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IN THIS ISSUE (P.26)
MODELING CRITICAL RESPONSES OF
HIGH-RISE BUILDINGS
Philip Weinsier, IJME Manuscript Editor
———————————————————————————————————————————————————–————

In the most recent issues of IJME and its sister journal,
IJERI (the International Journal of Engineering Research
and Innovation), we published two other articles related to
tall buildings or structures. [The Effects of Anchor Rod
Failure on the Performance of the New Bay Bridge Tower
(Astaneh-Asl et al. IJME fall/winter 2016 v17 n1 p.37).
Pushover Analysis of the New Self-Anchored Suspension
Bay Bridge Tower (Astaneh-Asl and Qian, IJERI fall/winter
2016 v8 n2 p.62).] If you haven’t already, I encourage you
to read each of those articles as well as, of course, the one
noted in this current issue.
I don’t feel out of line by suggesting that everyone understands the importance of safety,
when it comes to infrastructure
in this country. I also feel safe
in saying that we tend to take it
for granted. You drive across a
bridge, you don’t worry that
you might not make it to the
other side. You stay on the
20th floor of a hotel, you don’t
worry about the rock collection
in your suitcase causing the
structure to collapse in on you.
But stop and think for a minute
about other countries. Whether
or not you’ve been there in
person or not—though I have
been—even if you’ve only seen
images on TV, there are plenty
of places in the world where
building codes are either lax or
nonexistent.
The New Bay Bridge Tower

How about the terrorist attacks on the World Trade Center
towers? Is it possible that the structures could have survived
the attacks, had they been built better? The answer is actually yes, as was explained to us by the only structural engineer allowed to examine the carnage on site, and who presented his findings to us as the keynote speaker at our 2016
IAJC international conference. Dr. Astaneh-Asl also happens to be the author of two of the articles noted here.

From the studies I’ve noted, the images above show a
finite element model of the SAS Bay Bridge tower in San
Francisco, CA. On the left is the tower’s saddle and grillage; on the right is a cross-section of the tower’s grillage.
All critical structural components of the main tower, including all three types of shear links, vertical stiffeners of the
tower shafts, and horizontal diaphragms inside the tower
shafts, were modeled.
The authors of the article in this current issue (Probabilistic Models for
Critical Responses of High-Rise Buildings, p.26) present their findings on
probabilistic performance-based design and assessment of structures, taking into account the uncertainty in the
estimation of seismic hazards, structural response (as a function of the
ground motion intensity level), and
structural capacity. The objective of
this study was to develop statistical
models for critical building responses
(such as roof drift, roof acceleration,
base shear, etc.) which might help in
the development and/or assessment of
guidelines for the seismic design of
high-rise buildings. This image shows
a statistical model for critical building
responses such as roof drift, roof acceleration, and base shear for the 64story building used in this study.
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SIMPLIFIED TRANSIENT TWO-PHASE
MODEL FOR PIPE FLOW
——————————————————————————————————————————————–————
Olusola Oloruntoba, Cranfield University; Fuat Kara, Cranfield University

Abstract
Two-phase flow analyses are critical to successful design
and operations of two-phase and multiphase pipe flow applications found in major industrial fields, such as petroleum, nuclear, chemical, geothermal and space industries.
Due to difficulties in obtaining analytical transient solutions, approximate solutions have been applied to two-phase
pipe flow. However, these approximate solutions neglect
convective terms in two-phase Navier-Stokes equations.
The aim of this current study was to develop transient tools
to predict transient two-phase pipe flow. The objectives of
this study were to develop a simplified transient model and
to validate the proposed model with published experimental
data. A simplified transient two-phase pipe flow model was
obtained in this study by simplifying the two-phase NavierStokes equations. The simplified equations include: (i) a
transient continuity equation of combined two-phase flow
that includes two new dimensionless terms; (ii) transient
two-phase momentum equations that account for convective
terms only; and, (iii) a steady state pressure gradient.

Introduction
Multiphase flow occurs in major industrial fields, including the petroleum, chemical, geothermal, nuclear, and space
industries. Steady state and transient prediction models are
required for adequate design of these multiphase applications in these industries [1, 2]. Unfortunately, rigorous analytical solutions are limited to but a few flow scenarios.
Numerical methods provide approximate solutions but are
limited, due to high demand for computational time and
resources; especially for transient simulations [3]. Mechanistic methods, which rely on physical analyses based on
flow pattern, have been successfully applied for steady state
flows [1]. Therefore, simplified transient models have been
sought after to achieve fast transient simulators.
Taitel et al. [4] proposed a simplified transient two-phase
model that treats liquid continuity as the only transient
equation; momentum equations for gas and liquid, and a gas
continuity equation were treated in a quasi-steady state.
These assumptions are valid for slow transient flow variations. The model of Taitel et al. was modified by Minami
and Shoham [5] using an implicit scheme instead of an explicit scheme implemented in the original model. Minami

and Shoham also developed a new flow regime transition
model for transient flow. The modified model from Taitel et
al. was tested against experimental data collected in a 420m
long and 7.79 cm diameter pipe, in an air-kerosene twofluid system. The validation results showed good agreement
between their model and the experimental data, with the
exception of the liquid blowdown test. During the liquid
blowdown test, when the liquid flow rate is set to zero with
the gas flow rate sustained, complete liquid removal was not
achieved. Li [6] developed a simplified two-phase transient
model by treating continuity equations as transient, but with
momentum equations in a quasi-steady state. Li validated
this model using the data from Vigneron et al. [7]. Later,
Choi et al. [8] developed a simplified transient two-phase
model to solve modified continuity equations, but treated
momentum equations as an extended drift flux equation in
the quasi-steady state.
Existing simplified transient models assume complete
quasi-steady state conditions for momentum equations.
Consequently, an alternative simplified transient two-phase
model can be developed by considering convective terms in
momentum equations, as well as continuity equations in the
transient state. This alternative simplified transient model
was developed in this study.

Model Description
Navier-Stokes Equations
One-dimensional two-phase Navier-Stokes equations [3],
with negligible contribution from the energy equation and
mass transfer between the phases, were considered and are
presented in the continuity equations of Equations (1) and
(2), and the momentum equations of Equations (3) and (4):


 GG    GGU G   0
t
x

(1)



  L L     L LU L   0
t
x

(2)



 GGU G    GGU G2 
t
x
PG
 G
  GW   GL  G  G g sin 
x

(3)
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  L LU L     L LU L2 
t
x
PL
  L
  LW   GL   L  L g sin 
x

(4)

Modified Navier-Stokes Equations
The Navier-Stokes equations presented in Equations (1)(4) consist of four equations, with eight unknown variables,
namely: ρG, ρL, αG, αL, UG, UL, PG, and PL. To simplify the
Navier-Stokes, and to achieve zero degrees of freedom, the
following modifications were introduced.
Modifications introduced from previous studies:
• Incompressible flow was assumed [3]
• Superficial velocities are defined as
USG = αGUG and USL = αLUL [1]
• Steady state pressure gradient was assumed (valid for
slowly varying flow, such as in the petroleum industry [1])
• Single pressure applies to gas and liquid by
PG = PL = P [9]
• Summation of phase fractions is unity, given as
αG + αL = 1 [3]
Modifications introduced in this study:
• In this study, the average of Equations (1) and (2)
was determined in order to obtain a combined continuity equation; noting that incompressibility was
assumed and that αG = 1 − αL .
• Two new dimensionless terms, αL /HL and
(1 − αL)/(1 − HL), were introduced in the combined
continuity equation. This was aimed at introducing
transient liquid holdup dependence on liquid holdup
distribution along the length of the pipe. The dimensionless terms represent ratio of transient phase fraction to steady state phase fraction. Theoretically,
these terms should converge to unity, as transient
simulations approach steady state conditions.
• Convective terms in the momentum equations—
Equations (3)-(4)—were retained as part of the simplified transient model.
Application of these modifications to Equations (1)-(4)
yields the simplified transient two-phase model, as presented by the combined continuity equation of Equation (5) and
the simplified momentum equations of Equations (6) and
(7):
The conservation variables are αL, USG, and USL.
 1    L 


1   1   L 
 L  


  GU SG  
  LU SL   0
t
2  G x  1  H L 
 2  L x  H L 


(5)


1    G  2 
U 0
U SG  

t
 G x  1   L  SG 

(6)

  G  2 


1  
U 0
U SL  

t
 L x   L  SL 

(7)

where, the steady state pressure gradient equations are given
in Equations (8) and (9).


dP 2 f m  mU m2

dx
D

f m  F2 

(8)

F1  F2
  Re c 
1   *  
  t  

d

(9)

Equation (8) expresses the steady state pressure gradient
model of García et al. [10]. The model of Garcia et al. was
employed for its simplicity and applicability to all flow regimes [8]. The friction factor, f m, is given in Equation (9).
The authors defined the following power laws: F1 = a1Reb1
and F2 = a2Rb2; Reynold’s number of mixture flow
Re = UmD/vL; mixture velocity Um = USG + USL; mixture
density ρm = ρLλL + ρG(1 – λL); and, kinematic viscosity of
liquid v L = μL/ρL. Coefficients a1, b1, a2, b2, c, d, and t* are
defined as 13.98, -0.9501, 0.0925, -0.2534, 4.864, 0.1972,
and 293, respectively.
Steady state liquid holdup, HL, was calculated iteratively
using Equation (10) and the method of Choi et al. [11]. An
initial guess value of αG = 0.5 was applied. At subsequent
iteration steps, αG = 1 – HL. The distribution parameter, C0,
is given in Equation (11):
HL  1

C0 

1.2  0.2

2
 Re 
1 

 1000 

U SG
C0U m  U D

2



(10)

G
1  exp  18G  
L
 1000 
1 

 Re 

2

(11)

Drift velocity, UD, is given in Equation (12):
 g   L   G  
U D  A cos   B 
 cos 
 L2


1/4

(12)

where, Re = ρLUmD/μL is the Reynold’s number and coefficients A and B are given as 0.0246 and 1.606, respectively.
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Validation of Steady State Equations

Numerical Discretization

The steady state pressure gradient of Equation (8) was
validated using published experimental data [12-15]. The
data of Asante [12] consisted of 255 and 243 data points of
stratified and annular/mist flow regime, respectively. The
experiment was carried out for an oil-water-air flow in a
horizontal pipe with a diameter range of 0.0254m - 0.0762m
at standard conditions. A total of 38 slug flow data points
were obtained from Hernandez [13]. The experiment of
Hernandez was carried out for water-air flow in a 0.038m
diameter pipe, inclined between 0° and 90°. The data of
Marruaz et al. [14] consisted of 23 data points of slug flow
regime. The experiment of Marruaz et al. was carried out
for oil-water-gas flow in a 0.15m diameter horizontal pipe.
The data obtained from Tullius [15] consisted of 101 data
points of slug flow regime. The experiment of Tullius was
conducted for oil-water-air flow in a 0.101m diameter
horizontal pipe.

The proposed simplified transient two-phase model was
discretized using a finite volume upwind scheme, with a
scattered grid arrangement in the spatial domain. Time
marching was implemented explicitly. Equation (14) is the
combined continuity equation. Equations (15) and (16) are
the simplified momentum equations of gas and liquid, respectively. Slope limiter, β, was defined for gas and liquid
velocities at computational nodes in order to determine flow
directions [3]. For example, gas slope limiter at volume
node (i + 1/2) was defined as

 iG1/2  U SG i 1/2 / U SG i 1/2
n

n

 L i

n 1

 experimental data  prediction 
  100 %
prediction





n
n
A1  U SG i  1 1   L i 1  


2


(14)

n
n
 A2  U SG i  1 1   L i  

2 

n
n
 A3  U SL i  1  L i 1 
2



(13)

n
n
 A4  U SL i  1  L i 
2



where,
Figure 1 shows that the validation results from Equation
(8) predict 83% of experimental pressure gradient data
within −30% ≤ åave ≤ +30%.

n

t

The average percentage of error is defined in Equation
(13):
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Figure 1. Validation of the Steady State Pressure Gradient
Model Given in Equation (8)
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where,
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Figure 2. Pipe Profile Divided into Segments: L j = Length of
Segment j[m]; θj = Inclination Angle of Segment j[degree]
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Figure 3 depicts the computational domain and boundary
conditions for the simplified transient two-phase model. The
computational domain was 0 ≤ x ≤ L. The inlet and outlet
boundaries were given for (αL, USG, USL) at x = 0, and for
(P) at x = L, respectively. Ghost cells are generally required
to estimate conservation variables at the boundaries [3].
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Pipe Geometry and Discretization
Figure 2 shows how the pipe profile was supplied as pipe
segments based on pipe inclination angle. Each segment
was discretized into elements, such that a uniform grid was
obtained.

Spatial and temporal sensitivity analyses were carried out
for pressure gradient predictions using the proposed simplified transient two-phase model. For the spatial sensitivity
analysis, the percentage of relative error was calculated relative to pressure drop at N + 1 = 656. For the temporal sensitivity analysis, the computational time ratio was calculated
as tratio = tN+1/t42. Figures 4 and 5 present results of the spatial and temporal sensitivity analyses, respectively.

Validation of the Simplified Transient
Two-Phase Model
The simplified transient two-phase model proposed in this
study was validated using experimental data from Vigneron
et al. [7]. The experiment of Vigneron et al. was carried out
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in a 0.0779m diameter, 420m long horizontal steel pipeline,
using an air-kerosene fluid system. The test station was at
61.4m from the air-kerosene mixing point.

Transient Algorithm
Figure 6 shows the algorithm for implementing the simplified transient two-phase model.
Enter: flow conditions,
fluid properties, and pipe
geometry

Start

Discretise pipe

Call steady-state
solver
End
Yes

Initialise transient simulation with
steady-state results

Figure 4. Sensitivity Analysis for the Spatial Steady State
Pressure Gradient

No

Final time
step?

Set boundary conditions:
HL, USG, USL, P

Determine time step:
Dt = Dx / (speed of sound in
liquid + max (USG, USL))

Print or store
results

Calculate fluid
properties

Time increment:
t = t + Dt
Estimate HLn+1,
USGn+1, USLn+1,
Pn+1 at all nodes

Figure 6. Algorithm for the Simplified Transient Two-Phase
Model
Figure 5. Sensitivity Analysis for the Temporal Steady State
Pressure Gradient

Two test cases were used for validation. The first test case
(Test 1-B) was at a gas flow rate of 400 Sm3/d and consisted
of initial and final liquid flows rate at 8.4 m3/d and
31.8 m3/d, respectively. The corresponding initial and final
flow regimes were stratified smooth and stratified wavy,
respectively. The second test case (Test 1-C) was at a gas
flow rate of 4055 Sm3/d and consisted of initial and final
liquid flow rates at 8.4 m3/d and 32 m3/d, respectively. The
stratified wavy flow regime was observed for the initial and
final liquid flow rates.

Results and Discussion
Figures (7)-(8) and Figures (9)-(10) show predictions of
the proposed simplified transient two-phase model for test
cases 1-B and 1-C, respectively. Figure 7 shows the prediction of the proposed simplified transient two-phase model
for pressure at test stations for test case 1-B. The figure also
shows that the proposed model predicted experimental pressure data at εave = −4.07% and εave = −4.40% for initial (I)
and final (F) flow conditions, respectively. Figure 8 shows a
similar prediction for liquid holdup at εave = 33.57% and
εave = 41.00%, for initial and final flow, respectively.
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Conclusions
Based on the simplifications to the two-phase NavierStokes equations, a simplified transient two-phase model
was obtained, which was capable of predicting pressure and
liquid holdup.

Figure 7. Simplified Transient Model Compared with
Experimental Data [7] (pressure results for test 1-B)

Figure 9. Simplified Transient Model (pressure results for test
1-C)

Figure 8. Simplified Transient Model (liquid holdup results for
test 1-B)

Figure 9 shows the prediction of the proposed simplified
transient two-phase model for pressure at test stations for
test case 1-C. The result showed that the proposed simplified transient two-phase model predicts experimental pressure data at εave = 1.91% and εave = −3.32%, for initial (I)
and final (F) flow conditions, respectively. Figure 10 shows
a similar prediction for liquid holdup at εave = −54.84% and
εave = −11.92%, for initial and final flow, respectively.

Figure 10. Simplified Transient Model Compared with
Experimental Data [7] (liquid holdup results for test 1-C)
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Friction factor of mixture flow in pipe [-]
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Steady state liquid holdup [-]
No-slip liquid holdup [-]
Gas viscosity [Pa.s]
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Number of nodes in computational domain
Pressure [Pa]
Gas pressure [Pa]
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θ
ρG
ρL
ρm
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=
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Abstract
The crosslinked and relaxed molecular models of the
EPON 862 and DETDA system were constructed using a
computational molecular dynamics method under a reactive
force field. The methodologies for evaluating and validating
the models are described, and the effect of temperature on
the elastic and yielding behavior of EPON/DETDA structures are presented. The elastic properties of epoxy materials, such as Young’s modulus and Poisson’s ratio, and also
the yield strength, showed a remarkable response to temperature changes. The predicted data were validated with experimental data found in the literature.

