scanner. The process is fully automated.
However, this goal of fully automated and depth inference
for each pixel seems too ambitious and the error rate is likely to be high [18].

A Model of the Camera and the
Scene
The projective model for the camera and the scene are
described next. The discussion in this paper is based on
these assumptions of the camera model and the scene model. In the theory of optics, the subject distance µ (distance
from the object to the center of the lens), the image distance
v (distance from the image to the center of the lens) and the
focal length f of the lens are related by

1 1 1
+ =
u v f

(1)

For different subject distance, µ, the image distance v is
different. If the scene is non-planar in a 3D space, the image
points of the scene do not lie in the same plane. A more
precise definition of a scene will be presented shortly.
In practice, the film or image sensor of the camera is a
plane. For each 3D scene point, a very small circular disk,
called a circle of confusion, is recorded on the image sensor.
When the scene point is within the depth of field, the circle
of confusion is so small that it is indistinguishable from a
point to the human eyes. This leads to the projective model,
or geometric model, of a camera. It is also called the pinhole camera model. The image of the 3D world is the central projection on the image plane. The center of projection
(COP) is the optical center of the lens.
Practically, with the cameras for photography, the image
distance is slightly bigger than the focal length of the camera lens. When optics is not the concern, the term focal
length and image distance are often used interchangeably in
photography. The image plane (image sensor) of a camera is
behind the lens and the image is upside down. With the geo-

metric model of the camera, it does not hurt if the image
plane is placed in front of the COP, just like the canvas of
the artist. Everything in theory will be the same, but the
image will be upright. In computer graphics, animation and
video games, a virtual camera is employed. The image plane
is the computer screen, which is the viewing window. The
COP of the virtual camera is also called the viewpoint and
is located in the position of the eye of the user of the computer. The virtual camera looks into this viewing window
and sees the 3D virtual world, which is projected onto the
computer screen. In the following discussion, the projective
camera model is used.
A clarification of the scene is needed. A scene is defined
to be a subset, S, of points in the 3D space. Some restrictions on subset S need to be imposed in order to be considered a scene. Let the origin of the coordinate system with
(x,y,z) = (0,0,0) coincide with the COP. The convention in
some computer graphics applications (like DirectX) is to
make the positive z pointing into the depth direction of the
scene. It is assumed that all of the scene points are located
in the half space z > 0. Imagine that all projection rays radiate into the half space, z > 0, starting from COP. It is further
assumed that each ray intersects with S on at least one point.
In general, the entire half space is not considered as a scene.
It does not hurt but it is just not interesting or useful looking
at a photograph of dense fog with a uniform gray color recorded on the image. Occlusion is allowed in the scene for
the scene model to be general enough. If a ray intersects
with S at more than one point, occlusion occurs. In such a
case, the front-most point (with the lowest z value) will be
projected onto the image plane, while other points on the
same ray will be occluded and will not show up in the image.
A curved smooth surface is an example of a scene, but a
scene is not limited to a single smooth surface. Surfaces
with sharp edges, like a cube, can be part of a scene, where
smoothness of the surface is not assumed. Occlusion in the
scene in general is allowed. A sphere in front of a background surface is an example. In such cases, when the projection ray sweeps continuously across the scene, discontinuity in the z direction may occur. Buildings and trees, together with the ground surface, are an example of a scene. If
any closed surface (like a cube or a sphere) has the interior
as part of a scene, all of the interior points will be occluded
and will not show on the image, no matter from what angle
the image is taken. The back faces of the closed surface will
be occluded as well. Only the front faces will show on the
image.
In general, the scene points do not lie on the same plane.
The terms 3D scene and non-planar scene are used inter-
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changeably. A special case of a scene is when all of the scene points are located on a plane embedded in the 3D space.
Such a scene is called a planar scene or 2D scene.

