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As you likely already know, supersonic speed refers to
something traveling faster than the speed of sound—at sea
level, and assuming a dry-air air temperature of 68ºF (20ºC),
this would be about 768 mph (1236 km/h). But instead of
using actual speeds when referring to supersonic speeds, we
typically use Mach numbers. For example, Mach 1 would
be 768 mph; Mach 2 would be 2 x 768 = 1536 mph; Mach
4.5 would be 4.5 x 768 = 3456 mph, etc. Supersonic travel
is not that unusual anymore, and speeds of Mach 5 and
above have also been achieved and are commonly referred
to as hypersonic.
So what things can travel at these hypersonic speeds?
Here is one example of an experimental aircraft designed by
NASA for hypersonic travel, the X-43A scramjet
(supersonic combustion ramjet). The X-43A reigns as the
fastest scramjet (Guinness World Records): Mach 9.6 or
7366 mph.

And what types of engines are pushing these aircraft so
fast? As it flies, a ramjet uses the high pressure in front of
the engine to force air through the tube, where the air is
mixed with fuel and ignited. The heated air is then passed
through a nozzle to accelerate it to supersonic speeds, which
gives the ramjet its forward thrust. This air/fuel mixing
technique, however, only works at subsonic speeds.
The scramjet is an innovation of ramjet technology in which
the combustion chamber is specially designed to operate
with supersonic airflow. Note the differences in the renderings below.

NASA’s X-43A scramjet at Mach 7

The problem is that combustion in a scramjet still must
occur at subsonic speeds in the combustor. Thus, for a vehicle traveling supersonically, the air entering the inlet of the
engine must be slowed to subsonic speeds, and shock
waves present in the inlet cause performance losses for the
propulsion system. Now you are ready for the feature article
in this current issue of IJME in which the authors present
their ideas and research on control of the air entering the
isolator of a scramjet engine. Specifically, because of the
high flow speed, the fuel must be mixed with air and be
burned in a very short time. Therefore, the authors used two
backsteps to create shockwaves in order to decelerate the air
to subsonic speeds. This deceleration is required in order to
increase the mixing efficiency and enable combustion.

The X-43A undergoing ground testing at NASA’s Dryden Flight Research Center.

In this study, then, the effects of the backstep location,
height, and angle on a supersonic hydrogen/air jet flame
engine with a square cross-sectional area geometry were
mathematically investigated. The mathematical model incorporated multi-species Navier–Stokes equations, the Kepsilon model, and the axisymmetric turbulence model.
Shockwave effects were examined by changing the backstop location, height, and angle; special consideration was
given to the combustion efficiency, thrust, pressure losses,
and equivalence ratio of the scramjet combustor.
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Ameen EL-Sinawi, American University of Iraq Sulaimani, IRAQ; Isam Janajreh, Khalifa University of Science and Technology, UAE

Abstract
Energy harvested by a piezo-coated airfoil depends on
numerous parameters. These parameters affect the magnitude of the piezo voltage, or harvested energy, differently.
The piezoaeroelastic model equations are used in this study
were coupled and nonlinear and, hence, required an iterative
numerical solution in order to evaluate the piezo voltage.
The piezoaeroelastic model showed that the energy harvested by the piezo element was high when the structure went
through occasional and bounded instability, such as flutter.
Optimal harvested energy was produced by careful selection
of the system’s parameters without compromising structural
safety. This work was intended to carry out parametric sensitivity in an attempt to harvest maximum energy, while
maintaining structural integrity and safety.

Introduction
The need for intermittent low-power, wireless, and small
electronic devices is on the rise, particularly for onboard
equipment of unmanned air vehicles (UAV). Researchers
have been considering energy harvesting from vibration
through the use of piezoelectric materials (Zhou, Liao, & Li,
2005). Several published studies discussed the different
techniques and mechanisms implemented that could enhance the level of the harvested power and tune the harvester into broader frequency ranges (Anton & Sodano, 2007;
Tang, Yang, & Soh, 2009; Harne & Wang, 2013; Pellegrini,
Tolou, Schenk, & Herder, 2013). Amongst these works, the
flow-induced vibrations, or aeroelastic phenomena, were
less fortunate and research in the area of piezoelectric harvesters utilizing ambient vibrations continues to emerge.
Investigations into energy harvesting covers modeling
(Erturk & Inman, 2008a), structural experimentations
(Abdelkefi, Najar, Nayfeh, & Ayed, 2011; Khameneifar,
Arzanpour, & Moallem, 2013) and integration of piezoelectric materials into the vibrating structure (Yang & Tang,
2009; Kuna, 2010). A piezoaeroelastic airfoil depends on
numerous parameters, whereby a well-tuned system can
maximize the magnitude of the generated energy. Amongst
these parameters are the magnitude of heave or plunge (h),
linear stiffness (k h) and damping (dh) of the airfoil, torsional
stiffness (k θ) and damping of the airfoil (dθ), wing span (l),
wing mass (m w), circuit load (Ω), and distance between center of mass and elastic axis (x θ). In other studies, the authors
effected piezoelectric energy harvesting from low-speed