Introduction
Materials that have high strength but low weight are in
high demand in today’s high-technological industries, such
as aerospace, medicine, and automotive. These demands
have led to use of fiber-reinforced composites with polymeric matrices, as engineers strive to create products with
the ability to meet the requirements for structural components. Researchers have begun to focus on fiber-reinforced
epoxy composite materials [1-20], due to their high modulus
and strength per unit weight. The computational molecular
dynamics method can be used to enhance the performance
capability of epoxy materials under different force fields.
Abbott et al. [1] documented a general method for structural
generation of amorphous polymers using simulated
polymerization and a multi-step molecular dynamics equilibration, a method that favors high-Tg polymers. The simulations were validated with experiments for different structural, adsorption, and thermal properties.
Yarovsky and Evans [2] devised a method that was used
in low molecular weight water-soluble epoxy resins, crosslinked with different hardening agents that are being considered for use as a primer coating on steel. Their simulations
can be applied to predict the crosslink density and the
amount of free crosslinking sites in the coatings. The barrier
properties of model coatings were predicted and the shrinkage of the resin upon curing was reproduced. Their methodology has the potential to enhance the design and production

of new coatings with better barriers and adhesion characteristics. Varshney et al. [3] studied a crosslinking procedure
using a consistent valence force field (CVFF) and predicted
molecular and material properties of epoxy-based thermoset
(EPON 862/DETDA). They discussed different approaches
for building a heavily crosslinked polymer network and a
multi-step technique for relaxing the developed molecular
structure during crosslinking. Their predicted material properties—such as density, glass transition temperature, thermal expansion coefficient, and volume shrinkage during
curing—were validated with experimental data.
Littell et al. [4] performed tension, compression, and
shear tests using small specimens on epoxy resin at different
strain rates. Their experimental data have been useful as
standards for computational results. Komarov et al. [5] utilized a different computational method, where the polymer
network was polymerized at a coarse-grained level and then
mapped into a fully atomistic model. The molecular dynamics were then utilized under the OPLS force field. Their
simulated Tg was found to be 20K lower than that of experimental data; this difference between the two results assumingly would be resolved once the extremely high cooling
rates of molecular dynamics is taken into account.
Li and Strachan [6] predicted the atomic structure and
properties of the thermosetting polymer epoxy (EPON-862)
and hardener (DETDA) using molecular dynamics with a
DREIDING force field as well as a procedure to describe
the chemical reactions. They proposed an efficient simulation to describe charge evolution based on the observation
that atomic charges evolve significantly only during chemical reactions and in a repeatable manner. Two chemistry
models were used with different relative rates for primary
and secondary amine reactions to describe the hardening
phenomenon in two extreme cases of processing conditions.
They demonstrated that different rates of chemical reaction
of interest affect properties for intermediate conversion degrees (~40-70%), but not for the higher conversion rates of
interest in most applications. Their estimated density, coefficient of thermal expansion, glass transition temperature,
and elastic constants of the crosslinked polymer agree with
experiments.
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Doherty et al. [7] utilized molecular dynamics simulations
that allow a progressive crosslinking and polymerization
reaction. Other simulations [8, 9] on crosslinking of epoxies
for relatively small-model systems (less than 2200 atoms)
have been done. Wu and Xu [10] carried out simulations on
the crosslinking of epoxy resin system based on DGEBA
(diglycidyl ether bisphenol A) and IPD (isophorone diamine). They used the DREIDING force field with charge
equilibration and a COMPASS force field to build the structure and predict the properties, respectively. Their findings
showed that COMPASS gives a more accurate description
of elastic properties. Their DREIDING prediction of
Young’s modulus (about 50 GPa) does not agree well with
the prediction from Li and Strachan [6], who employed the
same force field to obtain Young’s modulus in the range of
3.2-3.5 GPa.
Aluko et al. [11] constructed a molecular dynamics model
employing an all-atoms OPLS force field to predict the thermo-mechanical response of the crosslinked epoxy. Their
predictions were validated with both the computational and
experimental data found in the literature. Lin and Khare
[12] documented a one-step polymerization method for
modeling the atomistic structures of crosslinked polymers.
All crosslinking bonds were created in a single step when
pairs of reacting atoms within a cutoff distance are identified using a simulated annealing algorithm. Bandyopadhyay
et al. [13] established well-relaxed, validated molecular
models of the EPON862-DETDA epoxy system that have
different crosslinking densities using molecular dynamics
and mechanics simulations in a united-atom force field.
They used their models to predict glass transition temperature, thermal expansion coefficients, and elastic properties
of each crosslinking system. They established that glass
transition temperature and elastic properties increase with
increased crosslink density, but the thermal expansion coefficient decreases with increased crosslink density, regardless
of whether they are above or below T g temperatures. Their
data also showed reasonable correlation with those found in
the literature.
For industrial grade epoxy systems [14-18], a wide range
of crosslink densities (60-95%) is usually observed in experiments. Odegard et al. [19] applied the reactive force
field (ReaxFF) to the molecular dynamics simulations of
crosslinked epoxies; their obtained stiffness and Poisson’s
ratio agree closely with experiments. In spite of the significant time-scale differences between experiments and MD
modeling, their results also demonstrated that the elastic/
yield response from the large different strain rates can be
correlated. Despite the fact that the reax force field
(ReaxFF) was initially developed to model bond breaking
and formation in carbon-based materials [20], Odegard et al.

[19] established from their studies that the ReaxFF can be
used to predict the structure and elastic characteristics of a
crosslinked epoxy material. The potential energy in the ReaxFF is defined as a function of bond order with energy
penalties for nonequilibrium configurations.
Considering the fact that the yielding behavior of epoxy at
elevated temperatures has not been reported in the literature,
this current study focused on predicting temperature effects
on the elastic and yield behavior of epoxy using a reactive
force field and molecular dynamics approach. This investigation showed that the reactive force field can be used beyond bond dissociation and formation to predict elastic
properties and the yielding response of crosslinked epoxy
materials over a wide range of temperatures. This was established using a computational molecular dynamics simulation and the well-equilibrated models of the EPON 862DETDA epoxy system to predict the mechanical behaviors
at elevated temperatures. The simulated results were validated with the experimental data and the computational results in the literature.

Computational Method
The information on the construction of uncrosslinked
epoxy resin monomers—EPON 862 (Di-glycidyl ether of
Bisphenol-F) and the hardener, DETDA (Diethylene Toluene Diamine)—was first given. Then, the methodology of
crosslinking and how the structure is relaxed before evaluating the mechanical behavior of the system using LAMMPS
(large-scale atomic/molecular massively parallel simulator)
is described.

Structure of Resin and Hardener Molecule
BioChemDraw Ultra 14.0 was used to build the EPON
862 (epoxy resin) and DETDA (hardener) monomers. The
information from the output of this software package was
used to define the 3D coordinates of the atoms of both monomers, their bonds, angles, and dihedrals geometries. Figure
1 shows the molecules of EPON 862 and DETDA. A stoichiometry ratio of two molecules of EPON 862 and a DETDA molecule was modeled, based on the reaction between
them. After writing the molecules geometrical data obtained
from ChemBioDraw into a data file in LAMMPS format,
the bond, angle, and dihedral parameters were established
using the OPLS all-atom force field [21-23]. This force field
defines the total energy of the molecular system to be the
algebraic sum of all the individual energies of the bond,
angle, and dihedral, and 12-6 Lennard-Jones interactions. It
should be noted that an interaction cutoff radius of 10Å was
used to model the non-bonded Van der Waals interactions.
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(a) Epoxy Resin (EPON-862)

(b) Hardener (DETDA)
Figure 1. Molecular Structure the Resin and Hardener

The molecules of EPON 862 and DETDA were modified
for easy crosslinking to obtain the pre-crosslinked configurations shown in Figure 2. The stress relaxation of these
structures was carried out using MD simulations under NVT
(constant volume and temperature) ensemble at 300 K. In
order to further reduce the internal forces and the internal
residual stresses that were generated from the initial construction of bonds, angles, and dihedrals, the material system was minimized using the conjugate gradient stopping
criterion. This process was executed in LAMMPS for
400 ps at a temperature of 300 K.

Figure 2. Molecular Structure of Pre-crosslinked Epoxy Resin
(EPON 862) and Hardener (DETDA) Monomers

A system of stoichiometric mixture of 128 EPON 862
molecules and 64 DETDA molecules consisting of 7488
atoms was replicated in a periodic box after the initial 2:1
equilibrated structure. These initial MD were performed
using an OPLS all-atoms force field in LAMMPS software,
provided by Sandia National Laboratories. Then, the replicated system was relaxed using NVT ensemble for 400 ps at
atmospheric pressure and a temperature of 300 K. The
Noose-Hoover thermostat and barostat were used for temperature and pressure control, respectively. Furthermore, the
system was minimized before compressing the simulation
box in stages under NVT ensemble and in quasi-equilibrium
condition until a density of 1.2 g/cm3 was achieved. It is
important to note that, at the end of each stage of box reduction, one or two minimizations were performed on the
EPON 862-DETDA system to allow molecular relaxation of
the atoms’ coordinates in the new volume space of the simulation box. At the end of box reduction, when the system
density was 1.2 g/cm3, the system was further subjected to
the molecular minimization and equilibration before crosslinking the material system.

Modeling and Crosslinking of Polymers
As mentioned by Odegard et al. [19], in order to efficiently establish the crosslinked structure, it is essential to first
create the model with a traditional fixed-bonding force field
(OPLS). The fix bond/create command can be used in
OPLS to create the crosslink bonds between atoms and reactive groups for specified distances. However, the ReaxFF
does not allow this command to be used. It is important to
note that the modified molecules of EPON 862 and DETDA, shown in Figure 2, circumvent the initial hydration and
activation process of crosslinking [3, 11]. The dots on the
top of the nitrogen and carbon atoms show the reactivity of
active amine groups in the DETDA and methylene groups
in EPON 862, respectively, toward crosslinking.
The crosslinking assumes equal reactivity of primary and
secondary amine and is also based on the active sites. Crosslinking was performed using the NVT ensemble at a temperature of 300 K and one atmosphere. Since it is important
to ascertain that the simulation time in between successive
reactions is sufficiently long for the unreacted species to
move around, the system was relaxed for 2 ps at each successive crosslinking. It should be noted that all the new additional covalent terms (bonds, angles and dihedrals) were
added to the connectivity definition, after the new bonds
were formed. Based on the fact that chemical reactions were
not modeled in the simulations, a crosslinking distance between active sites was defined in order to prevent structural
configurations that have high residual stresses after bond
formation, which may be difficult to relax during energy
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minimization and molecular dynamic simulation. Hence, a
cut-off distance of 4.6Å was chosen for crosslinking, based
on prior work [3], to achieve a crosslinking limit. The crosslink density is the ratio of the number of crosslinks formed
compared to the number of crosslinks that could be formed.
Knowing that, for industrial-grade epoxies, a broad range of
crosslink densities (60-95%) is typically observed in experiments [14-18], the simulated crosslink density was chosen
to span part of this range. It is important to mention that
energy minimization and stress relaxations were executed at
regular time intervals under NVT ensemble during this process of crosslinking. Figure 3 shows the crosslinked and
equilibration structure of the EPON 862 and DETDA system. Three different samples of relaxed and crosslinked
EPON 862/DETDA molecular dynamics models were built
with OPLS.

equilibration of the system was done under NPT ensemble
at 300 K for 100 ps, using a time step of 0.1 fs and NoseHoover barostat and thermostat in order to obtain a fully
relaxed structure. On completion of these processes, uniaxial tension tests were performed on the samples at room and
elevated temperatures, in order to characterize the mechanical performances (Young’s modulus, Poisson’s ratio, and
yield strength) of the material system.

Results and Discussion
The mechanical characteristics of the crosslinked and
relaxed EPON 862-DETDA system were evaluated at room
and elevated temperatures. In general, to obtain the stressstrain relationship that can be used to evaluate the desired
mechanical properties, it is important to note that different
types of geometric deformations are usually carried out on
the equilibrated structures. The sample was independently
deformed under tensile loadings in the x and y directions,
using a strain rate of 2x108/s under NPH ensemble with
barostat and thermostat control. The NPH ensemble accommodates Poisson’s effect in the two lateral directions. This
process of deformation was performed incrementally until a
maximum of 20% axial strain was attained under a pressure
of one atmosphere and a temperature of 300 K. The deformations were applied gradually for a period of 1000 ps,
using a time step of 0.1 fs and the Poisson’s ratio was obtained from the negative slope of the lateral/longitudinal
strain curve up to the yield point. The predicted average
Poisson’s ratio from this investigation at a temperature of
300 K was 0.3478. Similarly, Table 1 documents the Poisson’s ratio of the model for 400 and 500 K.
Table 1. Average Values for Poisson’s Ratio for Crosslinked
Structures at Different Temperatures
Property

Figure 3. Molecular Structure of Crosslinked and Relaxed
Epoxy System

After the initial process of crosslinking and relaxation, the
process was brought to completion under the OPLS force
field, and the relevant information regarding the molecular
configuration of the established structures (the atom’s masses, coordinates, types, ID, and charge balance), which satisfies the requirements for ReaxFF, were written into a new
data file. Then, the system with the parameterizations by
Liu et al. [24] was equilibrated in NVT [25], using the ReaxFF in LAMMPS. The temperature was gradually increased from 0.0 to 300 K during these simulations for a
period of 100 ps, using a time step of 0.1 fs, to ensure that
the residual stress was taken out of the model. The final

ν
ν
ν
Poisson’s ratio Poisson’s ratio Poisson’s ratio
@300 K
@ 400 K
@ 500 K

Present 85 %
Crosslinking

0.3478

0.5394

0.5933

Li et al. [6]

0.43-0.47

-

-

Wu and Xu [10]

0.3507

-

-

Figure 4 shows the stress-strain curve of the EPON 862/
DETDA system, both at room and elevated temperatures;
the yield strength was calculated from this figure. The yield
strength is the point where the straight line drawn from
0.2% strain (ε=0.002) parallel to the elastic portion of the
stress-strain curve intercepts the curve [25]. Figure 2 shows
the estimated average value of the yield stress at the specified temperatures. Figures 5 and 6 shows the simulated val-
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200

180
160
Yield strength (MPa)

ues in comparison with experimental data from the literature
[4] at room and 400 K, respectively. Also shown in these
figures is the power-law least-squares fit of the experimental data [4]. As depicted from these figures, there is an
agreement between predicted and experimental values when
the effect of temperature is considered. It is important to
note that the superposed lines show the trend of the experimental values. The power law in Figure 5 is given in Equation (1) and that of Figure 6 is given in Equation (2):

140
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Expt

80

Present
Power (Expt)
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20

0

Strain rate (s-1)

Figure 5. Predicted and Measured Yield Strength versus
Strain Rate at a Temperature of 300 K

Figure 4. Stress/Strain Curve for EPON 862/DETDA at
Specified Temperatures

σy = 83.92 έ0.0285

(1)

σy = 60.805 έ0.0436

(2)

where, σy = yield strength.
Table 2. Average Values for Yield Strength for Crosslinked
Structures at Different Temperatures

Structure at
85 %
crosslinking

σy

σy

σy

Yield strength Yield strength Yield strength
@300 K
@ 400 K
@ 500 K

7

6

127.000

120.963

Young’s modulus was determined from the slope of the
straight portion of the stress-strain curve in Figure 4, up to
the yield point for the different temperatures evaluated. Figure 7 shows this simulated value, as compared with experimental data [4] at room temperature. Figure 7 also shows a
power-law least-squares fit of the experimental data. The
superposed lines show the trend of the experimental values;
this line is given in Equation (3):
E=3.0167 έ0.0149
where, E is Young’s modulus and έ is strain rate.

expt. data
Reax

75.570

(3)

Young's modulus (GPa)

Property (MPa)

Figure 6. Predicted and Measured Yield Strength versus
Strain Rate at a Temperature of 400 K

5

Power (expt. data)

4

3

2

1

0

Strain rate (s-1)

Figure 7. Predicted and Measured Young’s Modulus versus
Strain Rate at 300 K
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Table 3 gives the average values for Young’s moduli of
the models at specified temperatures.
[4]
Table 3. Average Values for Modulus of Elasticity for
Crosslinked Structures at Different Temperatures

Property (GPa)

E
Young’s
modulus
@ 300 K

E
Young’s
modulus
@ 400 K

E
Young’s
modulus
@ 500 K

Structure at
85% crosslinking

3.255

3.220

1.175

Li et al. [1]

3.2-3.5

-

-

Wu and Xu [10]

5.198

-

-

Conclusion
The computational molecular dynamics of an epoxy system was performed using the reactive force field with the
parametrization of Liu et al. [24] to predict its mechanical
properties at elevated temperatures. It was established from
the results of the computational analysis that ReaxFF with
Liu et al.’s parameter can be employed to predict the mechanical behavior of an epoxy system both at room and elevated temperatures. Furthermore, the predicted results consisting of the elastic properties, such as Young’s modulus,
Poisson’s ratio, and the plastics behavior such as yield
strength agree well with the available experimental data and
simulated results.
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Abstract
In a FiWi access network, the central office (CO) is responsible for downstream transmission and scheduling. In a
typical centralized FiWi network, the CO is responsible for
upstream bandwidth allocation tasks as well. Such upstream
control tasks consume the CO’s resources, negatively impacting the downstream performance. Therefore, from this
study, the authors propose a distributed upstream control
scheme by shifting the centralized task from the CO to the
wireless nodes closely clustered at the access end. This
scheme relieves the CO from the upstream tasks, paving the
way for improved downstream performance.

Introduction
To address the issue of unlimited growth in mobile traffic,
the radio access network (RAN) tends to utilize the passive
optical network (PON) access infrastructure as a packetbased converged, fixed-mobile optical access networking
transport architecture to backhaul both wireless and wireline
traffic [1-3]. This hybrid access architecture is known as
fiber-wireless (FiWi) [4] or wireless-optical broadband access network (WOBAN) [5]. It merges the unlimited bandwidth of fiber optics with the mobility offered by wireless
technologies. It is an amalgamation of an optical backend
and a wireless front-end for an optimum access network. A
PON connects a number of optical network units (ONUs)
located at the customer premises to an optical line terminal
(OLT) located at the central office (CO-service provider’s
facility) via an optical splitter and distribution fiber [6]. The
typical distance between the ONU and CO can be 20 km,
but varies due to other requirements and the number of
ONUs to be supported. It is typically a point-to-multipoint
architecture in which passive optical splitters are utilized to
allow a single optical fiber to serve multiple end-point
ONUs/customers (closely dispersed ~1km radius), without
having to provide point-to-point fibers between the OLT
and ONUs. There are few different PON options available,
namely time division-multiplexed (TDM-PON), orthogonal
frequency division multiplexed PON (OFDM-PON), and
time wavelength-division-multiplexed PON (TWDM-PON)
[7]. Despite the expansion of WDN-PON research to enhance network throughput, research in TDM-PON is still
essential for supporting per wavelength improvements [8].