Perspective Diminution Factor and
Perspective Foreshortening Factor
Coordinate Setup for Perspective
Projection
A coordinate system (x,y,z) is set up with the origin O at
the COP, as shown in Figure 2. The image plane is parallel
to the x - y plane with an image distance f. Imagine a person
is looking through this virtual camera. It is customary for
the viewer to set positive x in the right direction, positive y
in the upward direction and positive z in the forward or the
depth direction. This way, all of the scene points that a
viewer can see have positive z values that increase as a point
moves forward, from the viewer’s perspective. This convention of coordinate setup results in a left-handed coordinate
system. In computer graphics applications, Microsoft DirectX adopts this left-handed coordinate system as its default for this viewer's convention. The x and y directions are
called transverse directions, while the z direction is called
the longitudinal or depth direction. On the image plane, an
X - Y coordinate system is used. X is parallel to x and y is
parallel to y, with C at the origin, where C is the principal
vanishing point and is the intersection of the image plane
and the z axis.

With this coordinate system setup, for any scene point A
with coordinates (x,y,z) in 3D space, the coordinates (X,Y)
of the image point A’ in the image plane are

x
z
y
Y= f
z
X = f

(2)

Perspective Diminution Factor
For simplicity, a scene point, P , in the y - z plane (x = 0)
is considered in Figure 3. However, this restriction of x = 0
is not necessary for the theory to hold; it simply makes the
diagram easier to draw and easier to see. The definition of
perspective diminution factor, perspective foreshortening
factor, as well as the following theorems apply to any scene
point with any x,y,z coordinate values.

Figure 3. Perspective Diminution Factor

Figure 2. Camera Coordinate System Setup and Perspective
Projection

In perspective projection, the length in 3D space and the
length of its projected image on the image plane have a nonlinear relationship. Locally, this nonlinear relationship can
be approximated linearly using differential calculus. It is
assumed that the object is a small line segment, PQ. Assume the line segment PQ is in the transverse y direction.
After perspective projection with the center at O, the images
of P and Q are P’ and Q’, respectively. If you imagine that
PQ is a small tree on the ground, then P’Q’ is its image on
the film of the camera.
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Suppose point P has depth z and vertical coordinate y.
Note that y is the vertical coordinate of point P, instead of
the size of PQ. The size of the object is denoted by ∆y =
PQ. The size of the image is denoted by ∆Y = P’Q’. From
Equation (2), when z is kept constant but y is varied by a
small amount (∆y), the image Y will change by ∆Y:

∆Y = P' Q' =

f
f
PQ = ∆y
z
z

(3)

P ' Q'
PQ→0 PQ
lim

M || =

is a constant, which shall be defined as the perspective diminution factor.
Definition 1. Suppose a small object has coordinates (x,y,z)
in 3D space and its image has coordinates (X,Y) in the image plane. The quantity

∂Y
∂y

(4)

is called the perspective diminution factor at depth z.
The symbol Mǁ is used because the transverse direction is
parallel to the image plane. The diminution factor defined
above is similar to the transverse magnification of optical
systems, but here the projective model of the camera is
used. It can easily be found that the diminution factor is
completely determined by the depth z of the object in 3D
space, and has nothing to do with optics.
It should be mentioned that it was assumed earlier that the
object line segment PQ is oriented along the vertical y direction to intuitively motivate the definition but, in fact,
Definition 1 applies to objects of any orientation (other than
exactly parallel to the x - z plane, which has no variation in
y). In this definition of the diminution factor, the key is to
take the partial derivative of Y with respect to y. The object
can be oriented in any direction, as long as there is a variation in y.
Theorem 1. The perspective diminution factor Mǁ of an object located at (x,y,z) is inversely proportional to its depth z,
as shown in Equation (5)

M || =

f
z

Meaning of the diminution factor. Suppose that PQ has
unit length. When it is placed at a depth z and parallel to the
y direction, Mǁ represents the size (height) of the image
P’Q’. Mǁ is a function of depth z. The diminution factor in
the x direction is similar to the y direction.
Corollary 1. The perspective diminution factor can be
equivalently defined as the magnification in the x direction.
That is,

In the limit of PQ → 0, the ratio

M || =

The proof is straightforward by taking the partial derivative
of Y with respect to y in Equation (2).