wind and successfully tested experimental models in a wind
tunnel that generated 0.1 mW power (Robbins, Marusic,
Morris, & Novak, 2006; Akaydin, Elvin, & Andreopoulos,
2012). As far as air vehicles are concerned, buffeting and, to
some extent, vortex-induced vibration (VIV) are the two
common modes of energy harvesters. Both methods focus
on flow-induced vibration and flow-structure interaction.
Energy harvesting by VIV has attracted considerable interest in design, modeling, fabrication, and testing (Abdelkefi,
Yan, Hajj, & Yan, 2013; Dai, Abdelkefi, Yang, & Wang,
2016; Mehmood, Abdelkefi, Hajj, Nayfeh, Akhtar, &
Nuhait, 2013; Dai, Abdelkefi, & Wang, 2014a and 2014b;
Mackowski & Williamson, 2013).
The idea came about in 2008 by the pioneering experimental work of Erturk and Inman (2008b) in which they
used an airfoil-based aeroelastic—through micro-fiber composites (MFCs)—piezoelectric-integrated transducer for
energy harvesting. On their airfoil (133 mm span x 127 mm
chord length), four M8557PlMFC piezoceramic patches
were installed and reported 7µW or harvested power when
the airfoil was subjected to large angle of attack (20°), an
electrical resistance of 98 kΩ, and a free stream speed of
15 m/s. Anton and Inman (2008) showed that a unmanned
aerial vehicle (UAV) prototype—with a wing span of 1.8m
x 1.1m, a weight of 0.9 kg, equipped with thin (0.3mm) and
light-weight (3g) MFC M8507-P1 sheets (10.2cmx1.6cm),
and installed near the roots of the wings—reported that the
harvested energy was sufficient to fully charge the operational battery of the UAV.
From a modeling standpoint, much of the work in the area
of UAV energy harvesting has been based on a lumpedmass model with a two-degree-of-freedom system of heave/
plunging and pitching motions, as reported in the work of
Bryant and Garcia (2009a and 2009b). Later work also performed wind tunnel flow-induced fluttering to the
NACA0012 airfoil; however, the results did not describe the
influence of the wing section geometry on the linear flutter
speed nor flutter frequency, due to the dominance of the
structural properties of the aeroelastic systems over the aerodynamic loads. They did indicate, however, a strong relationship between wing geometry (span, chord, and airfoil),
wind speed, and the amount of harvested energy. Zhu’s
group (Zhu & Peng, 2009; Zhu, 2011; Zhu, Haase, & Wu,
2009) used similar 2DOF modeling for harvesting energy
from heaving and pitching of a foil attached to an actuator
system that feeds in a prescribed motion. The system consisted of a 2D thin-plate structural model and a 3D nonline-
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ar boundary-element model. As self-exciting motion was
missing, and without the use of a transduction mechanism,
their results did not capture the true physics of the energy
harvester and is, thus, subject to debate. Niell and Elvin
(2009) focused on the electromechanical aspect of the flutter speed on a cantilever pipe equipped with piezoelectric
damping. They investigated the influence of piezoelectric
coupling on the critical flutter speed, load resistance, capacitance, and location, and reported their dependence and controllability. Furthermore, they reported on the intimate and
direct relationship between the piezoelectric electromechanical coupling coefficient and flutter speed. As for piezoelectric capacitance, it was shown to have a small effect on the
flutter speed for the short circuit, while any increase in its
value for the open circuit was accompanied with a decrease
in flutter speed. These latter results indicate that an increase
in the capacitance of the piezoelectric material is associated
with a decrease in the electromechanical stiffness of the
harvester.
Another study (Erturk, Vieira, Marqui, & Inman, 2010)
investigated a frequency domain analysis and experimental
validations for a 2DOF typical section as a wing-based piezoaeroelastic energy harvester. In their study, they focused
on the problem of harvesting energy at the flutter boundary
and analyzed the influence of piezoelectric coupling on linear flutter speed. They generated 10.7 mW of power for an
electrical load resistance of 100 kΩ, and aligned the
freestream velocity with a linear flutter speed of 9.30 m/s.
Water flow-induced vibration, similar to wind flow, was
extensively investigated. A piezoelectric polymer energy
harvester was used in two studies (Taylor, Burns, Kammann, Powers, & Welsh, 2001; Allen & Smits, 2001) to
convert flow energy in oceans and rivers into electrical energy. Song, Shan, Lv, and Xie (2015) used an upright cylinder energy harvester with a vortex-induced piezoelectric
energy harvester in water and generated 84.49W. Two tandem cylinders undergoing VIV in water was investigated
and produced 533W of power (Shan, Song, Fan, & Xie,
2016).
A review of the use of aeroelastic vibrations for energy
harvesting was recently reported by Abdelkefi (2016). Recommendations in the field were discussed, including mathematical modeling, realistic loadings, and small-size power
conditioning circuit optimization, in addition to prototype
fabrication of energy harvesters. As the governing system
has been discussed in many of the cited studies, a sweeping
sensitivity study of the multiple harvester parameters was
disbursed across several studies and thereby under different
setups and conditions. Therefore, inferring the parametrical
influence and their quantifications is not a simple task, particularly under the combined coupling of the fluid, structure,
and electrical power generation, adding complexity and
challenge to the problem. Nevertheless, harvesters with high
flow efficiency now represent an increasing area of research
interests.

This current research attempts to bridge this gap by performing a study of the effect of each of the system’s parameters on the energy harvested from a piezoaeroelastic system. Conclusive findings on the relationship between parameters and the optimal energy harvested in such systems
is presented here.

Methodology
Harvester Formulation
The authors’ structural model was based on a 2DOF simple cantilever beam for the heave and pitching of a lumpedparameter model. Figure 1 depicts the form of the massspring-damper system. The cantilever equivalent values are
the mass, spring stiffness, and damping coefficients, given
by Equation 1:

(a) Actual airfoil.

(b) Lumped-mass airfoil model.
Figure 1. A cantilever wing subjected to point load, due to aerodynamic flow.