In a FiWi access network, the wireless base station (BS)
is connected to an ONU that is capable of communicating
with wireless subscribers as well as among the BSs. Figure
1 shows how typical wireless traffic from a BS that is destined to go out of the access network is transported by the
optical network via a correspondingly connected ONU. Furthermore, to support a FiWi network with an increased
number of small cells, extensive fiber installation is necessary. Therefore, TDM-PON is a cost-effective candidate [9]
for such an undertaking. Consequently, the authors of this
current study prefer a TDM-PON-based FiWi access network. Recent FiWi access networks are primarily based on
a centralized PON scheme in which a distant OLT is responsible for both upstream and downstream network resource allocation. The OLT’s centralized task of upstream
resource allocation hinders downstream performance of the
PON/FiWi access network [10]. Therefore, from this current
study, the authors propose to take advantage of the wireless
plane of FiWi to support a distributed resource allocation
scheme for PON. It simply transfers the centralized upstream control task from the distant central office (OLT) to
the wireless nodes closely clustered at the access end. As a
result, the typical downstream overhead needed for upstream tasks is eliminated, which paves the way for improved downstream performance.

Figure 1. FiWi Network
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PON
It is important to introduce the functional aspect of TDMPON, because it is the transport medium for all traffic, optical and wireless. TDM-PON utilizes two wavelengths for
transmission, one for downstream traffic (OLT to ONUs)
and the other for upstream traffic (ONUs to OLT). For
downstream traffic, the passive power splitter connects the
OLT and ONUs through the distribution fiber. OLT houses
N queues, each corresponding to an ONU. Incoming traffic
is first sorted according to destination ONU addresses and
then accepted into the corresponding queues. Periodically,
the OLT checks the downstream queue occupancy and divides available downstream bandwidth among the queues
and allocates transmission timeslots. The OLT then broadcasts frames from a queue (corresponding to a destination
ONU/BS) in its allocated timeslot. An ONU/BS accepts the
broadcasted frame matching its medium access control
(MAC) address to frame destination address.
In a typical centralized architecture, the OLT is required
to perform an additional function of arbitrating among the
ONUs for sharing upstream bandwidth. To facilitate the
implementation of upstream bandwidth allocation schemes,
the OLT and ONUs exchange control messages—namely,
REPORT and GATE messages. These control messages are
defined by the IEEE 802.3ah taskforce through the development of multi-point control protocol (MPCP) [11]. A REPORT message is sent by an ONU to the OLT, informing it
of its bandwidth requirements. Upon receiving a REPORT,
the OLT passes the message to its DBA module to perform
the bandwidth allocation computation. The OLT then grants
the ONU a transmission timeslot by sending a GATE message indicating the start time and the duration of such a
timeslot. The OLT’s cyclic task of GATE/REPORT messages and DBA calculation consumes downstream resources, thereby degrading downstream performance.
The total downstream overhead required for cyclic upstream GRANT depends upon the upstream cycle length
and number of ONUs in the network. The upstream cycle
length is variable between a certain minimum and maximum bound to accommodate variable traffic load. At a
higher upstream load, the cycle time will be up to the maximum length. The maximum upstream cycle length is typically set to 2ms [10-12]. At a lower upstream load, cycle
lengths are shorter. Note that the minimum cycle length
cannot be shorter than the round trip time (RTT) between an
ONU and OLT [10-12], because cycle length is the time
between two consecutive GRANTs to a specific ONU,
which is equivalent to at least one RTT (between the OLT
and the ONU). The RTT between the OLT and the ONU
depends on the distance between them (i.e., for ~20 km

trunk, the RTT is ~200 µs; similarly for 10 km the RTT is
~100 µs). Minimum upstream cycle length is defined by
Equation (1):

Tupstream _ cycle _ min

T
 rtt
 MAX 

 N  Tguard  (R/R PON ) 

(1)

where, RPON is the ONU-to-OLT transmission line rate; R is
the ONU report size; N is the number of ONUs; T guard is the
guard time between two ONU upstream transmissions; and,
Trtt is the round trip time between ONU and OLT.
While the upstream cycle length gets shorter, the number
of upstream cycles per second increases significantly. Thus,
at a low network load, the total number of grants/second
issued by the OLT increases. The number of upstream
grants per cycle is equal to the number of ONUs in the system. Therefore, upstream overhead increases along with the
number of ONUs. The worst case downstream overhead
wastage due to upstream tasks can be estimated using Equation (2):
1
B GATE

N * G 
downstream _ waste T
upstream _ cycle _ min

(2)

where, G is GRANT size in bits; T upstream_cycle_min is the minimum duration of the upstream cycle; and, N is the number
of ONUs.
To illustrate this point, a network of 32 ONUs (1Gbps
line rate with 10 km trunk length) can require an overhead
of up to 20% of the total network capacity (when the upstream network load is < 10%).

FiWi
A typical FiWi network consist of mainly two parts: optical backhaul and wireless front end. FiWi can be categorized into different types, depending on the interconnection
between the optical and wireless part, such as independent
or combined/hybrid architectures for the integration of
PONs and wireless counterpart [13]. This study looked at
TDM-PON-based FiWi, where the ONU can be either interconnected to or integrated into a BS (see Figure 1). In the
downstream direction, the packet (either for ONU or BS) is
transmitted via trunk fiber and the optical splitter splits the
OLT signal equally among the ONUs. If the packet is destined to an ONU/BS, it accepts it as per MAC address and
then forwards it to subscribers (wired or wireless network).
Note that the OLT has an additional task of upstream re-
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source allocation, as described previously. In the upstream
direction, when wireless end users want to send packets, it
contacts the closest BS and then traffic from the BS passes
through the connected ONU to the OLT (via splitter and
fiber network) as per transmission time window assigned by
the OLT. This centralizied scheme burdens the OLT with
additional upstream tasks, resulting in sub-optimal
downstream performance as detailed in the PON section. To
alleviate this impediment, the authors took advantage of a
wireless plane to propose a distributed control scheme,
where the OLT is relieved from upstream tasks.

Proposed Distributed Control Scheme
The direct intercommunication among the access nodes
facilitates signaling, queue reporting, grant scheduling, and
handoff procedures that operate in a distributed manner.
Therefore, the data plane is supported by the PON, while
the control plane/reporting is supported by the wireless
plane. It results in a fully distributed time division multiple
access (TDMA) arbitration scheme in which the distant
OLT is exempt from the arbitration process. In the proposed
distributed scheme, the nodes exchange signaling and control information concerning their queue statuses (REPORT
messages) and their transmission needs amongst themselves
via a wireless plane. Then the nodes concurrently and independently run instances of the common DBA algorithm,
resulting in identical bandwidth allocation outcomes. Once
the algorithm has been run, the nodes transmit their traffic
(wireless and wired) sequentially and in an orderly manner
via PON, while eliminating the OLT’s centralized task of
upstream DBA. This scheme primarily relates to the upstream direction; however, as an additional advantage, it
enhances the downstream performance. The detailed mechanism of this distributed scheme is discussed next.
BSs can directly communicate the status of their queues
and radio resources and exchange signaling and control
messages with one another. Upon discovery of the
neighboring BSs, each BS sends overall ONU/BS queue
information to its neighbors. Each access node maintains a
database about the states of its own queue and every other
queue on the network. This information is updated each
cycle, whenever the node receives new REPORT messages
from all other nodes. The REPORT message typically contains the desired size of the next timeslot, based on the current ONU and BS buffer occupancy. The wireless reporting
starts at the end node of one side and travels forward towards the other end (forward transmission). Once the first
(edge) node sends the report to next forward node, the second node appends its report to the first one and transmits to
the next forward node (see Figure 2). This process continues
sequentially. Once all of the appended messages (complete

network information—CNI) from all of the nodes are at the
last node, they are shared with all the other nodes in that
network by reversing the direction of sequential transmission (without appending any more information). That implies that the last node (Noden) sends the CNI back
(backward transmission) to the previous node (Node n-1),
then that node (Noden-1) sends it to the node prior to it in
sequence (Noden-2); this process continues until all of the
nodes receive the CNI (containing all BS/ONU queue reports of the entire network). Upon reception of the CNI, an
identical dynamic bandwidth allocation (DBA) module,
which resides at each access node, uses the REPORT messages during each cycle to calculate a new upstream
timeslot assignment for each node (ONU/BS).
The execution of the DBA algorithm at each node starts
once all of the nodes receive the CNI. Once the algorithm is
executed, the nodes sequentially and orderly transmit their
data without any collisions, eliminating the OLT's centralized task of processing requests and generating grants for
bandwidth allocations. Similar to any typical TDM scheme,
it requires a guard time between two successive transmissions of nodes. Thus, supported by the distributed control
plane, most of the typical radio control functions, including
radio resource management, handover control, admission
control, etc., can be independently implemented at each
node in a distributed manner without resorting to a distant
centralized entity (OLT). Therefore, unlike the typical centralized scheme, the entire downstream resource is available
to the downstream network and offers simplicity in the
downstream DBA process.

Figure 2. FiWi Network’s Distributed Reporting Mechanism
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As wireless bandwidth is costly, it is important to point
out that the distributed scheme requires a minimal bandwidth from the wireless plane. First, the aggregated frame is
not aggregated in terms of frame count (i.e., n × frames);
rather, it is a single frame, where node IDs and queue sizes
are appended into the payload (see Figure 2). This results in
an overhead of a single frame with additional payload. To
illustrate the impact of this scheme on wireless bandwidth,
Table 1 shows an arbitrary scenario.
Table 1. Wireless Network Configuration
Number of BS

16

BS transmission rate
(64QAM, 4x4 MIMO, 20 MHz) [14 ]

326 Mbps

Cycle time

2ms

Transmit report per cycle

2

Report frame overhead

12 bytes (96 bits)

Report size

10 bytes (80 bits)

Aggregated report size

(16x80) + 96 = 1376 bits

As per the scenario noted above, the proposed scheme
requires (1/0.002 x 1376 x 2) ≈ 1.4 Mbps bandwidth per BS.
Therefore, the required bandwidth per node is less than
0.5% of the BS transmission capacity. It is important to note
that, as the MIMO and the modulation techniques advance,
the impact of the proposed scheme on the wireless bandwidth is negligible.
Now the ease of downstream bandwidth allocation
scheme is demonstrated within the proposed distributed
paradigm. In every cycle, the available downstream bandwidth is divided among the queues using Equation (3):

Qi
BiGranted  
 Bmax
where, Bmax 

1
N

[

if Qi  Bmax
if Qi  Bmax

R PON * Tdownstream_cycle_max

(3)

]

and where, RPON is the OLT-to-ONU (downstream) transmission line rate; N is the number of downstream queues in
the OLT; T downstream_cycle_max is the maximum cycle time; and,
Qi is the OLT queue that corresponds to ONU/BSi.
In other words, a queue is granted the requested number
of bytes, but no more than a given predetermined B max. A
queue request exceeding the maximum limit (Bmax) will be
granted additional bandwidth in the next cycle. It is called
the fixed maximum limit (FML) algorithm.

Simulation and Results
In this section, the simulation performance of the proposed distributed downstream scheme is compared with that
of the centralized downstream scheme. An event-driven
packet-based simulation model was developed using C++.
Two simulation programs with identical network parameters
were developed: one for the typical centralized scheme and
another for the proposed distributed scheme. A simple FML
algorithm for both centralized and proposed distributed
schemes was employed to demonstrate the advantage of the
proposed scheme. The performance metrics used here are
average queuing delay, average maximum queuing delay,
packet loss ratio, and average queue size. To compare the
performance results of the proposed distributed scheme with
that of the centralized scheme, the following system parameters were used: an OLT housing 16 queues corresponding
to 16 ONUs/BS; a downstream link rate of 1Gb/s; an incoming data rate to the OLT queues of 100Mbps; individual
queue sizes of 10 MB; a trunk length of ~10 km; and, a
maximum downstream cycle time, T MAX, of 2ms. Parameters
specifically associated with the centralized scheme included
an upstream link rate of 1Gbps; an inter-ONU upstream
transmission guard time, T G, of 1µs; and, a downstream
GRANT message size of 84 bytes.
The traffic model used in this simulation was the same as
that reported by Luo et al. [12]. All arriving downstream
frames to the OLT are queued in a first-in-first-out buffer.
Packets are generated with arrival times and sizes. As per
arrival time, a packet is accepted in a queue. Once the packet is scheduled to be transmitted out, the queue is freed up
from that packet. The queuing delay is the time between the
packet’s arrival to and departure from a queue. Each point
on the following plots corresponds to a sample of 50 million
packets averaged over three different runs. Plots are presented in reference to downstream total network load (TNL),
which is defined as the average accumulative load of all
queues at the OLT.
Figures 3 and 4 show the average and maximum downstream packet queuing delays for centralized and distributed
schemes. The centralized delay is always longer than the
distributed one (initially in microseconds and later in milliseconds). At low downstream TNL, the effective downstream bandwidth in the centralized scheme is about 20%
less than the distributed scheme. Note that it is still adequate
for serving the queues at low load. However, the OLT’s
additional GATE function in the centralized scheme causes
the downstream cycle to be longer than that of the distributed scheme. The consequence is a comparatively longer buffer stay, resulting in a longer queuing delay in the centralized
network, in spite of adequate bandwidth. On the other hand,
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at higher TNL, the centralized scheme suffers from a lack of
available bandwidth; therefore, it cannot serve as much traffic as in a distributed scheme. Packets have to wait in the
queue for the next cycle, causing more queuing delay. This
longer queue occupancy results in a comparatively larger
queue size for the centralized scheme than that of distributed scheme (see Figure 5). At higher load, the queue sizes
get larger, and at TNL~1 (100%), queues are saturated causing packet drops. Figure 6 depicts this very fact; since the
centralized scheme has a comparatively larger queue size, it
causes more packet drops than the distributed scheme.

Figure 5. Average Queue Size for Both Schemes

Figure 3. Average Queuing Delay for Both Schemes

Figure 6. Average Packet Loss Ratio for Both Schemes

Conclusion
This work takes advantage of the wireless plane
connectivity in FiWi access networks to exchange node
queue information to support a fully distributed control
plane, where the OLT is relieved from upstream resource
allocation tasks. This lends the OLT more resources for
downstream networks and consequently results in better
network performance.
Figure 4. Average Maximum Queuing Delay for Both Schemes
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PROBABILISTIC MODELS FOR CRITICAL
RESPONSES OF HIGH-RISE BUILDINGS
——————————————————————————————————————————————–————
Mohammad T Bhuiyan, West Virginia State University; Roberto Leon, Virginia Tech

Abstract
Probabilistic performance-based design and assessment of
structures takes into account the uncertainty in the estimation of seismic hazards, structural response (as a function of
the ground motion intensity level), and structural capacity.
The objective of this study was to develop statistical models
for critical building responses (such as roof drift, roof acceleration, base shear, etc.) which might help in the development and/or assessment of guidelines for the seismic design
of high-rise buildings. A 64-story diagrid high-rise building
was selected for this study. A total of 435 non-linear timehistory analyses were conducted in OpenSees, utilizing 145
recorded earthquake events of various magnitudes and distance bins.
The results indicated that roof drift ratio correlates well to
spectral acceleration in the 1st mode period; roof acceleration correlates better to PGA (peak ground acceleration);
base shear correlates better to spectral acceleration in the 2 nd
mode period; and, base moment correlates more to spectral
acceleration in the 1st mode structural period. Further results
showed that if a structure with a fundamental period of
5.0 seconds is designed for the Los Angeles area then a
0.6% roof drift will have a probability of exceedance of
10% for a 100-year lifetime. And a base shear of 0.25W
(where, W is the seismic weight of the structure) has an
annual rate of exceedance of 3.2e-3 or a return period of
roughly 300 years.

Introduction
The objectives of this study were to: 1) conduct a very
large number of nonlinear dynamic analyses of tall buildings utilizing ground motions selected from various magnitudes and distance bins; 2) characterize key building responses to these ground motions; and, 3) develop statistical
models for these critical building responses, which might
help in the development and/or assessment of guidelines for
the seismic design of high-rise buildings. For example, the
kind of answer sought were:
 What is the annual rate (probability) that the roof
drift ratio will exceed 1%?
 What should be the median roof drift ratio if one is
designing the structure for a lifetime of 75 years?

The study was motivated by the work of the PEER Tall
Building Initiative [2], where studies were performed with
similar objectives for several concrete high-rise buildings.