∂X
f
=
∂x
z

(6)

In most of the photographs in which the objects are far
enough away (z big enough), Mǁ < 1 holds, which means
that the image is smaller in size than the object; although,
under certain circumstances, when the depth z is small compared to the image distance, it is possible to have Mǁ > 1, as
in close-up photography and microscopic photography.

Perspective Foreshortening Factor
The magnification along the depth direction z (which is
called foreshortening when the magnification is less than
one) is quite different from the transverse magnification
(diminution in y direction). In Figure 4, suppose that the
segment PR is in the z direction with size ∆z = PR, and the
size of its image is ∆Y = P’R’.
When y is kept constant but z is changed by a small amount
(∆z), the image position Y will change by ∆Y. In the limit of
PR → 0, the ratio

P' R'
PR →0 PR
lim

is a constant, which shall be defined as the perspective foreshortening factor.
Definition 2. Suppose a small object has coordinates (x,y,z)
in 3D space and its image has coordinates (X,Y) in the image plane. The quantity

M⊥ =

∂Y
∂z

(7)

is called the perspective foreshortening factor at depth z.
(5)

where f is the image distance, which is an intrinsic parameter of the camera.

The symbol M ⊥ is used because the depth direction is
perpendicular to the image plane. The perspective foreshortening factor defined above is similar to the longitudinal

——————————————————————————————————————————————–————
82
INTERNATIONAL JOURNAL OF MODERN ENGINEERING | VOLUME 13, NUMBER 2, SPRING/SUMMER 2013

——————————————————————————————————————————————–————
magnification of optical systems, but again there are no optics involved here; it is completely determined by the physical location (x,y,z) of the object.

f
y

Y
X

x

z

C

O

R′
P′

R

From Equation (8), when z is very small, M ⊥ and the
image size can be very big, especially compared to the size
of the objects in greater depth. Figure 5 shows two photographs of the foreshortening effect, where the length of the
person is in the depth direction of the camera. The front part
of the object (feet in the left picture, head in the right picture) is exaggeratedly magnified, while the far side is foreshortened dramatically. This effect is often associated with
photographs shot with wide-angle lenses because one can
shoot at very short subject distances with wide-angle lenses.

G
P

Figure 4. Perspective Foreshortening Factor

Theorem 2. The perspective foreshortening factor M ⊥
of an object located at (x,y,z) is inversely proportional to
the square of its depth z, but directly proportional to its vertical position y, as shown in Equation (8):

M⊥ =

fy
z2

(8)

The proof is also straightforward by taking the partial
derivative of Y with respect to z in Equation (2). The effect
that the apparent size of an object in the depth direction diminishes according to the inverse square law in Equation (8)
is called perspective foreshortening. The perspective foreshortening factor is also proportional to y. When y is smaller, M ⊥ is smaller, meaning that the foreshortening is more
dramatic. Notice that y/z = tan α, where α =
COP is the
view angle of the segment PR. Equation (8) can also be
written as

M⊥ =

f tan α
z

Similar to diminution, when the depth increases, the size
of the image of object PR gets smaller as the effect of foreshortening. However, when the object PR is in the depth
direction, the image diminishes, obeying an inverse square
law, a rate much faster than diminution. The effect of foreshortening is more dramatic than diminution. Namely, the
depth direction is shortened much faster than the transverse
directions. When the depth is doubled, the apparent size of
objects with transverse orientation shrinks to one half, while
the apparent size of objects with longitudinal orientation
shrinks to one quarter. This is also the reason that the photographs of 3D objects taken from different distances are not
related by a similar transformation.

(9)

This means that when z is fixed, the foreshortening factor is
proportional to tan α. The closer the object is to the line of
sight (z-axis), or the smaller the viewing angle α is, the
more dramatic is the perspective foreshortening.