Mzɺɺ + Czɺ + Kz = F

(1)

where, M is the inertia matrix; C and K are the damping
coefficient and the stiffness matrices of the spring in the
lumped-parameter model, respectively; F is the loading matrix for air flow; and, z is the net displacement of the mass.
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Here the dynamics of the system can be analyzed to obtain the natural frequency,
ζ=

K
ωn =
M

, and damping ratio,

C
2 MK

, which are dependent on material stiffness, damping coefficient, and density. The cantilever beam stiffness is
K=

3EI
l 3 , where E is the elasticity modulus of the material;

I is the area moment of inertia for the cross section of the
beam; and, l is the length (span) of the beam. The system
can be extended to include the piezoelastic effect by coupling the Lagrange equations. The dynamics of the overall
system are expressed by Equation 2 (Abdelkefi, 2016):

(6)

The state vector, x, is defined as

(

T
x = ( x1 x2 x3 x4 x5 ) = h θ hɺ θɺ v

T

)

and the input to the system as
T

mt hɺɺ + mw xθ bθɺɺ + d h hɺ + kh ( h ) h −

γV
l

u = ( 0 0 − L M L 0)

= −L

mw xθ bhɺɺ + I Pθɺɺ + dθ θɺ + kθ (θ ) θ = M L

(2.a)
(2.b)

.

The problem is now setup in the state-space form, as described in Equation 7:

xɺ = Ax + Bu
CPeq vɺ +

v
+ γ hɺ = 0
Rl

(2.c)

where, h is the plunging or heave; θ is the pitch angle; v is
r
xθ = cg
the generated voltage; b is the semi-chord length;
b is
the normalized distance between the center of mass and the
elastic axis; IP is the mass moment of inertia about the elastic axis where the reference point P is taken; L is the aerodynamic lift; M L is the moment about the elastic axis; dh and
dθ are the damping coefficients for the plunge and pitch;
and, k h and k θ are the corresponding transverse and torsional
structural stiffnesses, respectively.
In this current study, the effect of non-linear stiffness was
not explored; rather, fixed values were used instead of polynomial shapes in the form of Equations 3 and 4:

kh ( h ) = kho + kh1 h + kh2 h 2 +⋯
kh (θ ) = kθo + kθ1θ + kθ2θ +⋯
2

(7)

The predictor-corrector method can be exploited for solving this equation, as it leverages the benefits of explicit and
implicit methods that have been widely used (Abdelkefi
2016; Hamming, 1959; Nayfeh & Mook, 1979; Nayfeh,
2016). The difference between the predicted and corrected
values provides a relative error of the solution and allows
for tuning of the algorithm. The algorithm considers a differential equation with a time derivative and is written as
shown in Equation 8:

yɺ = f ( t , y )

(8)

The Adams-Bashworth-Moulton (ABM) method is used
to solve for y, which is a fourth-order method, and the solution for y k+1 requires y k···y k-3. An initialization step is used
to compute the first three points—y0, y1, and y 2—by using
the Runge Kutta method. Subsequent time steps can be predicted using the predictor, and the resultant is used implicitly as corrector, as shown in Equations 9a and 9b:

(3)

pk +1 = yk +
(4)

The coupled system can be written in terms of the variables h, θ, and v, as given in Equation 5:

γ
d 0 −  ɺ 
0 
 mt mwxθ b 0  hɺɺ  h
 −L 
l h  kh ( h)
m x b I
θɺɺ + 0 d 0 θɺ +  0 k θ  h =  M 
0
(
)
P
θ
θ
  
θ   L  (5)
 wθ
  

 0
0 CPeq  vɺ  
1  v   0
0    0 

γ 0 R 
l 


The state space system can also be rearranged and written
as shown in Equation 6:

h
( −9 fk −3 + 37 fk −2 − 59 fk −1 + 55 fk )
24

(9.a)

h
( fk −2 − 5 fk −1 +19 fk + 9 fk +1 )
24

(9.b)

yk +1 = yk +

In general, the incoming wind results in aerodynamic load
in the form of aerodynamic pressure distribution on the flying wing. This load can also be reduced into point lift and
moment loads per the right-hand side term in Equation 5.
The introduction of this load formulates the piezoaerodynamic problem that needs to be solved. The aerodynamic
loads cause different modal responses and, depending on the
structural properties and geometry, delineate the harvested
energy (Hamming, 1959). The self-excited vibratory motion
of fluttering is caused by coupled aerodynamic effects (i.e.,
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the increase of wind speed and absence of sufficient structural damping). Table 1 lists the model parameters discussed
in the work by Anton and Sodano (2007).
Table 1. Nominal model parameter values of the piezoelectricaerodynamic coupled system.

VARIABLE

VALUE

mw

1.5 kg

kh

2860 N/m

dh

7.5 kg/s

mf

8.5 kg

kθ

2x106 Nm/rad

dθ

0.01 kgm2/s

Rl

10kΩ

γ

-3

1.55x10 N/v

C eq
p

1μF

Structural Damping
As noted previously, the focus of this current study was to
study fluttering without compromising the integrity of the
structure. Therefore, structural damping was required,
which is classically induced via the inclusion of viscoelastic
layering of the structure. This technique was present in the
vehicle to absorb the cabin vibration and noise (Nayfeh and
Mook, 1979). Alternatively, and considering the UAV wing
application, the entire wing can be made of a viscoelastic
material, which is readily available and inexpensive. Among
those are different types of polyolefin (PE, PP, PS, etc.),
which is considered a suitable material for small-scale
wings. To this end, low-density polyethylene (LDPE) used
in 3D printing was utilized in the fabrication of the wing
itself and in preparation of the testing samples in order to
assess the damping characteristic of the simulated model.
Although the wing consisted of NACA0012 with a 3:1 span
-to-cord ratio, the 3D-printed test samples was prepared at
sizes of 40x10x4 mm and tested in both tensile and cantilever configurations using Instron-5kN and TA-Q800DMA
instruments under static and dynamic (frequency sweep)
imposed displacement, respectively.
These tests were used in order to obtain the mechanical
properties of the material and, eventually, the overall stiffness and damping ratio for the wing configuration. Static
testing was used to extract the Young’s modulus, whereas
dynamic testing (DMA) was used to determine the viscoelastic behavior of the polymeric wing presented by the complex modulus. The static test was conducted when the sample was fixed in the Instron (5kN capacity load cell) machine vertically and subjected to quasi-static imposed dis-

placement. For the DMA, the sample sat upright as a fixedend cantilever beam and a sinusoidal displacement were
induced at distance a from the fixed end. This sinusoidal
strain (ε (t)) resulted in dynamic tensile stress (σ (t)); but,
due to the viscoelasticity property of the LDPE, a phase
shift was induced per the stress, strain, and the resulting
Young’s modulus of Equations 10-12, respectively:

σ ( t ) = σ o sin (ωt + δ )

(10)

ε ( t ) = ε o sin (ωt )

(11)

E ( t ) = Eo sin (ωt + δ )

(12)

where, δ is the phase angle between σ and ε.
The values for σ and E can be broken down into two components—one in-phase and the other 90o out-of-phase—to
define the two moduli [i.e., the storage E’ (ω) and the loss
E” (ω)]. These are given in Equation 13:

σ ( t ) = ε o  E ′ (ω ) sin (ωt ) + E ′′ (ω ) cos (ωt ) 

(13)

The first right-hand term is a measure of elastic energy,
which is fully recovered, whereas the second right-hand
term is a measure of the dissipated energy in the form of
unrecoverable heat. Their ratio, E"/E' is the loss tangent or
tan(δ). As per Equation 12, the moduli are frequency dependent. At low frequencies, E' is nearly the same as the
quasi-static E and displays negligible E" contribution. However, as the frequency increases, E" approaches E' and shifts
from behaving nearly elastic to strongly viscoelastic. As the
beam sample was fixed at one end, it was subjected to 15
values in a frequency sweep. This allowed capturing of both
the storage E' and loss E" moduli as functions of the frequency.

Results and Discussion
Flutter/Wing Material Analysis
Figure 2 shows the results of the tensile stress testing for
the three different grades of LDPE. These quasi-static results obtained by Instron-5kN enable one to infer the elastic
moduli. These values were 16.678, 42.264, and 482.187
MPa, measured at 0.2% strain for each of the soft, medium,
and hard LDPE, respectively. The geometry, along with the
measured/inferred experimental properties, can be used to
determine the dynamic properties of the wing, particularly
the stiffness (k) and natural response frequency (ωn). Specifically, the stiffness is the k h term in Equation 5. Table 2 lists
the sample data and the inferred natural frequencies of each
of the three samples. The concentrated load (F) near the
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middle of the cantilever sample that was used, gave a maximum deflection δˆmax according to Equation 14, and the
beam stiffness is given according to Equation 15:

δˆmax = Fa 2 ( 3l − a ) / 6 EI

(14)

k = 6 EI / a 2 ( 3l − a )

(15)

where, a is the span distance measured from the cantilever
fixed end, having a length l , modulus E , and area moment
of inertia I.
Table 2. Geometric and material properties of the cantilever beam
samples (i.e., soft, medium, and hard).
Mat

Mass
(g)

ρ
(kg/m3 )

I (m4)

E
K
ωn
(Mpa) MPa.m (rad/s)

Soft

1.280

800

4.91e-11

16.68

0.01487

3.41

0.348

Mid

1.440

900

4.91e-11

42.26

0.03768

5.12

0.150

Hard

1.600

1000

4.91e-11

482.1

0.42998

16.4

0.057

ξ

(a) Storage modulus and loss moduli.

(b) Tan delta and zeta (damping ratio).
Figure 3. Cantilever beam samples from soft, medium, and hard
materials.
Figure 2. Results of the quasi-static stress-strain of the different
LDPE and their moduli.

The damping coefficient, dh , of Equation 5 was assessed
by the measurement of the storage (E’) and loss modulus
(E”) using the DMA test results. Figure 3 indicates that
these are material properties and depend on the forcing frequency, which is brought by the aerodynamic load. Table 2
illustrates the fact that the targeted range of the DMA falls
within the operation and near the natural frequency of the
cantilever samples, and confirms the well-behaved beam
response. Both the storage and loss moduli continued to
increase with respect to the frequency in adherence to the
classical behavioral of viscoelastic materials. However, as
the frequency approached the resonating/natural beam frequency, the behavior continued to show banded moduli, due
to the presence of amble viscoelastic damping, particularly
for the soft and medium rigid samples.

These samples were characterized with an overwhelming
damping, shown by the tan delta plot that averaged nearly
0.70, 0.33, and 0.11 for the soft, medium, and harder LDPE,
respectively. The harder samples showed slightly fluctuating behavior. This was mainly due to a decreased availability of damping (i.e., ≈ 0.11). It should be noted that storage
modulus and stiffness are linearly related and tan(δ) is a
direct measure of the damping ratio and is written per the
work of Gade and Herlufsen (1994) as shown in Equation
16:

ξ = tan (δ ) / 2

(16)

This results in damping ratios (ξ) of 0.348, 0.15, and
0.057 for the soft, medium, and hard sample beams, respectively. Hence, with the evaluated stiffness and damping ratio, one can proceed to evaluate system response.
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System Solution
Figure 4 shows the instantaneous values of voltage (V )
when the wing’s linear stiffness is k h = (EI / 3l3) = 3 x 103
N/m, where V, as well as other parameters, are all functions
of time. Varying the stiffness between 1e3 and 3e3 produces
results similar to Figure 4 but with different instantaneous
values. RMS maps the time domain values of each variable
to a single point, thus generating a clearer relationship between experimental parameters and the voltage. Figure 4(f)
shows the lift force for a free stream wind speed that was
held constant at 55 m/s. Figure 5 shows the RMS values of
V as a function of the transverse wing stiffness kh, where
increasing k h from 1 kN/m to 3 kN/m reduces the RMS voltage by 37%. This was expected, as increased wing stiffness
reduces heave h and, subsequently, reduces the piezo bending strain. Figure 5(b) shows that the increased transverse
stiffness caused a 2% decrease in RMS of the torsional displacement θ, which had little effect on the piezo voltage,
because V depends mostly on the magnitude of bending
strain. Furthermore, Figure 5(c) shows an increase in the
heave velocity with an increase of transverse stiffness, as
expected since increasing the stiffness increases the natural
frequency and in turn the velocity.