Theoretical Foundation for Developing
Statistical Models
The theoretical development for this study was based on
the methodology developed by Jalayer and Cornell [1]. The
probabilistic foundation developed here involved the derivation of a closed-form expression for the mean annual frequency of exceeding a specified limit state. The term “limit
state frequency” will be used from now on for “the mean
annual frequency of exceeding a specified limit state.” HLS
is defined as the product of the mean rate of occurrence of
events with seismic intensity larger than a certain minimum
level, v, and the probability that demand D exceeds capacity
C, when such an event occurs. This relationship is shown in
Equation (1):
H LS   .P[ D  C ]
(1)
In order to determine HLS, the strategy is to decompose
the problem into more tractable pieces and then re-assemble
them. First, a ground motion intensity measure, IM, (such as
the spectral acceleration, S a, at the 1st mode structural period) is introduced because a) the level of ground motion is
the major determinant of the demand D, and b) this permits
separation of the problem into a seismological part and a
structural engineering part. To do this, a standard tool in
applied probability theory, known as the total probability
theorem (TPT), was used. This theorem permits the breakdown of the expression for limit state frequency with respect to an interface variable (here, the spectral acceleration). This is represented by Equation (2):

H LS   .P[ D  C ]   . P[ D  C | S a  x].P[ S a  x] (2)
all x

In simple terms, the problem of calculating the limit state
frequency was broken down into two problems. The first
problem was to calculate the term P[Sa = x], or the likelihood that the spectral acceleration will equal a specified
level, x. This likelihood (together with v) is a number we
can get from a probabilistic seismic hazard analysis (PSHA)
of the site. The second problem was to estimate the term
P[D>C|Sa = x], or the conditional limit state probability for
a given level of ground motion intensity, here represented
by Sa = x.
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The hazard corresponding to a specific value of the
ground motion intensity measure (or spectral acceleration,
Sa) is defined as the mean annual frequency that the intensity of future ground motion events are greater than or equal
to that specific value x and denoted by HSa(x). The spectral
acceleration hazard, referred to as HSa(x), can be defined as
the product of the rate parameter v and the probability of
exceeding the spectral acceleration value, x, denoted by
GSa(x), as given by Equation (3):
(3)
H ( x)   .G ( x)
Sa

Sa

The spectral acceleration hazard values, HSa(x), are usually plotted against different spectral acceleration values, x;
this results in a curve that is usually referred to as a spectral
acceleration hazard curve. It is advantageous to approximate
such a curve in the region of interest by the power-law relationship [3] of Equation (4):

H Sa ( S a )  P[ S a  x]  k 0 .x  k

Median Relationship between Spectral
Acceleration and Roof-Drift Demand
Observations of demand values are normally obtained
from the result of structural time-history analyses performed
for various ground motion intensity levels. Figure 2 shows
such results for maximum roof drift, D, versus S a. This figure also shows data points from an analysis that will be described later in this paper. For a given level of ground motion intensity, there will be variability in the demand results
over any suite of ground motion records applied to the
structure. It is convenient to introduce a functional relationship between the ground-motion intensity measure and a
central value, specifically the median, ηD, of the demand
parameter based on the data available from such time history analyses. In general, for a spectral acceleration equal to x,
the functional relationship will be as given in Equation (5):

(4)

where, k 0 and k are parameters defining the shape of the
hazard curve.
Figure 1 shows a typical hazard curve for a southern California site that corresponds to a period of 1.8 seconds. As
can be seen from this figure, a line with slope k and intercept k 0 is fit to the hazard curve (on the two-way logarithmic paper) around the region of interest (e.g., mean annual
frequencies between 1/475 or 10% frequency of exceedance
in 50 years, and 1/2475 or 2% frequency of exceedance).

Figure 2. Spectral Acceleration and Demand Data Pairs, and
the Regression Model Fit to These Data Points

 D ( x)  g ( x)

(5)

This is called the conditional median of D given Sa (more
formally denoted by ηD│Sa(x), but the simpler notation was
kept for this study). A full conditional probabilistic model
can be constructed with the variability displayed in Figure 2
by using Equation (6):
(6)

D   D ( x).  g ( x).

Figure 1. Typical Hazard Curve for Spectral Acceleration
Corresponding to a Structural Fundamental Period of
1.8 Seconds
Note. From “A technical framework for probability-based
demand and capacity factor design (DCFD) seismic formats,”
by F. Jalayer, and A. Cornell, 2003, PEER Report. Reprinted
with permission.

where, ε is a random variable with a median equal to unity
and a probability distribution to be lognormal. Linear regression is used in logarithmic space (i.e., ln ηD(xa) = lna +
blnx).
Such a regression will result in the relationship of Equation (7) between spectral acceleration and (median) roof
drift response:
(7)
 ( x)  a.x b
D

a
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A closed-form expression for the mean annual frequency
of exceeding a certain demand value, d, also known as the
drift hazard, HD(d), was derived by Jalayer and Cornell [1]
and shown here as Equation (8):
k

1 k2

d b 2 . b 2 . D2 | S a
H D (d )  k 0 ( ) .e
a

(8)

Development of Statistical Models for
Critical Building Responses

Figure 4 shows the variations in the structural responses.
Figures 4(a) and 4(b) show the responses only for the
ground motion events with a scaling factor (SF) of one. The
images in Figure 4 also show a large variability in the responses observed, which means that the structural responses
were very sensitive to the ground motion events. Highermode effects are visually noticeable in these figures. Figure
4 further shows the mean response and mean, plus or minus
one standard deviation. A particular observation can be
made from Figure 4(a), where maximum story accelerations
are plotted. It is quite interesting to see that story accelerations are high throughout the height of the building, in the
case of high-rise buildings. Figure 5 illustrates the effects of
the scaling factor. The mean of the responses for each scaling factor are shown in those figures, which show the relative magnification in the responses when the input ground
motion events are scaled by factors of 1, 2, and 4.
It is necessary to find the appropriate ground-motion parameter that correlates best with the engineering design parameter (EDP) of interest, such as roof drift, roof acceleration, base shear or others. Consider first the maximum roof
drift in the x-direction. For each NLTHA, one value of absolute maximum roof displacement in x-direction from the
time-series and ground-motion parameters for that particular
input motion in x-direction were calculated.

(a) 3D View of the 64-Story Structure
1.6
1.4
Response Acceleration, g

Statistical models for different critical building responses
such as roof drift, roof acceleration, and base shear will be
developed based on the theory presented here using the
64-story structure shown in Figure 3(a). One-hundred-fortyfive ground motion events were used for this purpose. These
ground motion events were provided by a research team
from the PEER Center at the University of California
Berkeley [5]. Three-component input ground motion events
were used in the 3D non-linear time history analyses
(NLTHA). Ground motion scaling factors of 1, 2, and 4
were used for all of the events; this meant that a total of
435 NLTHA were conducted in OpenSees for the 64-story
diagrid building.

1.2

MCE
DBE
PBEE-43yr
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(b) Response Spectrum Used in This Study
Figure 3. The 64-Story Structure Used to Develop the Theory
and Statistical Models for This Study

Figure 6 presents a plot of maximum roof drift in
x-direction versus spectral acceleration at the 1st mode structural period in x-direction (T 1X = 3.33 sec). Figure 7(a)
shows a plot of maximum roof drift in the x-direction versus
spectral acceleration in the 2nd mode structural period in
x-direction (T 2X = 0.91 sec). Similarly, plots of roof drift
versus other ground motion parameters are presented elsewhere [4]. After a close observation, it is evident that the
roof-drift ratio correlates well with spectral acceleration at
the 1st mode period (Sa[T1]). Similarly, it was found that
roof acceleration correlates better with PGA [see Figure
7(b)], base shear correlates better with spectral acceleration
in the 2nd mode period [see Figure 7(c)], and base moment
correlates better with spectral acceleration at the 1st mode
structural period. Therefore, it is evident that, for a high-rise
building, it might not be a good idea to characterize EDP
with a single ground-motion parameter.
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Figure 6. Roof Drift Ratio versus Spectral Acceleration at the
1st Mode Structural Period

These findings can be used in performance-based designs
for high-rise buildings in order to answer such questions as:
1) what is the annual rate (probability) that the roof-drift
ratio will exceed 1%?, and 2) what should be the target median roof-drift ratio over a lifetime of 75 years?
(a) Variation in
Story Acceleration

(b) Variation in
Story Shear

Figure 4. Variations in the Structural Responses of the
Building [only motions with SF=1 are shown; mean and mean
± std are also shown]

Probabilistic Model of EDP Responses
Findings from this study and the theoretical background
presented previously were used to develop probabilistic
models for critical building responses. First, it is necessary
to determine the constants k and k 0 [see Equation (3) and
Figure 1] to represent the spectral acceleration hazard curve
with a power-law relationship. The technique for obtaining
these constants by using spectral acceleration values for
475-year and 2475-year return periods was described earlier. The spectral acceleration values for the 475-year (10%
probability of exceedance in 50 years–DBE) and 2475-year
(2% probability of exceedance in 50 years–MCE) return
periods can be obtained from Figure 3(b), where MCE and
DBE response spectra are plotted. The value of k can be
calculated using Equation (9):

 H s (10 / 50) 

ln
H

1.65
s ( 2 / 50 ) 

k

 S (10 / 50) 
S

 ln (10 / 50) 
ln
S

S

 ( 2 / 50) 
 ( 2 / 50) 

(a) Story Moment

(b) Inter-Story Drift Ratio

Figure 5. Effects of the Scaling Factor [mean of the responses
for each SF]

(9)

where, S (10/50) is the spectral amplitude for the 10/50 hazard
level; S (2/50) is the spectral amplitude for the 2/50 hazard
level; HS(10/50) is the probability of exceedance for the 10/50
hazard level = 1/475 = 0.0021; and, HS(2/50) is the probability
of exceedance for the 2/50 hazard level = 1/2475 = 0.00404.
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(a) Roof-Drift Ratio versus Spectral Acceleration

Figure 8 shows the plot of the roof-drift ratio (in the
z-direction) from NLTHAs and a fitted regression curve for
the 1st mode period (5.0 seconds). Following the methodology described previously, the hazard curve for the roof-drift
ratio is presented in Figure 9(a). This curve shows the annual rate of exceedance of roof drift, but it is extremely important to point out that it is applicable only for the Los Angeles area and for a building of the same 1st mode structural
period of 5.0 seconds. From this figure, it can be seen that a
1% roof-drift ratio has an annual rate of exceedance of 4e-5,
or a return period of about 25,000 years. Figure 9(b) illustrates the Poissonian probability of exceedance for roof-drift
values for structural lifetimes of 50, 75, and 100 years. Also
from this figure, if a structure with a fundamental period of
5.0 seconds is designed for the Los Angeles area then a
0.6% roof drift will have a probability of exceedance of
10% over a 100-year lifetime.
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(b) Roof Acceleration versus PGA

Maximum BaseShear FZ [N]
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Figure 8. Roof-Drift Ratio from NLTHAs and Fitted
Regression Curve for a 1st Mode Structural Period of
5.0 Seconds

Similarly, Figure 10 shows the hazard curve and Figure
11(a) depicts the Poissonian probability of exceedance of
roof drift for a 1st mode structural period of 3.33 seconds.
Now, from Figures 9(b) and 11(a), roof-drift values corresponding to 2% probability of exceedance in 50 and 100
years can be extracted and are plotted in Figure 11(b). The
horizontal axis of Figure 11(b) represents the fundamental
period of vibration of a structure whose performance is
sought. The concept shown in this figure is similar to that of
a response spectrum. The trend in Figure 11(b) can be predicted with a few more points with different fundamental
periods of vibration.
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(c) Base Shear versus Spectral Acceleration
Figure 7. Roof Drift, Spectral Acceleration, Roof Acceleration,
and Base Shear for the 2 nd Mode Structural Period

4

Figure 12 shows the plot of base shear (in z-direction)
from NLTHAs and a fitted regression curve for the 2 nd
mode structural period of 1.429 seconds. The hazard curve
for base shear is presented in Figure 13, which shows the
annual rate of exceedance of base shear. From this figure, it
can be seen that a base shear of 0.25W (where, W is the
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seismic weight of the structure) has an annual rate of exceedance of 3.2e-3, or a return period of roughly 300 years.
Figure 14 illustrates the Poissonian probability of exceedance for base-shear values structural lifetimes of 50, 75, and
100 years.

(a) Poissonian Probability of Exceedance of Roof Drift

(a) Hazard Curve for Roof-Drift Ratio

(b) Poissonian Probability of Exceedance of Roof Drift
Figure 9. Hazard Curve and Poissonian Probability of
Exceedance for a 1st Mode Structural Period of 5.0 Seconds

Figure 10. Hazard Curve for Roof-Drift Ratio for a 1st Mode
Structural Period of 3.33 Seconds

(b) Performance of a Structure
(defined by fundamental period of vibration)
Figure 11. Poissonian Probability of Exceedance for a 1st Mode
Structural Period of 3.33 Seconds

Figure 12. Base Shear from NLTHAs and Fitted Regression
Curve for a 2nd Mode Structural Period of 1.429 Seconds
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Conclusion
Statistical models for several critical building responses
were developed using diagrid tall buildings. These probabilistic characterizations will help in the development and/or
assessment of guidelines for the seismic design of high-rise
buildings. A total of 435 3D-NLTHAs were conducted to
develop probabilistic models of critical building responses
(such as roof drift, base shear, etc.). Mathematical models
for EDP and ground-motion intensity were developed from
regression analyses. Then, annual rate of exceedance and
Poissonian probability of exceedance values for each EDP
were calculated and plotted. Results indicated that the annual rate of exceedance for roof drift for a building with 1 st
mode structural period of 5.0 seconds was roughly 4e-5, or
a return period of 25,000 years. Similarly, a structure with a
fundamental period of 5.0 seconds and designed for the Los
Angeles area for a 0.6% roof-drift limit would have a probability of exceedance of 10% over a 100-year lifetime.
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PHASE TRANSITIONS IN INTERCONNECTION
NETWORKS WITH FINITE BUFFERS
——————————————————————————————————————————————–————
Yelena Rykalova, UMass Lowell; Lev B. Levitin, Boston University

Abstract
In this paper, the authors present theoretical models and
simulation results for performance of a multiprocessor network modeled as a ring and as a two-dimension wraparound
square lattice of nodes with local processors that generate
messages with constant rates per time slot. The buffers can
hold a limited number of messages. Explicit theoretical results based on first-order (independent queues) and secondorder approximation of the queue distributions were obtained for small buffer sizes (1 and 2). For larger buffers the
problem appeared analytically intractable and were analyzed through simulations. The average queue lengths and
average latency were obtained. The results showed that the
model of independent queues, which is valid for networks
with infinite buffers, is still applicable for small generation
rates, but breaks down for larger loads, which violates the
Jackson theorem.

Introduction
Over the last several decades the efforts of many researchers were focused on analyzing computer communication networks as networks of queues. Most of the early important results were obtained for networks with infinite
buffers. However, this assumption in many cases does not
adequately depict real networks. In practice, buffers are
finite, and sometimes quite small. There is a rise of interest
in recent years in the performance of networks with small
buffers. Analyses showed [1-4] that increase in buffer size
does not significantly improve performance in wormhole
routing. Moreover, latest research [5-11] proved that the use
of smaller buffers does not decrease link utilization for Internet routers.
In interconnection networks, a buffer depth of five packets was shown to offer optimal performance for optical
packet-switched clockwork routing [12]. Buffers of size 1,
2, and 50 messages were considered in a study by Rykalova
et al. [13]. Larger buffers sizes (5, 10, 20, 30, 40, and 50)
were studied by Levitin and Rykalova [14]. The use of
smaller buffer sizes offers some advantage in speed and
provides possibilities for the use of SRAM or OPS (Optical
Packet Switching). Therefore it is very important to study
such networks, in spite of analytical difficulties this may
present.

In this study, the authors considered several models of
networks with different buffer sizes, starting with one; that
is, only one message can be kept in a buffer. In general,
theoretical analysis of such networks is a very challenging
problem. Though the independent-queues assumption is not
expected to give an accurate description of the performance
of networks with finite buffers, it still makes sense to analyze the networks in terms of the first-order probability distributions (as if the queues were independent). In order to
better reflect the correlations between nodes, the secondorder probabilities (i.e. joint probabilities of two neighboring nodes) were obtained for certain models. A comparison
with simulation results showed that both the first-order
probabilities, and especially the second-order distributions,
yielded a reasonably good description of the system’s behavior until the load reached the critical region.
The simulation results show that when the load approached the critical value, the system’s behavior displayed
typical patterns of long-range dependences between nodes,
on the scale far exceeding the “interaction radius” (the distance between the source and destination). The network
performance near the critical point was beyond the framework of Jackson theorem [15]; rather it was similar to the
critical phenomena in systems described by statistical physics. Both second-order and first-order phase transitions were
observed in networks with finite buffers. Fluctuations with
very large amplitudes, slowly changing in time, and instabilities in critical region are characteristic features of the
network behavior.
All of the models noted below have the following common properties:
1. All nodes in the network are both the routers and
hosts: every node can generate and receive messages
as well as store and send further passing messages.
2. Time is discrete: all nodes simultaneously send, receive and generate messages within every time slot.
3. Each node generates at most one message per output
port within every time slot with a certain probability.
This probability may depend on the state of the node
(the number of messages in the local output port).
4. Destination of a message is selected with equal probabilities among the nodes at an exact distance l from
the source.
5. Service time is deterministic (therefore, it does not
have a rational Laplace transform). In the absence of
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6.

queues, a message received or generated during a
time slot will appear at the next node in the next time
slot.
If possible, a message (if there is one) is sent from
the output port to the neighboring node at every time
slot. This depends on the number of messages in the
output port (for the ring topology), or in the router
(for the torus topology) in the next (neighboring)
node.

In the case of limited buffers, the next state of a buffer
depends not only on its previous state (as in the case of infinite buffers), but also on the previous state of its neighbor.
The difference between this current work and previous studies [16-18] is in particular, the choice of model features
such as discrete time and deterministic service time. While
some features of the models used in this study were similar
to those used by others [19], no model to-date has incorporated all of them. The authors believe that the reason is that
the combination of properties, as described above, makes
this model closer to a real supercomputer network, though it
is sometimes hard for theoretical analysis. Choice of the
deterministic service time implies that, for this model, the
service time does not have a rational Laplace transform.
The buffer capacities of m = 1 and m = 2 were chosen for
the theoretical model in order to obtain explicit analytical
expressions for the steady-state probabilities (first-order
probability distribution) of the states and the average queue
length in the “mean field” theory similar to that in statistical
physics. Explicit expressions for the second-order distributions were also obtained. Experimental results based on
simulation
were obtained for the ring length of 500 routers
and the distance between source and destination of l = 5
hops. Later, the authors provide experimental results for a
1616 toroidal square lattice and l = 5 hops.