Quantitative Analysis of Perspective
Distortion
Photographs are used in courtrooms and many other places as evidence. There is a saying “The camera does not lie.”
However, everyone has some experience of seeing quite
different photographs of the same scene. Some photographs
can be very misleading; they can cheat the eyes. For example, Figure 6 shows two photographs of the same scene. The
depth perception from the two images is quite different. The
foreground arch and pillars are about the same size in both
photographs. Using this foreground as a reference, the arch
and pillars in the background of Figure 6(a) look much
smaller than those in Figure 6(b). This makes the background objects in Figure 6(a) look much farther away, while
those in Figure 6(b) look much closer. The brick walkway
in Figure 6(a) seems about twice as long as that in Figure 6
(b). This phenomenon is known as perspective distortion.
They have the same cause as for perspective diminution and
perspective foreshortening.
There is a common misconception held by some laypeople, including some photographers, about this perspective
distortion: a wide-angle lens stretches distance, while a telephoto lens compresses distance. Some photographers have
offered explanations: perspective distortion is not caused by
the focal length of a camera, either wide angle or telephoto;
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(a)

(b)
Figure 5. Foreshortening Effects

rather, it is caused by subject distance (subject to camera
distance). It is a coincidence that wide-angle lenses are often used for short subject distances, while telephoto lenses
are often used for long subject distances. This explanation is
correct. In fact, Figure 6(a) was taken with a wide-angle
lens from five meters away. Figure 6(b) was taken with a
telephoto lens from ten meters away.
Figure 7(a) is a duplicate of Figure 6(a), for easier comparison. If two photographs of the same scene are taken at
the same position (same subject distance), using two different cameras, one telephoto and one wide angle, then the two
photographs are related by a similar transformation. The
objects appear bigger in the photograph shot with a telephoto lens but the field of view of the telephoto lens is smaller.
Figures 6(b) and 7(b) were shot at the same position (10
meters); 6(b) with a telephoto lens and 7(b) with a wideangle lens. It can easily be seen that Figure 6(b) is exactly
the same as the central part of Figure 7(b) (in the rectangle)
being cropped and enlarged. Telephoto lenses perform this
cropping and enlargement mechanically and automatically.
In fact, resizing (proportionally enlarging or shrinking) of
a photograph is the true culprit of perspective distortion.
The pictures in Figures 5(a) and 5(b) are examples of perspective foreshortening. They are also examples of perspective distortion. The human body’s proportion seems to be
distorted in Figures 5(a) and 5(b). In Figure 5(a), the feet
seem to be disproportionately big, the legs long and the
head small. In Figure 5 (b), the head seems to be disproportionately big, while the legs are short and the feet are small.

Resizing of the photograph causes perspective distortion.
If the major objects are oriented parallel to the image plane,
resizing the photograph will not alter the proportion of the
objects, but rather change the perception of distance – an
enlarged picture causes a perception that the objects are
closer, while a shrunken picture causes a perception that the
objects are farther away. Also, resizing the image can alter
the perception of spacing in depth direction between the
objects. This is illustrated by comparing Figure 7(b) with
Figure 6(b).
If the major objects are oriented along the depth direction
of the lens, as in the case of Figures 5(a) and 5(b), resizing
the pictures will cause the distortion of the relative size of
the different parts of the same object along the depth direction. Figure 5(a) looks like a picture of a person with abnormal body proportions (extremely long legs). If fact, if the
picture is enlarged enough, it does not seem to be abnormal
any more. If the photographer looks with his own eyes at
the model in the scene in Figure 5(a), when his eyes are
very close to the feet of the model, the same position where
the camera was placed when the photograph was shot, what
he sees is the same as the enlarged photograph of Figure 5
(a). That is, if the human eye is placed at the same position
as the camera, the eye sees exactly what the camera sees,
which is the photograph. When the photograph is postprocessed by shrinking it to a smaller size, as in Figure 5(a),
the human brain interprets the model as being farther away.
The human brain has been trained and has learned the laws
of foreshortening factor M ⊥ in Equation (8) unconscious-
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(a) Wide-Angle Lens, From a Short Distance (5 meters)
(b) Telephoto Lens, From a Long Distance (10 meters)
Figure 6. Same Scene Shot with a Wide Angle Lens and a Telephoto Lens from Different Distances