Figure 6(c) shows that increasing the torsional stiffness
had little effect on the voltage, because it had negligible
effect on the bending strain values. Figure 6 does show,
however, that increasing the torsional stiffness resulted in
increased torsional velocity, because of the increase in the
torsional resonance frequency.

(a) Heave displacement

(b) Angular displacement

(c) Heave velocity

(d) Angular velocity

(e) Piezo voltage
(a) Heave displacement

(c) Angular displacement

(e) Piezo voltage

(b) Heave velocity

(d) Angular velocity

(f) Lift force

Figure 4. Piezo voltage for actual values of transverse stiffness at
kh = 3 kN/m.

(f) Lift force

Figure 5. RMS values, effect of transverse wing stiffness (kh) on
piezo voltage.

Figure 7 shows that increasing the circuit load (Ω) caused
a significant increase in the voltage, because constant heave
(strain) will produce constant current in the piezo and by
increasing the load (Ω) the voltage increased (V = RI),
where I is the circuit current. Furthermore, increasing the
load resulted in decreased heave and heave velocity because
of the increased dissipation of energy in the resistor. Clearly, increased voltage does not necessarily imply an increase
in the energy harvested, because the current drops, thus
causing the overall power to drop, since P = V I = V 2/ R.
Increased wingspan (l) increased the voltage, because
wing bending stiffness is inversely proportional to the cube
of the span—i.e., k h = (EI / 3l3). Figure 8 shows that increased span caused increased heave and bending strain and,
thus, increased the voltage, where increasing the span from
1m to 3m caused the voltage to increase by 16%. Figure 9
shows the relationship between the voltage and wing mass,
where increased the wing mass (m w) had almost the same
effect as decreased transverse stiffness of the wing.
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(a) Heave displacement

(b) Angular displacement

(a) Heave displacement

(b) Angular displacement

(c) Heave velocity

(d) Angular velocity

(c) Heave velocity

(d) Angular velocity

(e) Piezo voltage
Figure 6. RMS values, effect of wing torsional stiffness kθ on
voltage V.

(a) Heave displacement

(b) Angular displacement

(c) Heave velocity

(d) Angular velocity

(e) Piezo voltage
Figure 7. RMS values, effect of circuit load (Ω) on the Piezo voltage.

(e) Piezo voltage
Figure 8. RMS values, effect of wing span (l) on the system behavior and piezo voltage.

(a) Heave displacement

(c) Heave velocity

(b) Angular displacement

(d) Angular velocity

(e) Piezo voltage
Figure 9. RMS values, effect of wing mass (mw) on the system’s
behavior.
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Both increased the heave and eventually increased the
voltage. This falls directly from the relationship between the
resonant frequency and both mass and stiffness, since,
ωn = k / m where decreasing the stiffness or increasing the
mass has the same effect on the resonant frequency and
hence the heave. The effect of increasing (xθ) on voltage (V)
clearly shows a similar effect to increasing the torsional
stiffness, because they both contribute to an increase in
torque on the wing. Figure 10 is similar to Figure 6 in that
they both show an increase in angular displacement. The
increase in the voltage in Figure 10 is attributed to the slight
increase in the bending strain, due to an increase in the torsional stress as a direct outcome of increasing torque. Both
cases depict a small increase in the voltage of about 6%.

(a) Heave displacement

(a) Heave displacement

(b) Angular displacement

(c) Heave velocity

(d) Angular velocity

(b) Angular displacement
(e) Piezo voltage
Figure 11. RMS values, effect of transverse damping (dh) on the
piezo voltage.

(c) Heave velocity

(d) Angular velocity

(a) Heave displacement

(b) Angular displacement

(c) Heave velocity

(d) Angular velocity

(e) Piezo voltage
Figure 10. RMS values, effect of (xθ) on the piezo voltage.

Figures 11 and 12 show that damping had a decreasing
effect on the voltage and that the overall value of the voltage had decreased by 6% when the transverse damping was
increased from 1 kg/s to 15 kg/s. A similar effect was also
seen when the torsional damping was increased from 0 to
0.2 kg.m^2/s. The voltage drop in this case was negligible,
compared to the considerable increase in damping. However, although the magnitude of damping had increased significantly in both transverse and torsional directions, the damping ratio remained very low, due to the high structural stiffness in corresponding directions.

(e) Piezo voltage
Figure 12. RMS values, effect of torsional damping (dθ) on the
piezo voltage.

——————————————————————————————————————————————–————
12
I
J
M
E
|V
P 20, N PQ 2, SR
/S PP 2020

——————————————————————————————————————————————–————

Conclusions
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Abstract
In this study, the effects of the backstep location, height,
and angle on a supersonic hydrogen/air jet flame engine
with a square cross-sectional area geometry were mathematically investigated. The mathematical model incorporated
multi-species Navier–Stokes equations, the K-epsilon model, and the axisymmetric turbulence model. Shockwave effects were examined by changing the backstop location,
height, and angle; special consideration was given to the
combustion efficiency, thrust, pressure losses, and equivalence ratio of the scramjet combustor. The maximum thrust
force and minimum pressure loss were observed when the
first and second backsteps had heights of 0.5 and 0.25 cm,
respectively, and were at 15 and 26 cm, respectively, from
the air inlet.