Ring Topology
In the case of buffer size m = 1, it was assumed that a
node neither accepts messages nor generates messages,
when the number of messages in a buffer is n = 1. If, at the
beginning of a time slot, a node was in state 0 and then received an incoming message that was not consumed, it
would not generate any new message. For a first-order probability distribution, under the assumption of independent
queues, the queue state transitions form a simple two-state
Markov chain. The balance equation p0p01 = p1p10 =
(1- p0) p10 yields Equation (1):

1   (l  1)
l
, n (1)  p1 
1 
1 
1
(1   )l

,
 (1) 
l 1
1   (l  1)

p0 
(1)
crit

(1)

where,  is the nominal probability that a message is generated by a node within one time interval; n is the average
number of messages in a buffer; and,  is the average latency.
The actual generation rate, act, in all of the models in this
study with finite buffers was different from the nominal
value . Indeed, in the model with m = 1, a new message
could be generated in state 0 only if no passing message has
arrived, and in state 1 only if the message kept in the output
buffer has been sent to the next node. A calculation shows
that in the first-order approximation the actual generation
rate is given by Equation (2):



p 

(1)
act
 p0  1  1  
l 


 (1   (l  1))
(1   ) 2

(2)

For a second-order probability distribution, for two neighboring nodes and their combined states the Markov chain
has four states. After solving the system of balance equations for this Markov chain, Equations (3) and (4) are obtained:
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n
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2 p1l
 (1  p1 )(2l  p1 )

For comparison, the corresponding theoretical values for a
system with infinite buffers are [20, 21] can be found using
Equations (5) and (6):

n  n ( ) 



 nP(n) 
n 1



 2 (l  1)
 l
1  l

 (l  1)
l
1  l

(5)

(6)
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Experimental Results

0.2
0.18

Figure 1 shows the values of n from the simulation together with theoretical approximations n

(1)

and n

( 2)

. The

(1)
solid red line represents the first-order approximation n of
Equation (1); the dashed green line represents the second( 2)
order approximation n of Equation (3); the blue line with
bullets shows the experimental data; and, the dotted orange
line depicts the theoretical values for infinite buffers given
by Equation (5). One can see that the second-order theoretical analysis, compared to the first-order approximation,
provides a much better prediction of the network behavior
for small network loads up to λ ≈ 0.7lcrit. It also can be seen
that the second-order analysis results in a better approximation of the real critical point: second-order λ(2)crit = 0.1435
versus first-order λ(1)crit = 0.1667.
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Figure 1. Queue Length, n , as a Function of Network Load 

The interesting observation is that the network performed
better than theory of the independent queues predicts. Paradoxically, the first-order approximation gives an upper
bound on n for small network loads when the probability
of message generation is  < 0.8crit, while the second-order
approximation provides a lower bound on n for all . Figure 2 shows a plot of the empirical value of the latency , its
analytical approximation, τ(1) and τ(2), and the latency inf for
the network with infinite buffers. The solid red line represents the first-order approximation τ(1) of Equation (1); the
dashed green line shows the second-order approximation τ(2)
of Equation (4); the blue line with bullets depicts the experimental data; and, the dotted orange line represents theoretical values for infinite buffers given by Equation (6).
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Figure 2. Inverse Average Latency,  , as a Function of
Network Load 

A remarkable result is that the actual latency, , was considerably smaller than τ(1) for  < 0.6crit, and close to, but
slightly smaller than τ(2) for  < 0.6crit. The reason for this
paradoxical behavior is that, in the first-order approximation
(independent queues) the probability of having a pair of
neighboring nodes both in state 1, namely, p11 = p12 is substantially larger than in the reality: a pair (11) is unstable at
small values of  and most probably will become (10) pair
of states at the next time interval, since a node in state 1
does not accept messages. Thus, states 0 and 1 were negatively correlated for small  and positively correlated for
large  ( > 0.85 crit). It is tempting to compare this phenomenon with the antiferromagnetic-ferromagnetic transition in solid-state physics. The network behavior near the
critical point displays a pattern of the second-order phase
transition. The average latency,  , follows the power law of
Equation (7):
(7)
 ( )   (   )  
crit

where, crit is the critical network load and  is the critical
exponent.
The data from the simulation with distance between the
source and destination (l = 5 hops) yielded crit = 0.09981,
 = 4.891  0.056, and critical exponent  = 0.2070 
0.0094.

Model 1: A Node Neither Accepts
Messages nor Generates Messages
When n = 1 or n = 2
In the case of a network with buffer capacity m = 2, two
models were considered. For a first-order probability distri-
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bution, under the assumptions described above, only a router with no messages can accept incoming messages or generate messages with probability . Figure 3 shows a state
diagram with transition probabilities for this model.

has the same form as in the first-order approximation, but
the expression for p0 is different. Correspondingly, the average queue length is n

p01
0

1

p10

, as given by Equation (10):

n (2)  p1  2 p2

p02
p00

( 2)

p21

2

p22

(10)

Other second-order characteristics are given in Equation
(11):

Figure 3. Markov Chain for Buffer Limit m = 2, Model 1

Equation (8) shows the system of flow balance equations:

p 0 ( p 01  p 02 )  p1 p10
p 0 p 02  p 2 p 21

(8)

p 0  p1  p 2  1
The system of flow balance equations of Equation (8)
yield Equation (9):
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Numerical Results
Figure 4 shows the approximations for the average queue

1

l

length n

By comparing the expression for  act and  for this
model and for the model of a network with a buffer limit
m = 1, one can see that the first-order approximation gives
a smaller value of (1)act and, therefore, a larger latency  (1)
for m = 2, when  < 0.4 (1)crit; but the opposite is true for
larger values of . The reason for that is that (1)crit (m = 2) >
(1)crit (m = 1).
(1)

(1)

For a second-order probability distribution, the secondorder approximation becomes more challenging for this
model when compared to the second-order approximation
described previously. Now, the state transition diagram has
nine states, which are combined states of two neighboring
nodes. Note that the states are not symmetric, since the messages are always sent from left to right. The global balance
equations for such Markov chain as well as probabilities of
combined states and marginal probabilities (p0, p1, p2) are
too extensive to present here. The equation for  to solve for
(2)crit is of degree 12 (!). Solving it numerically for l = 5
yields the smallest real nonnegative root is shown to be: (2)
(1)
crit = 0.13932314. The expression for the actual load,  act,

(1)

and n

( 2)

, as well as experimental values. The

solid red line represents the first-order approximation n (1) of
Equation (9); the dashed green line represents the second( 2)

order approximation n
of Equation (10); and, the blue
line with bullets shows the experimental data.
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Model 2: A Node Does Not Accept
Messages When n = 1 or n = 2 and Does
Not Generate Messages When n = 2

dicts. However, Figure 6 shows that numerical experiments
indicate a sharp increase in average queue length just before
the network reaches saturation and long before the critical
transition is expected, according to the mean field theory.
Figure 6 shows the queue length n as a function of the
network load . The red line is the first-order approximation
n (1) of Equation (12) and the blue line with bullets represents the experimental data.
2
1.8
1.6




As in the previous model, the second order approximation
gives an excellent prediction for network behavior up to the
moment when the network becomes saturated. Network
goes to the saturation state not only much earlier than the
theoretical approximations predict, but it does so abruptly,
sharply departing from the second-order approximation
curve. Unlike the previous model, there is no continuous
transition to the saturation. The picture, then, closely resembles a liquid-gas first-order phase transition. Figure 3 shows
that network behavior is very unstable close to the critical
point. In one experiment, network goes to saturation; but the
next time, even when the network load is larger than before,
it does not show any sign of reaching the saturation state.
Therefore, in this case, there is a first-order phase transition.
The critical load can be roughly estimated as crit = 0.0546.
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In this section, a second model for the buffer capacity
m = 2 is considered. Here, a node can generate a message
when there is one message in the buffer (state 1), but it does
not accept messages when n = 1 or n = 2. Figure 5 shows
the Markov chain for this model.
p01
p01
p00

0

p12
1

p10

2

p22

p21
p11

Figure 5. Markov Chain for Buffer Limit m = 2, Model 2

The model was described in detail by Rykalova et al.
[18]. The second-order probability distribution was not possible to obtain. Using the first-order analysis, the next expressions for actual load, average queue length, and latency
were obtained and are given in Equation (12):
(1)
act
 ( p0  p1 )

n (1)  p1  2 p2



(1)



n (1)
(1)
act

p  2 p2
 1
( p0  p1 )

(12)

It can be seen that numerical data follow the theoretical
prediction very closely, until network load reaches a value
of   0.0345. Up to this point, the data from experiments
show a slightly better network performance (smaller queue
length and latency) than the first-order approximation pre-
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Figure 6. Queue Length, n , as a Function of Network Load 

Figure 7 shows inverse latency, , as a function of the
network load, , where the red line represents the first-order
approximation, τ(1) of Equation (12), and the blue line with
bullets represents the experimental data. Figure 8 shows the
fluctuations of number of messages in the network during
simulation, where the blue line represents the number of
messages in the network—averaged over 100 timeslots—
and the green line shows the number of messages in the
network taken every 100 timeslots. Figure 7 also shows the
shape of the latency curve. Figure 8 shows the fluctuation
patterns, where the formation of domains of different phases
speak in favor of a continuous (second-order) phasetransition. The empirical data on latency agree very well
with the power law of Equation (7). Calculations for l = 5
yield crit = 0.03536,  = 1.775  0.028, and a critical exponent  = 0.2026  0.0095.
Figure 8 shows that large fluctuations in the number of
messages in the network and in the number of saturated
buffers were observed using this model. The transition of
the network to the saturation phase shows characteristics of
the second-order phase transition, despite the fact that this
transition is more abrupt then those for model 1. This is
dramatically different from model 1, which has a first-order
phase transition. By comparing model 2, with a buffer limit
of m = 2, with the earlier model with a buffer limit of
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m = 1, one can see that increasing the buffer capacity does
not necessarily lead to defer the saturation point. On the
contrary, the former model reaches the saturation state under a network load almost three times smaller than the latter.
The explanation of this fact is that in model 2 a node can
generate messages in both state 0 and 1, rather than in state
0 only, as in Section 2.1, which results in a larger effective
load.
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Two-Dimensional Torus Topology
In this study, the authors considered a 1616 toroidal
square lattice network. It was assumed that messages would
always be routed along the shortest path to the message destination, but static routing (no fixed path assigned to the
message) was not used. When a router receives a passing
message and there is a choice between two possible buffers
to keep the message, one of the buffers is chosen at random.
Therefore, in the case of two-dimensional torus network
topology and finite buffers, the authors’ choice was to make
the decision, whether to send a message to a neighboring
node, based not on the queue in any single buffer at the next
node along the message path, but rather on the total number
of messages in the neighboring router.
The limits on the total number of messages held in the
router were set equal to 8 and 20. It was further assumed
that the router would stop accepting incoming messages
once it accumulated (m
messages. Locally generated
messages were generated individually and independently for
all four directions, and once router accumulated m messages
it stopped generating messages. Figures 9 and 10 show
these results. The blue line with bullets shows the experimental data for router capacity equal 8 and the green line
with crosses presents the experimental data for router capacity equal 20. The red line presents the theoretical prediction
for networks with infinite buffers and 2-dimensional torus
topology [20] given by Equations (13) and (14):
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Figure 8. Number of Messages in the Network Taken at Every
100 Clock Cycles ( = 0.03535, l = 5 hops)
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Surprisingly, until the network load comes close to the
saturation value, the network behaves as if there was no
buffer limit. An excellent agreement was seen between theoretical prediction and simulation results, as well as no difference in network performance for networks with different
total router capacities up to their critical loads. The simulations showed a sharp transition from the steady state regime
to the saturated state for both router capacities. Therefore,
the in case of torus topology and finite buffers, the network
behaved as if it was undergoing a first-order phase transition.

Conclusions
In this study, the authors analyzed networks with finite
buffers and proposed a few theoretical models. For small
buffer sizes of m = 1 and m = 2, both first-order probability
distributions (independent queue approximation) and second
-order distributions (joint probabilities of pairs of neighboring nodes) were obtained. The results showed that theoretical predictions given by the second-order approximation
provide a better description of network behavior compared
to the first-order (mean field) approximation. But theoretical
analysis, even for small values of m, proved to be very challenging, especially for the second-order approximation.
Simulations data demonstrated the emergence of long-range
dependences between nodes, far exceeding the “interaction
radius” l when the network reached the critical region. The
most interesting observation was that the network showed
both first-order and second-order phase transitions. The type
of the phase transition depended not only on the buffer limit, but also on the assumptions for message generation. In
particular, with a buffer limit of m = 2, a second-order phase
transition in model 1 was observed, while model 2 had a
first-order transition. The second-order phase transitions

were characterized by non-trivial values of critical exponent. An interesting feature of the first-order phase transitions was that the network behavior followed the secondorder approximation (for the ring topology) and “mean
field” approximation for networks with infinite buffers (for
the torus topology) closely until the load reached the critical
value. When that happens, network goes to the saturation
state abruptly. It was very difficult to predict when it would
happen, even from the experimental data: there were no
significant increases in the average latency or queue length
right before the critical point. Only the observation of the
fluctuations of the average number of messages in the network during the simulation can serve as an indication that
the network is close to saturation. These fluctuations increase both in amplitude and in wavelength just before the
critical point.
An interesting task for future studies would be to find out
how a system with finite buffers “approximates” a system
with infinite buffers (which has a second-order phase transition) with an increase in buffer size.
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Abstract
With increasing interest in vehicle electrification and renewable energy systems, the demand for improved power
density and operating efficiency in energy conversion systems is intensifying. The recent widespread availability of
silicon carbide (SiC) semiconductor switching components
has offered the potential for significant improvements to
energy conversion systems used for motor drives and inverters, and DC-to-DC converters. SiC switching devices, such
as SiC MOSFETs and Schottky diodes, are particularly attractive to developers of applications requiring compact,
high-efficiency energy conversion, because of their low
conduction and switching losses, their ability to operate at
very high temperatures, and their high-frequency switching
capability, as compared to silicon-based MOSFETS and
IGBTs.
Though SiC power electronic components offer great
potential improvements in power conversion systems, fully
realizing their benefits presents a challenge. SiC switches,
due to their ultra-fast switching speeds, are susceptible to
transients introduced by a rapid change in the drain-tosource voltage. Therefore, the gate drive requirements of
SiC MOSFETs require a thorough analysis in order to prevent high dv/dt transients from causing erratic switching
behavior or unnecessary switching loss. In addition, stray
impedances can be the source of resonance during switching, which can lead to potentially destructive transient overshoots. In this paper, the authors analyze a SiC-based inverter used in motor drives. The gate drive for a half-bridge was
developed, and trade-offs involving the optimization of
power conversion efficiency within the operating condition
limitations of the switching devices were analyzed by simulation. Switching and conduction losses were computed for
the system and efficiency was determined. Finally, the overall impact of PWM switching frequency on the conversion
efficiency was assessed.

Introduction
The power electronic switches used in commercial electric motor drives have, over the past several decades, been

implemented using silicon-based semiconductor technologies, with CMOS and IGBT devices dominating lowvoltage and high-voltage applications, respectively [1]. The
development and recent commercialization of silicon carbide (SiC) semiconductors has offered opportunities for
significant improvements to electric motor drive systems,
and there is a keen interest in integrating SiC-based power
switches into electric drives [2]. Though it is not yet a mature technology, SiC power switches promise to play an
increasing role as power switches used for motor drives in
electric propulsion applications [3]. The advantages of SiC
over Si-based semiconductors in power switching applications is mainly due to the lower on-state resistance and faster switching characteristics of SiC that can contribute to
lower power losses in the switch itself [4]. SiC devices also
have lower parasitic capacitances [5], operate at higher
junction temperatures, and are easily paralleled for higher
current applications [6]. These characteristics, if fully exploited, promise to improve the efficiency and power density of power conversion systems.
Several SiC electric motor drives for electric vehicle applications have already been developed and demonstrated.
Maswood et al. [7] compared the efficiency of 3-phase inverters using SiC JFETs through simulation with an IGBTbased design in the output power range from 13 kW to
22 kW. The results showed increasing efficiency improvements associated with the SiC design, as the PWM frequency increased. Implementations of SiC-based motor drives
with output capabilities ranging from 11 kW up to 312 kVA
were demonstrated in a number of studies [6, 8-9]. Testing
of these implementations confirmed the benefits of using
SiC power switches. In the work by Novak et al. [10], the
authors discussed the importance of the gate-drive circuit
design and consideration of parasitics in fully realizing the
potential benefits of SiC power switches. The purpose of
this current study was to develop and simulate the power
electronics for a 12 kVA SiC MOSFET-based half bridge
that could be applied, for example, to an electric propulsion
system. Performance of a 12-kVA half-bridge (1/3 of a
36-kVA three-phase inverter) was analyzed through component-level simulation. The gate drive for the SiC power
switches was analyzed and the switching behavior was optimized for minimal switching loss, within the constraints of
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the device’s absolute maximum ratings. Overall conversion
efficiency was characterized for various PWM switching
frequencies, and opportunities for improved power density
of the system were also considered.

Half-Bridge Converter
Figure 1 shows a half-bridge converter, which is the basic
building block for electric motor drives. Three of these paralleled half-bridge circuits sharing a common DC voltage
source can be used to form a three-phase inverter that is
capable of driving the motors used in electric propulsion
applications such as induction, synchronous reluctance, and
permanent magnet synchronous machines.

on (in which case, Sw1 must be off), the current flow is
from the DC source through Sw2 to the load. Conversely,
when switch 1 is on (and Sw2 is off), the load current flows
through freewheeling diode D1 of the lower switch. Negative load current (opposite direction from the current in Figure 1) reverses the roles of switches Sw1 and Sw2. With
Sw1 on, the load current flows through the lower MOSFET;
otherwise, load current will be through freewheeling diode
D2 of the upper switch. In a motor drive application, the
applied phase-to-neutral voltage is controlled by the duty
cycle D of the switches through a PWM signal supplied by
the controlling processor. The average phase-to-neutral voltage applied to the motor by the half-bridge is given by
Equation (1).
æ
1ö
Vload = Vdc ç D - ÷
(1)
è
2ø

The electronic switches, SiC MOSFETs Sw1 and Sw2 in
this case, are used to connect the DC source to the load. In
the application of interest, the DC source is a battery with
internal resistance R int. The load in the application is a threephase permanent magnet synchronous motor. Thus, the load
is inductive and, for purposes of analysis, it can be considered to have a constant current, since the PWM switching
period of the half-bridge is normally much shorter than the
time constant of the motor phase winding. A gate driver,
discussed later, is required for each switch. Freewheeling
diodes D1 and D2 are required to provide load current paths
from the source to the drain.