(a) Wide-Angle Lens, From a Short Distance (5 meters)
(b) Wide-Angle Lens, From a Long Distance (10 meters)
Figure 7. Same Scene Shot with the Same Lens (Wide Angle) from Different Distances

ly. When the foreshortening factor M ⊥ is applied to objects at larger depth, it results in an interpretation in the
brain that the person is out of proportion and, hence, a perception of perspective distortion. Figures 5(a) and 5(b) are
examples of perspective distortions caused by shrinking the
images (taking close-up photographs with wide-angle lens,
then shrinking the image), where distance in the depth direction appears to be longer than it actually is. Figure 6(b) is
an example of perspective distortion caused by enlarging
the image (taking far-away photographs, then enlarging the
images), where distance in the depth direction (length of the
walkway) appears to be shorter than it actually is. This enlargement can be done by cropping the central part of a

wide-angle photograph (Figure 7b) and editing it with software, or by a telephoto lens mechanically and automatically
at the time the picture is being shot (Figure 6b).
The perspective diminution factor and perspective foreshortening factor, which were defined earlier, will now be
used to give a quantitative analysis of perspective distortion.
The perspective foreshortening factor M ⊥ in Equation (8)
is inversely proportional to z2. M ⊥ is equal to the length of
the image in the photograph corresponding to unit length in
the depth direction in 3D space. The inverse of M ⊥ ,
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1
z2
=
M⊥
fy

(10)

represents the real distance in depth in three dimensions
corresponding to unit length measured on the photograph;
for example, 1 mm. This is a magnifying process that our
brains are trained for when interpreting the depth represented in photographs. This magnification is nonlinear in z. The
closer to the center in the photograph (larger depth z), the
greater this magnification is. Although the human brain
does not use formulas to do the calculation, it is trained
through experience. It uses relative size (transverse diminution, like height and width) as a depth cue to calculate depth
subconsciously. When the photograph is enlarged, either
manually or by a telephoto lens, the brain is cheated, thinking it is closer than it really is. The brain then uses this
wrong distance to estimate the spacing in the depth dimension in space. As in the example from Figure 6(b), the photograph was shot with a telephoto lens; thus, the background
objects are perceived as closer in depth than they actually
are.
The telephoto lens works the same way as telescopes.
They are all long focal length optical systems. The focal
length of a telescope should be even longer (infinite in the
ideal case). The only difference between a telephoto camera
lens and a telescope is that a telephoto lens forms a real image on the image sensor, while a telescope forms a virtual
image, which is observed by the eye. Some astronomical
telescopes form real images and record the images as photographs, too. If you have the experience of watching a faraway person walking in the direction of the line of sight
through a pair of binoculars, you should notice that although
the person's arms and legs seem to be swinging, the person
appears to be marking time without any apparent displacement in the depth direction. Often times, you are not able to
see whether the person is facing you or away from you in
binoculars. Because the depth does not seem to change, you
cannot even tell whether the person is walking toward you
or away from you. To explain this, look at how the diminution factor M || changes with depth z in Equation (5). Taking the derivative of Equation (5) with respect to z, one can
find

dM ||
dz

=−

f
z2

(11)

When z is very large, dMǁ / dz is close to zero. This means
that the height of the image of the person is almost constant
when z changes. This also explains the two pictures of the
same scene shot with a wide-angle lens and a telephoto lens
from different distances, as in Figures 6(a) and 6(b). The
distance ∆z in 3D space between the foreground objects and
background objects is the same in the two pictures. Howev-

er, because the wide-angle photograph (Figure 6a) was shot
at a closer distance (smaller z), the difference in image size
between the foreground objects and the background objects
is big (bigger dMǁ / dz), while in the photograph shot with
the telephoto lens (Figure 6b), the difference in image size
is smaller because of the larger depth z (smaller dMǁ / dz).
Hence, Figure 6(b) gives the illusion that the walkway is
shorter and the illusion that the telephoto lens compresses
depth.

Conclusions
Perspective analysis and depth calculation and inference
are very important in machine vision, unmanned vehicles
and robotics. Precise definitions of perspective diminution
factor and foreshortening factor were given in this paper.
With these definitions, various perspective imaging situations and perspective distortions were analyzed. Applying
perspective analysis in machine vision will be future research directions.

Image Credits
The drawing in Figure 1, by Jan Vredeman De Vries
(1604), is in the public domain. The remaining photographs
were taken by the author.
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