Introduction
A scramjet engine is designed to operate at high speeds.
The air entering the isolator makes the flow within the combustion chamber difficult to control. Therefore, understanding the supersonic mixing and the combustion process is
required. Because of the high flow speed, the fuel must be
mixed with air and be burned in a very short time. Therefore, two backsteps were used in this investigation to create
shockwaves in order to decelerate the air to subsonic speed.
This deceleration is required in order to increase the mixing
efficiency and enable combustion. Kim, Huh, Yoon, Jeung,
and Choi (1999) found that shockwaves greatly improve the
mixing efficiency and combustion efficiency. Roga (2019)
examined the scramjet combustor with diamond-shaped
strut injectors at supersonic Mach 4.5 by using a CFD analysis. It was based on a species transport combustor, which is
a standard k-epsilon turbulence model. He found the maximum temperature and pressure to be 3517K and 1.487 MPa,
respectively, with a combustion efficiency of 87.2%, which
was given by the diamond-shaped strut injector. Pandey,
Roga, and Choubey (2016) used a scramjet engine at Mach
6 with parallel injection to study the inlet-combustor interaction and flow structure. Three different angles of attack
(α=-4°, α=0°, and α=4°) were used in their study for parallel
injection. Their analysis showed that an angle of attack of
α=0° had good agreement qualitatively and quantitatively
with experiments. At an angle of α=-4°, the maximum temperature that occurred in the recirculation area was 2600k
compared to angles of α=0° and α=4°, and combustion efficiency was the highest (approximately 88%), when compared to α=0° and α=4°. A shorter ignition delay was found
to be at α=-4°.

Da, Kim, and Kim (2015) studied the effect of fuel-air
equivalence ratio on the flow field properties in a cavitybased mixing mechanism at a freestream Mach number of
2.08, and the performance of injector location on the fuel-air
mixing. They observed that the flow field shock structure
changed with a change in the fuel-air equivalence ratio, and
the total pressure loss depended both on the fuel-air equivalence ratio and fuel type. Also, the spread of fuel in the test
section showed a marked variation with the equivalence
ratio. Jinda and Kumar (2019) investigated enhanced fuelair mixing and combustion in supersonic combustors by
using a new asymmetric strut-based fuel injection. Their
investigation showed that, due to the presence of vortices
inside the combustor, the air and fuel mixed properly, which
significantly increased the mixing and combustion efficiency of the combustion. In this current study, the authors investigated the relationship between shockwave and pressure
losses. An axisymmetric supersonic model combustor was
used to compute the effect of shockwaves created by backsteps. A parametric study was performed to determine the
effect of variations in the backstep height, location, and
angle on the combustion efficiency, total pressure losses,
thrust, and equivalence ratio.

Scramjet Geometry
Figure 1 presents a schematic of the geometry analyzed in
this current study. This axisymmetric geometry was also
used by Olynciw-Mills (2001) and Carson (2004), though
those studies only incorporated one backstep in the combustor geometry. Carson used a backward-facing step with two
heights (0.32 cm and 0.64 cm) in order to investigate the
combustion efficiency by varying the equivalence ratio (Φ)
from 1.13 to 1.44. His investigation showed that, for hydrogen, the optimum equivalence ratio was equal to 1.13 with a
combustion efficiency of 67.5%. When the equivalence ratio was increased to 1.44, the combustion efficiency decreased. Alhumadi (2012) investigated two single backstep
geometries (at locations 15 cm and 26 cm); the results
showed that the values of thrust and equivalence ratio for a
single backstep were inferior to the values obtained when
two backsteps were used. This is an indication that the expansion of flow through two backsteps was more effective
in reducing air velocity, which results in a better value of
combustion efficiency than when a single backstep is used.
The equivalence ratio for the single-backstep and nobackstep geometries was between 1.30 and 1.46, which indicated that there was excess fuel in the fuel oxidizer mixture.
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The total length of the combustor configuration used in
this present study was 67 cm. The air inlet had a square
cross-sectional area of 3.4 cm × 3.4 cm and a fuel injector
cross-sectional diameter of 0.2 cm. The fuel injector was
located 29 cm from the air inlet. The outlet of the geometry
also had a square cross-sectional area with a variable height,
y, depending on the value of h2.

Figure 2. Static pressure contours.

Figure 1. Scramjet geometry.

The geometry was divided into four parts:
• Isolators 1 and 2 (15 cm and 11 cm long, respectively)
• Combustion chamber (11 cm long)
• Fuel injector
• Diverging section (30 cm long)
Isolator 1 had a constant cross-sectional area with a height
of 3.4 cm and length of 15 cm. Figure 1 show how the cross
-sectional area of Isolator 2 changed, due to the fact that its
inlet height had upper and lower backsteps represented by
h1. Its length was 11 cm and its height was equal to
H1 = (3.4 + 2h1) cm. The value of h1 was changed from
0.125 to 0.75 cm in order to investigate the pressure losses,
combustion efficiency, thrust, and equivalence ratio as a
function of backstep height. The outlet of Isolator 2 also had
upper and lower backsteps with a height h2 that varied from
0.125 to 0.75 cm. The height at the outlet of Isolator 2 was
H2 = 3.4 + 2(h1 + h2) cm.
The function of the two isolators was to reduce the interaction with the surroundings and improve the homogeneity
of the flow in the combustor (John, 1984). Figures 2 and 3
show that the function of the two backsteps was to create
shock and recirculation regions downstream of the steps
(Halupovich, Benveniste, & Rom, 1999). The recirculation
region reduced the speed of air entering the combustion
chamber as it encountered the hydrogen jet fuel that was
injected normally to the flow, which resulted in an increase
in the strength of the resulting shockwave, a decrease in the
average air flow velocity, and an increase in the average
pressure in the combustor. The mixing (air and fuel) efficiency increased at low air velocity, which created a mixture that burned instantly and produced highly energetic gas
that expanded through the diverging section. The diverging
section walls were at an angle of 3.0° to the free stream direction in order to prevent throttle choking (i.e., backfire).