Figure 1 shows the second-order switching effects of the
half-bridge—assuming a positive load current—due to the
parasitics shown as dashed lines. If the inverter is initially in
a state such that both switches are off, the lower flyback
diode, D1, is conducting the full load current, and the inductive load current is decaying. The upper switch, Sw2, is
operating at zero current, and the full DC bus voltage, V dc,
is across its drain-to-source connection. Figure 2 shows the
output characteristics corresponding to the point labeled A
in the SiC MOSFET; Figure 3 shows the actual switching
waveforms. If the gate driver then turns the upper switch on,
the gate-to-source voltage, V gs, rises but V ds of Sw2 is
clamped, due to the lower diode, D1, conducting. As V gs
rises, the SiC MOSFET acts as a voltage-controlled current
source, and the switch begins to conduct current Id. In Figure 2, this corresponds to movement from point A to point
B. When the drain current, Id, is equal to the load current,
the lower diode can turn off and V ds of Sw2 is no longer
clamped. Figures 2 and 3 show how the operating point
moves horizontally from point B to C. At point C, the device is turned on and operates in the ohmic region. At point
C, the on-resistance of the switch is rather low, and the
product of the drain-to-source voltage and the drain current
is conduction loss. These two figures also show that a higher gate-to-source voltage, V gs, will yield lower conduction
loss, since they reduce the drain-to-source voltage.

Turning on a SiC switch involves applying a gate-tosource voltage exceeding the threshold of the device. Conversely, to turn off the switch, the gate driver applies a gateto-source voltage well below the threshold. In the halfbridge, only one of the two switches can be turned on at a
time. Otherwise, damaging shoot-through current will flow
from the DC source through the two switches, limited only
by the source resistance and the on-resistance of the switches. For positive load current (Figure 1), when Sw2 is turned

A description of the upper switch turn-off for a positive
load current is quite similar. Initially, the upper switch,
Sw2, is in the on state, corresponding to operating point C
in Figures 2 and 3. When the gate driver lowers the gate-tosource voltage for turn-off, the drain current is clamped, due
to the inductive load current. Thus, the operating point
moves horizontally from C towards B in Figure 2, corresponding to an increasing V ds. When operating point B is
reached, the lower diode, D1, is able to begin conducting

Figure 1. Half-Bridge with Parasitics Shown in Dashed Lines
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load current so that the Sw2 current, Id, can begin to decrease. The upper-switch V ds is now clamped by the lower
diode, and the operating point moves from B towards A, as
the lower diode assumes more of the load current. At point
A, the diode carries the full load current and the upper
switch is in the off state with the DC bus voltage across its
drain and source.

includes several parasitic impedances, indicated by the
dashed lines. The connection of the DC bus has an associated inductance, L bus. Likewise, the connection between the
gate driver and the source connection of the SiC MOSFET
packages has associated inductances of L s1 and L s2 for the
lower and upper switches, respectively. The flyback diode
model of Figure 4 includes nonlinear junction capacitances,
Cj1 and Cj2 for the lower and upper diodes, respectively.
When the flyback diodes are forward biased, the junction
capacitance is essentially short-circuited.

Figure 2. Power Switch Output Characteristics
As indicated earlier, when the upper switch is in the onstate (point C), there is a conduction energy loss that is dependent on the drain-to-source voltage in the on-state,
Vds,on , the drain current, and the duty cycle, D, of the upper
switch. This is given by Equation (2):

Pcon = Vds,on I d D

(2)

(a) At Turn-On

Likewise, during each PWM cycle, the MOSFET is
turned on and off, resulting in a corresponding switching
energy loss, Esw. This switching loss can be determined by
the path of the operating point in Figure 2 and the corresponding switching transition times (the turn-on and turnoff times), as explained via Equation (3):
E sw 



turnon

Vds (t ) I d (t )dt 



Vds (t ) I d (t )dt

(3)

turnoff

The power loss, due to switching, Psw, depends on the
PWM switching frequency, f sw, as determined by Equation
(4):
(4)
Psw = Esw fsw

Parasitics and Resonance in SiC
MOSFETs
In the absence of a soft-switching scheme [11], these
switching losses are unavoidable, but steps can be taken to
minimize them. Figure 1, showing the half-bridge circuit,

(b) At Turn-Off with Gate Resistors of 5Ω
Figure 3. Waveforms for the Upper Switch
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To illustrate these parasitic effects, simulations were performed on the half-bridge circuit. Figure 3 shows how the
switching waveforms use a 125 MHz ringing at turn-on of
the signals V ds and Id during the transition from operating
point A to B of Figure 3(a). This ringing is the result of the
resonant circuit formed by the various parasitic components
of the half-bridge at that operating condition. The parasitics
in play are L bus, Cj2, Coss2, and L pkg2. The lower half of the
bridge is not critical for this state, since the flyback diode,
D1, is forward-biased and the parasitics associated with the
lower switch are short-circuited. Equation (5) shows the
resonant frequency for a circuit composed of the upper
switch parasitics, upper flyback diode and its parasitics, as
well as the DC voltage bus and its parasitic inductance.
(a) SiC MOSFET

fres =

1
2p

a +b ± a -b
b

(5)

where,
2
a = Coss2
( L pkg2 + Lbus ) + L2busC j2 (C j2 + 2Coss2 )
2

b = 2Coss2C j2 Lbus L pkg2
(b) Schottky Diode
Figure 4. Circuit Models including Parasitics

In addition to the half-bridge parasitics in Figure 1, the
SiC MOSFET also has parasitic impedances that must be
considered for high device switching speeds. Figure 4
shows the SiC MOSFET model, which includes a gate-tosource capacitance, Cgs, gate-to-drain capacitance, Cgd, and
a drain-to-source capacitance, Cds. Most datasheets specify
total effective output capacitance, Coss, and effective input
capacitance, Ciss. Figure 4(a) shows how these effective
values can be determined. Some of these parasitic capacitances depend on the drain-to-source voltage, with the highest capacitance occurring at a low drain-to-source voltage,
Vds.
The parasitics play an important role in the switching of
SiC devices. One mode is when the parasitics form a resonant circuit in the power circuit that, during switching transients, can cause overshoots and ringing in the output voltage and current of the device. Another mode is the Miller
Effect [12], where the gate-to-drain capacitance forms a
feedback loop such that a changing drain-to-source voltage
can cause a plateau in the applied gate-to-source voltage or,
in more severe cases, can cause unintended turn-on or turnoff of the switch. Yet another consideration is the formation
of a resonant circuit in the gate drive circuit and the interaction of the gate driver output impedance with the gate parasitic components.

From the SiC MOSFET (Cree C2M0025120D)
datasheets, Coss2 = Cj2 = 300 pf at a reverse bias voltage of
240V. The stray inductances used were L pkg2 = 15 nH and
Lbus = 10nH. Using these component values in Equation (5),
the expected resonant frequency is 130 MHz, which agrees
well with the 125 MHz resonant frequency in Figure 3. After the lower diode turns off—between 0.4 and 0.5 μs in
Figure 3(a)—the simulation shows a more subtle resonance
at about 23 MHz. At this operating point, the parasitics associated with the lower switch will now affect the circuit,
and the resonance is now due to the components L bus, Lpkg1,
Cj1, Cj2, Coss1, and L pkg2. The on state of the upper switch in
this state makes the output capacitance, Coss2, a noncontributor to the resonant circuit. A compact expression for
the resonant frequency, similar to Equation (5) as a function
of these components, is not forthright, so the total impedance of the components contributing to the resonant circuit
is plotted versus frequency in Figure 5 using Cj2 = 2500 pf
(from Schottky diode data sheet—Cree CPW51200Z050B),
Cj1 = Coss1 = 300 pf, and the same inductance values as noted previously. Note that there are several resonant frequencies associated with this circuit, the lowest of which is
23.1 MHz (145x106 r/s). This agrees well with the 23 MHz
observed in Figure 3(a).
The ringing and overshoot during switching is undesirable
for several reasons. It can stress or damage components, and
can be a contributor to radiated EMI [13]. Since it is not
practical to insert resistance in the power circuit to
overdamp the resonant circuit, other approaches must be
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considered. The addition of an external gate resistance can
be used to slow the turn-on and turn-off times and, therefore, reduce the ringing and overshoot. This approach represents a trade-off between managing the overshoot and sacrificing some of the fast switching capability (and switching
power loss) of the SiC device.

Figure 5. Half-Bridge Circuit Impedance with the Upper
Switch in the On State

The other important characteristic of the switching waveforms in Figure 3 is the sudden dip in the gate-to-source
voltage, V gs, during the upper switch turn-on [at about
0.33 μs in Figure 3(a)] and the rise in V gs during the turn-off
[at about 0.15 μs in Figure 3(b)]. Both of these deviations in
the gate drive voltage during switching are due to the Miller
Effect, where the gate-to-drain capacitance, Cgd, carries a
current that charges or discharges the gate as V ds changes.
Furthermore, any change in the drain current, Id, will result
in a voltage across the stray source inductance (L s1 or L s2 ,
as in Figure 1) that leads to a change in the effective V gs .
One way to reduce the Miller Effect coupling is to keep the
output impedance of the gate driver low with high pulse
current capability.
Figure 3 shows that V ds drops to about 7V during turn-on
[Figure 3(a)], and rises to +1.5V after turn-off [Figure 3(b)].
Although the drop to 7V is not enough to turn off the switch
(the gate-to-source threshold voltage is approximately
2.5V), it will increase the on-resistance and contribute to
increased switching loss. The rise to +1.5V after turn-off
could potentially turn the switch back to the on state, since
it is very close to the threshold, which is temperature dependent. If not addressed, these effects can lead to instability or unwanted, sporadic switching of the device [14].

Gate Drive Design
The overall function of the gate driver is to supply the
current required to rapidly charge and discharge the effec-

tive gate input capacitance, Ciss, to the required voltage level
during turn-on and turn-off of the power switch and to
maintain the on- or off-state voltage levels during the
switching transitions. It is typically recommended that SiC
MOSFETs operate with a gate-to-source voltage of +20V
for the on state and -5V for the off state. Electrical isolation
and level shifting are other functions of the gate driver. Several SiC MOSFET characteristics require extra attention
when designing the gate drive, as compared to the needs of
silicon-based power switch gate drivers (e.g., IGBT and Si
MOSFET). The gate drive issues discussed in this section
include the selection of gate-drive voltage levels and drive
current, the rise- and fall-time limiting of the gate drive signal to mitigate ringing and overshoots, and the gate driver
impedance selection to alleviate the effects of crosstalk and
the Miller capacitance—both of which can cause unintended
switching or destructive voltage spikes in the half-bridge.
Each of these issues will place constraints on the gate driver
design and the solution will address these constraints, while
minimizing switching and conduction loss. Gate driver implementation with the half-bridge was then simulated using
LTSPICE to analyze the design.
The relatively low transconductance (gm = Id / Vgs) of
the SiC MOSFET requires a rather large voltage swing of
Vgs in order to optimize performance. Referring to the output characteristic of a typical SiC MOSFET in Figure 2, it is
clear that large gate-to-source voltages, V gs, yield the lowest
on-state resistance that is necessary to minimize conduction
losses. The switch is considered to be fully on when V gs
reaches about 17V, and the lowest on-state resistance corresponds to a V gs of 20V. No appreciable reduction in the onresistance is achieved by raising V gs above 20V. A typical
SiC MOSFET begins to conduct at a minimum gate-tosource voltage threshold, V th , of approximately 2.5V, so V gs
should be well below that threshold to assure that the switch
operates in, and stays in, the off state. Therefore, it is often
recommended to use a turn-on voltage V gs of +20V and turn
-off voltage of -5V for the SiC MOSFET. It should also be
noted that the safe gate-to-source voltage range for the SiC
MOSFET is between -10V and +25V, so any noise on V gs
that exceeds 5V can be potentially destructive if -5V and
+20V are used at the gate-to-source levels.
To realize the fast switching capability of the SiC device
and minimize the switching loss, the gate driver must be
capable of sourcing and sinking a high peak current that is
needed to quickly charge and discharge the gate capacitance
to the required on- and off-state voltages. For the SiC
MOSFET used in this study, the total gate capacitance, Ciss,
was specified as 2800 pf (or a bit higher when V gs approaches zero) so that charging and discharging the gate in
10 ns required a gate drive/sink current, as expressed by
Equation (7):
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igate =

Ciss DVgs
Dtgc

(7)

where, Vgs is the total gate-to-source voltage swing of 25V
and tgc is the desired gate charge time of 10 ns.
This yields a required gate current of 7A and is implemented with a complementary N- and P-channel MOSFET
pair (Si7465DP and Si7884DP) as Figure 6 shows, which
also shows the connection to a half-bridge circuit. The gate
drive MOSFETs M1 and M2 discharge and charge, respectively, the gate of the lower SiC MOSFET. Likewise, M3
and M4 discharge and charge the gate of the upper SiC
MOSFET in the half-bridge. The turn-on and turn-off voltage levels are provided by +20V and -5V isolated DC-toDC converters that must be referenced to the SiC MOSFET
source connection. As discussed in a previous section, the
fast switching transitions that the SiC MOSFET is capable
of make it necessary to carefully manage the gate driver
design, otherwise significant ringing and overshoot can result. One method to reduce this effect is to add an external
gate resistance to the gate charge and discharge current
paths. Figure 6 shows that R1 and R2 are the added gate
resistance for the turn-off and turn-on of the lower SiC
MOSFET. R3 and R4 are the added gate resistors for the
upper SiC MOSFET driver. Separate resistances are used to
better manage the turn-on (R g,on = R2 and R4) and turn-off
(Rg,off = R1 and R3) of the switch.

Figure 6. Gate Drive and SiC MOSFET Half-Bridge

To demonstrate the effect of external gate resistance, consider the simulation shown in Figure 7, where no added gate
resistance is used. With no added gate resistance, the upper
switch drain current, Id2, goes from its initial value to final
value of 50A in approximately 30 ns. However, during turn
on, there is an ac component on the drain current due to
resonance, whose peak-to-peak amplitude is nearly 50A.
Similarly, the drain-to-source voltage of the upper switch,
Vds2, has a peak-to-peak ripple of 150V. The resultant current overshoot is 40A. This level of overshoot and ringing is
unacceptable, as it stresses components and leads to increased EMI emissions. Figure 7 shows that the total
switching loss energy for the upper switch (where the flyback diode is considered to be part of the switch) was obtained by integrating the instantaneous switch power, P2,
over the switching time interval, and found to be 410 μJ for
turn-on, and 62 μJ for turn-off, for a total switching loss of
472 μJ per switching cycle. Note that the overshoots and
ringing are not as prominent during turn-off of the upper
switch because the gate drive signal has a gentler slope.
This difference in slope is largely due to the gate capacitance being a function of V ds, with the capacitance being
significantly higher for a low value of V ds. This shows that
slowing down the gate drive V gs is useful for overshoot mitigation.
To analyze the effect of increasing the gate resistance, the
extra gate resistors (R1-R4 of Figure 6) are set to 10Ω. Figure 8 shows the simulated switching waveforms. As expected, the gate drive voltage, V gs, switching transition is
much slower than was the case with no added gate resistance. The result is significantly less ringing and overshoot in the drain current of the upper switch, Id2, and its
corresponding drain-to-source voltage, V ds2. This improvement in ringing obtained by adding external gate resistance,
however, comes at considerable expense. The total switching energy for the upper switch, P2 (the flyback diode is part
of the switch), obtained from the instantaneous power dissipation in Figure 8 is 631 μJ for turn on and 164 μJ for turn
off, for a total switching loss of 795 μJ per switching cycle.
Thus, the switching loss increased significantly (68%) by
the addition of the 10Ω gate resistors. In addition to the increase in switching loss due the added gate resistance, there
are now prominent deviations in the gate voltage, V gs. Figure 8(a), for example, shows that during turn on, the gate
voltage dips by 2V, which is very close to the threshold
voltage, V th, of the device and, therefore, must be addressed.
This sudden drop in the gate voltage could lead to unintentional turn-off at worst, or at least unnecessary switching
loss, since the on-state resistance is inversely proportional to
the gate voltage. The cause of this drop in gate voltage is the
sudden decrease in the drain voltage, which diverts current
from the gate to the drain through the Miller capacitance,
Cgd.
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current, Id2. This causes a change in the voltage across the
stray source inductance, L s2, which couples even more current into the gate via the gate-to-source capacitance, Cgs.
These two phenomena are responsible for the significant
drop in gate voltage in Figure 8(a), at approximately
2.535x10-5 seconds.