Figure 3. Vortices at the backstep.

Computational Method
Fluent, the computational fluid dynamics (CFD) code,
was used to solve the present problem. A density-based
solver was chosen for the general conservation equations for
continuity, momentum, energy, and species. Those equations were discretized into a system of algebraic equations.
These equations were then solved numerically to define the
solution field within Fluent. Several iterations needed to be
performed before a converged solution was obtained
(70,000 iterations were typical). Two options existed for the
density-based solver: implicit and explicit. The implicit solution approach is usually preferred to the explicit approach,
which has a very strict limit on the time step size. The advantage of the implicit solver is that it performs much faster
than the explicit solver and is unconditionally stable with
respect to time step size. The solver uses the point implicit
Gauss–Seidel/symmetric block (Gauss–Seidel/ILU) method
to solve for variables. In order to calculate the specified
turbulent flow, the K–ε model was used. This model has
three user-defined options: standard, renormalization group
(RNG), and realizable. The realizable option was chosen
because it provides superior performance for flows involv-
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ing rotation, boundary layers under strong adverse pressure
gradients, separation, and recirculation.
The species model used finite-rate/eddy-dissipation, since
it is suitable for turbulent flows (high Reynolds number),
fast chemical reactions, and non-premixed air and fuel.
Structured quadrilateral elements were used to create the
grid. The independence of present solutions with respect to
grid size was ensured by examining grid independence.
Grids with 40,000–80,000 cells were examined. A grid with
a mesh size of 70,000 cells was established as nominal. The
Fluent computational algorithm used in this investigation
was validated against the numerical and experimental results from Kim et al. (1999), who examined a scramjet combustor. The boundary conditions for the air entering the isolator were as follows: Pt = 13.667 atm, Ps = 0.8 atm, and
Tt = 1998 K. In addition, fuel was injected at Pt = 2.12 atm,
Ps = 1.12 atm, and Tt = 294 K.

The purpose of this current study was to determine the
appropriate backstep height, location, and angle in order to
minimize pressure loss and maximize thrust. Figure 5 shows
the first case that was considered: geometry with no backstep. The hydrogen was injected normal to the air flowing at
high speed. The reaction of air with hydrogen in a geometry
with no backsteps resulted in a combustion efficiency of
64.6%, thrust of 221.5 N, pressure loss of 0.37 atm, and an
equivalence ratio of 1.455.

Results and Discussion
The effects of h1, h2, L1, L2, θ1, and θ2 on ηc, Π, T, and Ф
were examined. Geometries with and without backsteps
were compared in order to evaluate the benefits. Two backsteps were used to reduce the air velocity entering the combustion chamber and increase the mixing efficiency with the
fuel for better combustion efficiency. Figure 4 shows how
the sudden expansion of the flow in the first and second
backsteps created shockwaves. This shock system reduced
the speed of the flow. A major disadvantage of the shock
system is pressure loss (Jagannath, Naresh, & Pandey,
2007). Shockwaves are distinguished by a sudden change in
the characteristics of the medium, such as the pressure, temperature, or speed (Bird, 1967; Anderson, 1989). When air
enters the pipe, a boundary layer is formed; this entrance
region is considered to be a non-fully developed flow region, and the fluid accelerates or decelerates as it flows,
according to the rate of growth of the boundary layer. The
calculated Reynolds number indicated that the flow was
turbulent (Bardina, Huang, & Coakley, 1997; Jones &
Launder, 1972).

Figure 4. Mach number contours.

Figure 5. Scramjet geometry with no backstep.

These results were compared with a geometry having two
backsteps and with a geometry having one backstep height h
of 0.5 cm. The following properties were kept constant:
• Fuel injector diameter: 0.2 cm
• Number of fuel injectors: 2
• Fuel injector: 29 cm from the air inlet
• Location of the first backstep: 15 cm from the air
inlet
• Location of the second backstep: 26 cm from the air
inlet
• Air inlet dimensions: 3.4 cm × 3.4 cm Exhaust outlet
dimensions: y cm × y cm
• Geometry: axisymmetric.

Effect of the Backstep Height on
Performance Parameters
To determine the effect of h1 on ηc, Π, T, and Ф, h2 was
kept constant at 0.25 cm, while h1 was varied between 0.125
and 0.75 cm. During the steady-state adiabatic process for
the supersonic flow in the 15 cm long duct with a constant
area, viscous effects caused the flow properties to change
along the duct (John, 1984). When the high-temperature air
reached the first set of backsteps, expansion waves formed
as a result of the sudden deceleration of the air at the backsteps. Between the first and second set of backsteps, a series
of expansion waves and shockwaves formed. Figure 6(a)
shows how the vortices between the two backsteps caused
viscous energy losses and changes in the velocity, density,
and pressure. When the air reached the fuel injectors and
mixed with the fuel, ignition occurred. The Mach number of
the high-temperature mixture increased and the gas further
expanded through the diverging channel.
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Combustion efficiency is a measure of the useful heat extracted from a fuel when it reacts with an oxidizer, as given
by Equation 1:

centage increase in the combustion efficiency and thrust
compared with the geometry with no backstep. Table 2 presents the effect of h1 on T and Ф.
Table 1. Percent increase in ηc and T.
h1 (cm)

% Increase in ηc

% Increase in T (N)

0.125

19

20

0.25

21

26

0.50

29

70

0.75

14

26

Table 2. T and Ф for various h1.

(a) Effect of h1 on Π

(b) Effect of h2 on Π
Figure 6. Effect of h on Π.