(a) Upper Switch Turn-On

(a) Upper Switch Turn-On

(b) Upper Switch Turn-Off
Figure 7. Upper Half-Bridge Switching Waveforms Showing a
Positive Load Current and 0Ω in Gate Drive

This current was also present in the case where no external gate resistance was added, but the effect was not prominent, due to the low-impedance of the gate driver. With the
added 10Ω in the gate drive, the currents in the parasitic
Miller capacitance can lead to significant gate voltage
drops, as in Figure 8(a). Another contributor to the drop in
gate voltage is the sudden change in the upper switch drain

(b) Upper Switch Turn-Off
Figure 8. Upper Half-Bridge Switching Waveforms with 10Ω
in Gate Drive
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A similar situation arises during the turn-off of the upper
switch, as in Figure 8(b). During turn-off, the gate voltage
increases from its desired value of -5V to +2.5V. This is
very close to the gate threshold voltage and, therefore, could
potentially turn the switch back on. The rise in gate voltage
is due to the resonance in the circuit, a change of current in
the stray source inductance, and the Miller coupling. Note,
however, that parasitic coupling is not as severe as turn on,
since the applied V gs has a lower slope for turn off.
Figure 9 shows what happens at the lower switch at the
same time that the upper switch turn-on and turn-off waveforms from Figure 8 occur. For the positive load current
used in the test, the lower half-bridge is self-commutating,
since the flyback diode is carrying the load current. In Figure 9, note that spikes in V gs correspond to the upper switch
transitions from Figure 8. This is the crossover effect, where
switching in the upper half-bridge influences the lower halfbridge signals and vice versa. In Figure 9(a), the gate signal
of the lower SiC MOSFET switch is driven low, but since
the flyback diode is carrying the positive load current, the
gate signal has no effect on the state of the switch. Shortly
after the lower switch gate is driven low, the upper switch
gate is driven high (see Figure 8). When the upper switch in
the half-bridge starts to turn on, V ds of the lower switch increases rapidly so that a current is driven from the drain to
the gate through Cgd. This current must go through the gate
resistor, R g,off , and the gate driver impedance into the -5V
source. This causes a rise in V gs to +4V, as in Figure 9(a)
that starts to drive the lower switch mildly into the conducting state and initiates some unstable switching behavior.
Due to resonance, the gate-to-source voltage, V gs, of the
lower switch reaches levels of -20V during this resonance at
about 2.53x10-5 seconds. This is well below the maximum
negative gate-to-source voltage of -10V and could damage
the SiC MOSFET.

switching losses. However, as in Figure 7, the very fast
switching can also yield excessive ringing and overshoot.
Adding external gate resistance can be added to slow down
the switching and can mitigate the overshoot, but this increases the switching loss and the added gate drive impedance can lead to stability issues or operation of the SiC
MOSFET outside of its rated V gs operating range of -10V to
+25V. The choice of gate drive resistors, therefore, represents an engineering tradeoff and requires careful assessment.

(a) Lower Switch Turn-Off

Figure 9(b) also shows the crossover effect. In this case,
the upper SiC MOSFET is turned off at about 3.515x10 -5
seconds, which causes a drop in V ds across the lower switch
so that a current flows from the lower switch gate to drain
through Cgd. This current flows through the external gate
resistance, R g,off , so that the gate voltage, V gs, drops below
-5V. The crossover coupling is not as pronounced in Figure
9(b) since dv/dt of the drain-to-source voltage is comparatively low. Regardless, it is clear that the selection of the
gate resistance is important in reducing the effects of crosstalk as well as overshoots and ringing.

Gate Drive Resistance Selection
Using no additional external gate resistance gives the fastest possible switching transitions and, thus, very low

(b) Lower Switch Turn-On
Figure 9. Lower Half-Bridge Switching Waveforms with 10Ω
in Gate Drive
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Component-level circuit simulations were performed using LTSPICE for various combinations of gate resistance,
and the switching losses were computed. Figure 10 summarizes the results, which confirm that switching losses increase with external gate resistance. Specifically, the addition of gate resistance R g,on increases the turn-on switching
loss, while adding R g,off increases turn-off switching loss.
Figure 11 shows the total switching loss per switching cycle, as a function of the selected gate resistance.

negative load current reverses the roles. That is, the lower
switch gate resistances determine deviations in the lower
switch V gs, while the upper switch V gs deviations are due to
crosstalk from the lower gate transitions. In general, the
results showed that any combination of R g,on  2Ω and
Rg,off  1Ω led to gate-to-source voltages that were safely
within device ratings, with no danger of inadvertent turn-on
or turn-off of the device. Based on this analysis, the values
of R g,on = 2Ω and R g,off = 1Ω were selected as a compromise
between minimizing switching loss, maintaining the device
within its safe operating range, and avoiding excessive overshoots and ringing. Figures 12 and 13 show the switching
transitions of the upper and lower switches, respectively, for
this selection of gate resistance.

Figure 10. Turn-On and Turn-Off Loss versus External Gate
Resistance

(a) Upper Switch Turn-On

Figure 11. Total Switching Loss per Cycle for Various
External Gate Resistor Values

The simulation results were also analyzed to see the correspondence between gate resistance values and the V gs excursions that may violate device ratings. The simulations
reveal that, for positive load current, higher R g,on leads to
more severe dips in the upper switch V gs during turn-on,
while larger R g,off tends to create higher surges in upper
switch V gs, while the device is being driven off. Due to
crosstalk, the lower switch deviations for positive load current depend largely on the slope of the upper switch V ds. A

(b) Upper Switch Turn-Off

Figure 12. Upper Switching Transitions for R g,on = 2Ω
and R g,off = 1Ω
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Table 1. Switching Loss for Positive Load Current
Iload =
50 A

Iload =
40A

Iload =
30A

Iload =
20A

Iload =
10A

Upper
turn-on

547 J

380 J

258 J

150 J

76.2 J

Lower
turn-off

23.7 J

25.4 J

24.6 J

24.2 J

25.4 J

Upper
turn-off

53.1 J

40.6 J

23.7 J

21.7 J

22.4 J

Lower
turn-on

-19 J

-19.7 J -20.5 J -21.7 J -22.6 J

Total
Wsw

604.8 J  J  J  J  J

(a) Lower Switch Turn-Off

Note that the switching losses for the upper switch are
approximately proportional to the load current level, as expected, while the lower switching loss is not. In addition,
the results of the table can be used for negative load current
as well, by translating the upper and lower switching energies. The total half-bridge switching loss for each PWM
switching cycle, W sw, is obtained by adding the appropriate
column of losses from Table 1, and the average switching
power loss, Psw, is dependent on the PWM switching frequency, f sw , shown in Equation (8):

Psw  Wsw f sw

(b) Lower Switch Turn-On
Figure 13. Lower Switching Transitions for R g,on = 2Ω and
Rg,off =1Ω

Analysis of Switching and Conduction
Losses in the Half-Bridge
Using the selected gate-resistor combinations from the
previous section, the switching and conduction losses are
now analyzed for a range of load current up to 50A, the rated maximum continuous current for the SiC MOSFET used
in the study. The simulations assume operation at a case
temperature of 25º C. Table 1 presents compiled results.

(8)

The switch conduction energy loss for each PWM switching cycle, W c, is determined by the voltage across the active
switch, the current through the active switch, and the time
of each steady-state part of the PWM cycle. For example,
when load current is positive, the upper switch is active for
part of the PWM cycle, and the lower flyback diode is the
active component for the other part of the PWM cycle. In
general, a switch will be conducting for part of the PWM
cycle and a diode for the other part. The total conduction
energy loss per PWM cycle can be determined using Equation (9):

Wc = Vds,on I d ton +Vdiode I diodetoff

(9)

where, ton and toff are the time the SiC MOSFET and diode,
respectively, are in steady-state conducting. The terms V ds,on
and V diode are the on-state voltage drops across the conducting SiC MOSFET and flyback diode, respectively. Their
values for the devices used in the simulations are a function
of current (see Table 2).
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Table 2. SiC MOSFET and Flyback Diode Conducting
Voltages
Iload =
50 A

Iload =
40A

Iload =
30A

Iload =
20A

Iload =
10A

Vds,on (V)

1.5

1.2

0.87

0.57

0.28

Vdiode (V)

1.12

1

0.86

0.57

0.28

The average conduction power loss is then given by
Equation (10):

Pc = Wc fsw

(10)

The length of time in the conduction on- and off-states, ton
and toff , for any switching device can easily be determined
by the PWM cycle time (tsw = 1/fsw), the total time per PWM
cycle for which the switches are in transition (i.e., the times
for which there are switching losses, such as shown in Figure 12, and the PWM duty cycle, D. As Figure 12 shows,
for example, the upper switch is in transition for approximately 50 ns during turn-on and 50 ns during turn-off.

tween overshoot and ringing in the output, switching loss,
and managing deviations in the gate-to-source voltage due
to the Miller Effect and crosstalk were carefully considered
in order to choose the gate drive components. Simulations
were then performed on the half-bridge to analyze the
switching and conduction losses in the converter, and to
determine the conversion efficiency. The results show that
efficiencies of over 99% are achievable at PWM switching
frequencies of 20 kHz and 50 kHz, while 97% efficiency
can be reached at 200 kHz. Efficiencies of silicon IGBT and
MOSFETs can also reach 99%, but only at relatively low
PWM frequencies. The advantages of SiC devices can be
leveraged in one of several ways. One option is to operate
the SiC converter at relatively low PWM frequencies
(20 kHz or 50 kHz) to achieve higher efficiencies than silicon-based switches. Another option is to operate at high
PWM frequencies (200 kHz, for example) and at efficiencies comparable to silicon switches operating at much lower
PWM frequencies. The higher operating frequencies will
allow the use of smaller components in the system and increase overall converter power density.

Efficiency of the Half-Bridge
The efficiency of the half-bridge was then analyzed over
the range of load currents and for PWM switching frequencies of 20 kHz, 50 kHz, 200 kHz, and 500 kHz. Note that
commercially available motor drives using silicon-based
switching devices tend to use PWM switching frequencies
of about 25 kHz or lower in order to keep switching losses
to a minimum and achieve good efficiency. For consistency,
the tests were conducted with a PWM duty cycle of 50%,
the load is a constant current source equal to the load current, and the SiC MOSFET is operating with a case temperature of 25º C. The power output of the half-bridge is obtained from the output voltage (V ds of the lower switch) and
the load current, while the input power is the output power
plus any switching and conducting losses in both the upper
and lower switches. Results of the tests, as Figure 14 shows,
demonstrate that efficiencies above 99% are possible at both
20 kHz and 50 kHz PWM switching frequencies. At the
higher PWM switching frequency of 200 kHz, the switching
losses begin to limit efficiency to 96%–97%. Finally, at 500
kHz, the achievable efficiency begins to drop significantly
to below 94%, since the switching losses begin to dominate.

Figure 14. Half-Bridge Efficiency versus Load Current for
Several PWM Frequencies
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Abstract
In this study, the authors were interested in modeling the
behavior of an instationary viscous flow in a tube with a
flexible wall. This phenomenon is an interesting problem
that is often encountered in industrial systems: biological,
renewable energies, and, recently, in the field of transporting gaseous materials under pressure. In this paper, the authors provide a review of recent modeling with the goals of
understanding the effects of the tube wall’s characteristics
on fluid flow. First, the Newtonian incompressible fluid was
analyzed following the process of an asymptotic approach,
according to a large Reynolds number and a small aspect
radio. Second, the wall was assumed to be a thin shell and
generate a small axisymmetric vibration. The mathematical
model for the wall was developed by using thin-shell theory. In this technique, the quadratic approach is applied to
model the tube. Finally, the different parameters of the fluid
and shell characteristics were studied on amplitude ratios.

physical parameters. Some examples were considered for
which the application ranges of this model were estimated.
The results were matched with other results obtained by
means of numerical methods and experimental results.

Formulation of the Problem
The phenomenon considered in this study was caused by
the interaction of the fluid with its container, the tube. The
tube was assumed to be straight, long, and have circular
cross sections of variable radius. It was assumed that the
fluid was incompressible and Newtonian. To express the
problem, the cylindrical coordinates of r', θ', z' (the physical
variables are denoted using primes) were used. In this configuration, the length of the domain was denoted by L. Figure 1 shows how the z-axis, along the axis of the tube was
chosen.

Introduction
The importance of studying flow in deformable tubes is
due to its occurrence in a variety of industrial systems such
as biology [1], micro-fluidic devices [2, 3], renewable energies [4], and, recently, in the field of transporting gaseous
materials under pressure [5]. Besides the large difficulty in
analytically solving the Navier-Stokes equations, the system
in this current study was characterized by three types of
parameters: parameters related to the rheological behavior
of the fluid [6, 7]; parameters characterized by the nature
and geometry of the wall [8, 9]; and, hydrodynamic conditions [10]. In this study, the authors were interested in the
symmetric and three-dimensional flow through an elastic
tube with a variable radius in the presence of the force of
gravity.
From another point of view, since the unicity of the solutions of the Navier-Stokes equations holds only for twodimensional problems, it is of importance, in the threedimensional case, to use asymptotic modeling to determine
approximate solutions. In this model, there exists a small
parameter, ε, characterizing the aspect ratio of the tube. This
parameter governs the asymptotic expansion of the analysis,
and the solution depends on the pressure behavior. An expansion of the solution was constructed by means of asymptotic tools, including the effects of several fundamental

Figure 1. The Deformed Domain

The variable radius, R(z',t'), is a function of the longitudinal variable and time. The lateral boundary is assumed to be
elastic and to deform as a result of the interaction between
the fluid and the structure. Moreover, we assume that it behaves as a homogenous, isotropic, lineary elastic membrane
shell with thickness h.

The Fluid
The flow was instationary and axially symmetric in the
presence of the force of gravity. The fluid, moving in an
elastic tube, was incompressible and viscous. The motion
was governed by the Navier-Stokes and the continuity equations. The scaled variables are shown in Equation (1):
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 r  r  z  z  t  t    R0

R0
L
T ref
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P
U  r W  z P  0 2 2
W
. 0
W0
f  W 0


(5)
(1)
where, t = 0, r = 0, and z = 0.

R0
is the aspect ratio;
L
0
W0 is the axial velocity r f is the density; υ is the kinematic
viscosity of fluid; P' is the pressure; and, Ur and Uz denote
the components of the fluid velocity along directions r' and
z', respectively.

where, T ref is the reference time;  

is the adimensional ambient pressure in the tube
before perturbation and δi(ε)(i= 1, 2, 3) are the gauge functions and are determined according to the Least Degeneration Principle, which keeps the maximum terms in Equation
(2) consistent. The gauge function is defined in Equation
(6):
 i     

Using scaled variables, the non-dimensional equations of
the problem are shown in Equation (2):
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is the Reynolds number and St =


is the Strouhal number.

i

and
Lim 0 i     0

(6)

where, αi is a positive real number and found to be αi = 3.
Inserting Equation (6) into Equation (2), the nondegenerate adimensional equations, Equations (7)—for the
0th order ε2 terms—and (8)—for the 1st order ε2 terms—were
obtained:

R0
W0Tref

(7)

For the system of this study and Equation (2), a large
Reynolds number and low Strouhal number are valid under
the asymptotic restriction of Equation (3), which shows the
relationship between the Reynolds, the Strouhal number,
and the aspect ratio of the tube:

e1    S t

(8)

(3)

Equation (3) seems to be restrictive. But, from a mathematical point of view, it characterizes a phenomenon where
the initial and boundary layers originate competitive influences, and put in evidence an oscillatory phenomenon of
fluid-structure system at low frequency. Linearizing Equation (2) about the particular solution at the inlet of tube
yields U, W, and P, as given by Equation (4):

The two appropriate boundary conditions were:
1. Regularity of the solution along the z-axis, given by
Equation (9):
W1
0
r
U1  0

U   1    U1
W  1   2    W1
P  Pamb   3    P1

(4)

Equation (5) shows, U1 , W1 , and P1 the perturbed radial
and axial velocities, and pressure, respectively.

(9)

where, r = 0.
2. Kinematic condition on the contact boundary of the
fluid and the structure.
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In the sequel, taking into account boundary conditions
and initial conditions, an expansion of the solution was constructed by means of analytical tools, including the effects
of several fundamental physical parameters.

The Tube
The study of the rheological behavior of the tube requires
the study of the complex relationship between the stress and
strain tensors. In order to explain this relationship, the authors adopted the shell thin theory. In fact, Love [11] adopted Kirchhoff’s assumptions for thin plate theory [12] and
added to them the thin-shell approximation [13]. In 1970,
Koiter [14] confirmed the first coherent approximation of
thin shell theory presented by Love. Nevertheless, Hsu and
Clifton [15] and Anliker et al. [16] were the ones who exploited Love’s assumptions to study analytically the flow in
an elastic pipe. These studies analyzed the behavior of
blood flow in arteries. Later, in 1978 and 1986, Moddie and
Haddow [17] and Bahrar [10], respectively, adopted the
assumptions of that theory, which was mostly presented in
three theories named: quadratic theory, linear theory, and
the theory of membranes [18].
An elastic shell’s behavior under the influence of external
loads (forces, moments, temperature gradients, etc.) is of
course governed by the theory of elasticity. Unfortunately,
finding a solution to such a problem has been characterized
by difficult and complex systems. The most common shell
theories are those based on linear elasticity concepts. Linear
shell theories adequately predict stresses and deformations
for shells exhibiting small elastic deformations (i.e., deformations for which it is assumed that the equilibrium equation conditions for deformed shell surfaces are the same as
if they were not deformed, and for which Hooke’s law applies).
Shells of revolution, a very important class of thin shells,
have many technical applications in engineering. A cylinder
is generated by moving a straight line along a curve, while
keeping it parallel to its original position. It follows from
this definition that through every point of the cylinder, a
straight line can be passed that lies entirely on this surface.
These lines are called the generators. All planes that are
normal to the generators intersect the cylinder in identical
curves, which are called profiles. According to the Kirchhoff’s assumptions, deformations throughout the entire volume of the shell material are completely defined by deformations and changes in curvature of the middle surface.
Thus, the adoption of these hypotheses reduces the threedimensional (3D) shell problem to the two-dimensional
(2D) problem of equilibrium and straining of the middle
surface of a shell. So, the shell will be regarded as a 2D

body (i.e., a collection of material points situated on the
middle surface).
The flexible tube of length L, undeformed radius R 0, and
wall thickness h, was modeled as a cylindrical shell and its
deformation is described using the geometrically non-linear
Kirchhoff–Love. The Kirchhoff–Love assumption states
that material lines that were normal to the undeformed midplane remain normal to the shell’s midplane throughout its
deformation and that they remain unstretched. The deformation of the shell is expressed in terms of the midplane
displacements. Here, only the radial displacement was considered and is given in Equation (10):
(10)
The scaled variables are given in Equation (11):
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E
where, λ1 and λ2 are the Lame constants; 1 
and
2 1  T 
E T
2 
[E is Young’s modulus and vT is Poisson’s
1 0T 
0
ratio]; T and  f are the density of the tube and fluid,
respectively; and T0.T is the characteristic time of the tube.

Thus, the non-dimensional equation for radial displacement of the tube wall is given in Equation (12):

 T0

2 R 1  1  0  2 *
 1     f
P 0
t 2 R  R 
0

(12)

Equation (12) presents many asymptotic constraints. Taking into account the Least Degeneration Principle, the above
constraints are formalized by the subsequent system of
Equation (13), which is the relationship between the fluid
and tube properties.

 2  0

(13)

Now, Equation (12) is linearized to yield Equation (14):
P *   0 P*   2 P*
R=1+ 0 R  1+ 2 R

(14)
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So, at order 0 in ε0 (ε2), the solution of Equation (15) is
obtained:
(15)

top, is on the order of 29.6℅, and on the bottom it is on the
order of 100℅. In a certain range of frequencies, an unstable
radial position appears, which separates the region where
the strongest deformation is directed towards the wall [20].

This model describes a linear relationship between pressure and cross-sectional area, and where  f is the proportionality factor, which is a measure of the stiffness of the
tube wall. This result is valid only for a polymer structure.
0

The kinematic condition on the boundary is defined by
Equation (16):
(16)
where, r ≈ 1.
Taking into account the above process, the variation of
the radius model is given by Equation (17):
  2 I  J o ( I 2 I  2)

(  of  I  J o ( I I  )  It

o
(17)
R( z, t )   f A5  2 J 1 ( I 2 I  2)
e
  J ( I I  2)) z  I I  J ( I I  )

o
 1


where, Jo,1 are the Bessel functions; ω is the fluid frequency;
and I is a complex number.
Equation (17) shows that the effects lead to interesting
coupled fluid-structure problems. Note that the Bessel function comes up in many engineering applications such as heat
transfer, vibrations, stress analysis, and fluid mechanics. In
order to validate the preceding results, some examples are
presented for which the application ranges of the model
were estimated. In these examples, the adimensional frequency was defined as 1 ≤ ω ≤ 40, and the adimensional
stiffness factor of the tube wall was defined as
0
0 ≤  f ≤ 0.08. The aspect ratio was fixed at ε = 0.1. All of
the variables (r, z, and t) were non-dimensional.

Figure 2 clearly shows that the elastic tube was deformed
non-axisymmetrically. The region of strongest tube deformation occurred near the tube outlet, where the inside pressure was low. Consequently, the tube shape changed to being nearly elliptical. These results are confirmed by the experimental results obtained by Nahar et al. [19]. The deformation of the tube is affected by several fundamental parameters:  , ε, and the frequency of flow. In fact, Figure 2
(a) shows that the deformation occurs on the right side of
the elastic tube
, compared to the tube at rest
. In the
frequency range of 1≤ ω ≤30, the deformation rate is on the
order 12℅. Figure 2(b) shows that, in the frequency range
of 30≤ ω ≤40, the deformation rate is on the order of 80℅
on the right and left sides. But, the deformation rate, at the

Figure 3 illustrates the influences of the geometrical and
the deformation characteristics of the tube on the subsequent development of the initial pressure perturbation. The
figure also shows the instabilities of axial flow and developed spontaneous oscillations of the elastic membrane [21,
22]. Figure 4 shows the variation of the wall shear stress
with dimensionless time along the z-axis, when the pulsatile
laminaire flow has a cosine form. They appear to diminish
in the negative sense at the middle of the elastic tube. If
Figure 4 is compared with other studies, then the validity of
the solution is realized [23].

Conclusion
The results obtained in this study globally show the importance of the vibration effect in the modeling of the behaviors and response characteristics of a three-dimensional
flexible and elastic tube under laminar flow, and the power
asymptotic approach for this modeling. The characteristics
usually encountered in fluid-structure interaction are correctly predicted by this current model. When this model is
applied to the study of instabilities in flow past deformable
solid surfaces, the matching of predictions and numerical
simulations with the model remains quantitatively acceptable. Moreover, they allow confirmation of the experimental
behavior.
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(a) 20≤ ω ≤30 at t = 0 and t = 0.43434

(b) 30≤ ω ≤40 at t = 0 and t = 0.43434
Figure 2. Evolution of the Elastic Tube Radius R  z , t  in the Frequency Domain Model:
1≤ ω ≤30 ,  f = 0.08, ε = 0.1, and A5= 0.01
0
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Figure 3: Evolution of the pressure P (r , z, t ) along the
z-axis and Behavior at z = 0.75 for −1 ≤ r ≤ 1 and 0 ≤ t ≤ 1

Figure 4. The Variable Radius
of Cross-Sections, with
Scaled Variables z = 0.25, z = 0.50, z = 0.75, and 0 ≤ t ≤ 1
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Hong Li, The City University of New York; Ali Setoodehnia, ECPI University

Abstract
In this paper, the authors present a method for short-term
forecasting of wind power generation using feed-forward
multilayer perceptron (FMP) with an adaptive learning algorithm. Wind power, as an alternative to burning fossil fuels,
is clean, renewable, and widely distributed in conjunction
with other electric power sources to provide an overall reliable supply. But it is also important to have accurate forecasting for power management. A neural network model
was designed in this study with a learning algorithm following the analysis of a convergence of the learning process,
based on the backpropagation algorithm. The analysis led to
conditions of learning factors to guarantee the convergence.
The conditions were further extended to a feasible formula
for defining an adaptive learning factor through iteration of
the learning process. The results of the simulations using
wind power data from European countries sourced from the
open power system platform are presented here.

Introduction
Wind power has been used as far back as when humans
put sails into the wind. As an alternative to burning fossil
fuels, it uses air flow through wind turbines to mechanically
power generators for electricity. Wind power is renewable,
produces no greenhouse gas emissions during operation,
uses no water, and has a small footprint. The effects on the
environment are far less problematic than those of nonrenewable power sources. Worldwide there are now thousands of wind turbines operating. Wind generation capacity
worldwide more than quadrupled between 2000 and 2006,
doubling about every three years. Wind power capacity has
expanded rapidly and wind energy production is around 4%
of total worldwide electricity usage, and is growing rapidly.
Rapid growth in wind power, as well as increases in wind
generation, requires serious research in various fields. Because wind power is weather dependent, it is variable and
intermittent over various time scales. Thus, accurate forecasting of wind power is recognized as a major contribution
for reliable large-scale wind power integration. Wind power
forecasting methods can be used to plan unit commitment,
scheduling and dispatch by system operators, and maximize
profit by electricity traders. Numbers from wind power forecasting models have been used in many studies [1]. Artificial neural networks (ANNs) have been proven in many real

-world applications to be useful in various tasks of modeling
nonlinear systems such as signal processing, pattern recognition, optimization, and weather forecasting, to name a
few. It has drawn many researchers in power generation
forecasting. The ANN approach was applied to provide
short-term wind power forecasting, based on historical wind
power data from Portugal [2]. A new fuzzy-based cost function was proposed with the purpose of having more freedom
and flexibility in adjusting ANN parameters used for construction of prediction intervals [3]. In comparison with the
other cost functions reported in the literature, this new formulation allows decision makers to apply their preferences
for satisfying the prediction internal coverage probability
and normalized average width individually.
ANN is a set of processing elements (neurons or perceptrons) with a specific topology of weighted interconnections
between these elements and a learning law for updating the
weights of interconnection between two neurons. The FMP
networks have been shown to obtain successful results in
system identification and control [4]. The Lyapunov theorem was used to provide a stability analysis of the backpropagation training algorithm for such networks [5-7].
However, the training process can be very sensitive to initial
conditions, such as number of neurons, number of layers,
value of weights, and learning factors, which are often chosen by trial and error. In this paper, the authors present a
detailed analysis of the FMP architecture and its stability.
The backpropagation algorithm was used for learning, or
weight adjusting. The least square error function was defined and verified, satisfying the Lyapunov condition, which
guarantees the stability of the system. The analysis method
defined a range of learning factors [8-9]. Selecting the
learning factor within the range at each iteration ensured
that the condition for stability was satisfied. A three-layer
ANN was trained using the backpropagation algorithm, and
was tested on a high volume of historical wind power generation data. The challenge was not in the network architecture itself, but instead in the choice of variables and the information used for training. In this current study, historical
data were chosen at 3-hour intervals throughout a 24-hour
day. In simulation, instead of selecting a learning factor by
trial and error, the authors defined an adaptive learning factor, which satisfied the convergence condition and adjusted
the connection weight accordingly. The simulation results
are presented here in order to demonstrate the overall performance of the system.
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The Basic Principle of FMP
A system identification problem can be outlined as follows: a set of data is collected from the system, including
input data and corresponding output data observed or measured as the target outputs of the identification problem. The
set is often called a “training set.” A neural network model
with parameters, called weights, was designed to simulate
the system. When the outputs from the neural network are
calculated, an error representing the difference between the
target outputs and the calculated outputs from the system is
generated. The learning process of the neural network is to
modify the network to minimize the error.
Consider a system with N inputs X = {X1, …, X N} and M
outputs Y = {Y1, …, Y M}. A single-layer system with M
outputs can be expressed using Equation (1):
D
 N

Y jp  f  Z   f  wij X ip   ijY j p i  
i 1
 i 1


(1)

where, w ij is called the connection weight from input X i to
output Y j; vij is called the connection weight of the local
feedback at the jth node with the ith delay; p = 1, …, T; T is
the number of patterns; D is the delay used in local feedback; and, f:R → (−1,1) is a nonlinear sigmoid function
defined in Equation (2):
f Z  

1  e  Z
1  e  Z

The backpropagation algorithm is a common algorithm
used for training feed-forward multilayer perceptrons. It is a
generalized least mean square algorithm that minimizes the
mean squared error between the target output and the network output with respect to the weights. The algorithm
looks for the minimum of the error function in weight space
using the method of gradient descent. The combination of
weights, which minimizes the error function, is considered
to be a solution of the learning problem. A proof of the
backpropagation algorithm was presented as a graphical
approach by Rojas [10].
The total error, E, of the network training set is defined by
Equation (3):
1 NL T
E  ek2  p 
(3)
T k 1 p 1
where, ek2  p  , as shown in Equation (4), is the error associated with the pth pattern at the kth node of the output layer:

(4)

where, dK (p) is the target output and YkL  p  is the output of
network at the kth node.
The learning rule defined in Equations (5) and (6) follows
the gradient descent method to update the network connection weights iteratively:

W j   

E
; j  1,, M
W j

(5)

 j   

E
; j  1,, D
 j

(6)

where, Wj = (w1j, …, wNj) and v j = (vj1, …, vDj) are weight
vectors in the jth node and µ is a constant called the learning
factor.

Adaptive Learning Factor
There are no inclusive general concepts of stability for
nonlinear systems. Behavior of a system may depend drastically on inputs and disturbances. However, the Lyapunov
theory has been used in many studies to examine the stability of nonlinear systems. The definition of the Lyapunov
function is a scalar function, V (x), for the system expressed
in Equation (7),

x  t  1  f  x  t   , f  0   0

(2)

where, the constant coefficient, θ, is called the slope.

2

(7)

if the following conditions hold:
1.
2.
3.

V(0) = 0 and V(0) is continuous in x
V(x) is positive definite; that is, V(x) ≥ 0 with
V(x) = 0 only if x = 0
ΔV(x) = V(f(x(t)) – V (x(t)) is negative definite; that
is, V (f(x(t)) – V (x(t)) ≤ 0 with ΔV(x) = 0 only if x = 0

Theorem 1 of the Lyapunov Theorem is where the solution x(t) = 0 for the system given by Equation (7) is asymptotically stable if there exists a Lyapunov function of the
system in x. The stability of the learning process in an identification approach leads to a better modeling and a convergent process. According to the Lyapunov theorem, determination of stability depends on selection and verification of a
positive definite function. For the systems defined by Equations (1) and (2), and assuming that the backpropagation
learning rule is applied and the error function and weights
updating rule are defined by Equations (5) and (6), then the
function, V ( ), is defined by Equation (8):
V t  
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Theorem 2 proves that V (t) satisfies the Lyapunov conditions [8], as Equations (9) and (10) assume that the system
has one hidden layer:
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are weight vectors in the jth node in the output and hidden
layers, respectively.
The system is stable when the learning factor from Equations (11)-(14) satisfies the condition shown in Equation
(15):
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In simulation, the learning factor is generally a predefined
constant whose value is selected by trial and error. The simulation performance differed for different values of the
learning factor. The learning process may converge or may
not reach a satisfactory threshold with different learning
factors. From the aforementioned theorem, the convergence
is guaranteed if an adaptive learning factor is selected, satisfying the stability condition of Equation (15) at each iteration of the learning factor. For purposes of simplifying the
simulation, instead of calculating all

Y pj
W l

and

norm


notation

for

any

vector

 max xi  ; for simplicity, the
1i  n

notation  was used in this paper and represents). Applying infinite norm from Equation (15) and using the notation

 lj   d 1 ljd , the extended conditions are given as follows:
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Equations (11)-(14) show the gradient descent rule:

 oj   

l = 1, … L; j = 1, … NL, the following corollary provides an
extended condition with more restriction but fewer calculations.

Y pj
v l
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Corollary 1: The system defined in Equations (9) and (10)
converges if the learning factor from Equations (11)-(14)
satisfies the conditions expressed in Equations (16) and
(17):
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2
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Simulation
The changing energy landscape requires rigorous analysis
to support a robust investment and policy decisions. Power
systems are complex; hence, researchers and analysts often
rely on large numerical computer models for a variety of
purposes, ranging from price projections to policy advice
and system planning. Such models include unit commitment, dispatch, and generation expansion models. These
models require a large amount of input data, such as information about existing power stations, interconnector capacity, yearly electricity consumption, and ancillary service requirements, but also (hourly) time series of the load, wind
and solar power generation, and heat demand.
Fortunately, most of these data are publicly available
from sources such as transmission system operators, regulators, or industry associations. The open power system data
platforms provide free and open data of the European power
system with restricted use for non-commercial applications.
The open power system data are implemented by four institutions: DIW Berlin, Europa-Universität Flensburg, Technical University of Berlin, and Neon Neue Energieökonomik, and funded by the German Federal Ministry
for Economic Affairs and Energy. It contains time-series
data relevant for power system modeling, including hourly
electricity consumption for 36 European countries, and
wind and solar power generation from German transmission
system operators. The simulations of this study used German wind power generation data available from 2005-2015
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for ANN training and mainly demonstrated that the enhanced learning algorithm may avoid many trial-and-error
scenarios for selection of learning factors. In general, the
initial weights are randomly selected and a learning factor is
predefined. The performance of learning is sometimes very
volatile, due to selection of the learning factor. To find the
optimal fit, trial and error is a common practice that runs the
simulation with different values of the learning factors. In
this current study, an upper boundary of learning factors,
see again Equation (17), was derived from the theory of
convergence. At iteration of network training, the norm of
weights was calculated and a learning factor was defined to
satisfy the convergence condition.
A three-layer neural network structure was defined with
eight inputs, six and four nodes in the hidden layers, and
one output. For hourly wind power generation as an output,
eight inputs were wind power generation at three-hour intervals. Data from 2013 and 2014 were used to train the ANN
model. The data from 2015 were used to test the ANN model’s performance. Input and output data were normalized to
range from 0 to 1. After the ANN network was trained, the
forecasts for wind power generation were calculated using
the ANN network and then denormalized and compared
with the actual wind power generation in 2015. With the
constant learning factor, two values were used for the learning trials: 0.05 and 0.1. After several attempts, with the
slope set at 0.7, the learning factor set at a constant 0.05, the
momentum term set at 0.1, and random-generated initial
weights, the system reached an absolute error of 0.028 after
100,000 iterations. Figures 1 and 2 show the error behaviors.

Figure 2. Error Behavior of Neural Network Training with a
Constant Learning Factor of 0.1

Figure 3. Error Behavior of Neural Network Training with
Adaptive Learning Factor Initially Set To 0.1

Figure 1. Error Behavior of Neural Network Training with a
Constant Learning Factor of 0.05

Figure 4. Error Behavior of Neural Network Training with
Adaptive Learning Factor Initially Set To 0.05

Applying the same values of slope (0.7) and momentum
(0.1), and with initial learning factors of 0.1 and 0.05, the
error of neural network learning steadily decreased as the
adaptive learning factor was applied at each iteration. Figures 3 and 4 show the error behaviors of learning with the
initial learning factors of 0.05 and 0.1, respectively.

It was observed that error behaviors did not differ with
different initial values of learning factor. However, the constant learning factor caused volatile performance of training.
Figures 5-10 show wind power forecasting for 2015 from
the neural network model trained with slope 0.7, momentum
0.1, and an adaptive learning factor starting with 0.05.
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Figure 5. NN Predication and German Plant for November–
December 2015

Figure 8. NN Predication and German Plant for May–June
2015

Figure 6. NN Predication and German Plant for September–
October 2015

Figure 9. NN Predication and German Plant for March–April
2015

Figure 7. NN Predication and German Plant for July–August
2015

Figure 10. NN Predication and German Plant for January–
February 2015
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Conclusion

[6]

This current study focused on wind power generation
forecasting using neural networks. The historical data of
time-series wind power generation were sourced from the
open power system platform. The data were available from
2005 for hourly wind power generation. Adaptive learning
factors were defined at each iteration of training, following
the analysis of a convergence theory. The analysis resulted
in a condition that provided an upper boundary of the learning factor. Instead of selecting a constant learning factor by
trial and error, an adaptive learning factor was calculated at
each iteration, satisfying the convergence condition. Furthermore, a more simplified condition was used to provide a
feasible implementation of the adaptive learning factor. An
adaptive learning factor derived from analysis of stability
was selected at each iteration of the learning process, satisfying the convergence condition to avoid unstable phenomena. The simulation results were based on the data from a
German wind power plant. The error behaviors were
demonstrated for training with an adaptive learning factor
as well as with a selected constant learning factor. The
comparison demonstrated that an arbitrarily chosen learning
factor leads to unstable identification of the considered system; however, an adaptive learning factor satisfying the
conditions ensures the stability of the identification system.
The neural network was trained with historical data from
2013–2014 and tested for forecasting performance with
data from 2015.

[7]
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