Combustion efficiency =

mass of fuel in − mass of fuel out
(1)
mass of fuel in

Figure 7(a) shows an increase in the combustion efficiency for the geometry with two backsteps compared with the
geometry with no backstep. Shockwaves created by the first
backstep with a height of 0.5 cm increased the local temperature and decreased the flow velocity, which increased the
combustion efficiency and thrust. Table 1 presents the per-

h1 (cm)

T (N)

Ф

0.125

267

1.37

0.25

278

1.31

0.50

376

0.98

0.75

279

1.19

No backstep

221

1.46

The equivalence ratio is defined as the actual fuel-tooxidizer ratio divided by the stoichiometric fuel-to-oxidizer
ratio. The case with no backstep showed Ф >1, which indicated excess fuel in the fuel–oxidizer mixture, while the
case with the first backstep at a height of 0.5 cm showed an
equivalence ratio very close to 1. An equivalence ratio of <1
indicates a deficiency in the level of fuel (i.e., excess oxidizer) in the mixture. Therefore, setting the first backstep
height at 0.5 cm resulted in a more efficient combustion
process compared to other heights for the first backstep.
Then, h1 was kept constant at 0.5 cm and h2 was changed
between 0.125 cm and 0.75 cm in order to determine the
effect on ηc, Π, T, and Ф. Figures 6(b), 7(b), and Table 3
show the results of these tests. Figure 6(b) also shows that
changing h2 had no major effect on Π, because of the close
proximity of this step to the fuel injector. Table 4 presents
the percentage increase in ηc and T compared to a geometry
with no backstep. Tables 1 and 4 indicate that the most efficient values for h1 and h2 were 0.5 and 0.25 cm, respectively. Tables 2 and 3 indicate that the maximum T was reached
when Ф was close to one (0.98 and 0.92). When Figures 6
(a) and 6(b) are compared, the values of Π for changes to h2
were less than those associated with changes to h1.

Effect of the Backstep Location on
Performance Parameters
In order to investigate the effect of L1 and L2 (i.e., distances of the backsteps from the air inlet) on ηc, Π, T, and
Ф , L2 was held constant at 26 cm, while L1 was varied between 12 and 21 cm. Based on the results of the parametric
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study on the step height, two backstep heights were chosen
and kept constant: h1 = 0.5 cm and h2 = 0.25 cm. Figures 8
(a) and 9(a) show the effect of varying L1 on ηc and Π. Table 5 indicates that T and ηc were optimized (with a minimum Π) when L1 = 15 cm. As L1 moved towards L2, ηc and
T decreased, while Π and Ф increased.

This degradation in performance was due to the shockwaves becoming less effective at reducing the flow speed of
the air approaching the fuel injector. When the air velocity
was high, the mixing efficiency was poor, which decreased
ηc. When the reduction in the air flow speed upstream of the
fuel injector was examined, L1 = 15 cm was determined to
be the most effective location.

(a) Effect of h1 on ηc

(a) Effect of L1 on ηc

(b) Effect of h2 on ηc
(b) Effect of L2 on ηc
Figure 7. Effect of h on ηc.
Figure 8. Effect of L on ηc.
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Table 3. T and Ф for various h2.
h2 (cm)

T (N)

Ф

0.125

252

1.24

0.25

376

0.98

0.50

375

0.92

0.75

288

1.19

No Backstep

221

1.46

when L2 was at 26 cm from the air inlet. As L2 was moved
toward L1, T decreased while Ф increased. This degradation
in performance was due to the ineffectiveness of the shockwave/expansion wave system at reducing the flow speed of
the air approaching the fuel injector. The high air velocity
led to poor fluid mixing and low combustion efficiency.
Therefore, the most effective locations for L1 and L2 were
found to be 15 and 26 cm, respectively.

Table 4. Percent increase in ηc and T.
h2 (cm)

% Increase in ηc

% Increase in T (N)

0.125

19

14

0.25

29

70

0.50

25

70

0.75

22

30

Table 5. ηc, Π, T, and Ф for various values of L1.
L1 (cm)

% ηc

Π (atm)

T (N)

Ф

12

82

0.67

274

1.28

15

93

0.62

376

0.98

18

82

0.67

277

1.26

21

80

0.68

276

1.28

No backstep

65

0.37

221

1.46

Single backstep 15 cm

84

0.69

261

1.31

Single backstep 26 cm

85

0.70

272

1.30

(a) Effect of L1 on Π

To examine the effectiveness of the geometry with two
backsteps, two geometries with single backsteps (at 15 and
26 cm from the air inlet) were investigated. Table 5 lists
these results. The thrust and equivalence ratios were not as
good with a single backstep as when two backsteps were
used. This indicated that the two expansions of the flow
with the two backsteps were more effective at reducing the
air velocity, which resulted in a better combustion efficiency than when a single backstep was used. The equivalence
ratios for the geometries with no backstep and a single
backstep were between 1.30 and 1.46, which indicated excess fuel in the fuel–oxidizer mixture. Therefore, more air
was needed to complete the combustion, which led to better
thrust.
In order to investigate the effect of L2 on the performance
parameters, the most effective value of L1 (15 cm) was kept
constant, while L2 was varied between 22 and 28 cm. Figures 8(b) and 9(b) show no major effect on Π and ηc when
L2 was varied. This may be due to the close proximity of L2
to the fuel injector. Table 6 indicates that T was optimized

(b) Effect of L2 on Π
Figure 9. Effect of L on Π.
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Table 6. T and Ф for various values of L2.

Table 7. Percent decrease in velocity from the air inlet to the first
backstep for various values of θ1.

L2 (cm)

T (N)

Ф

22

329

1.1

24

349

1.02

26

376

0.98

28

341

1.02

No backstep

221

1.6

θ1

ΔV/Vi

25

5.0

45

5.9

65

17.5

90

19.0

Effect of the Backstep angle on
Performance Parameters
The effect of varying θ1 and θ2 on the performance parameters (i.e., combustion efficiency, pressure loss, thrust, and
equivalence ratio) was evaluated. In order to perform a parametric study on θ1, θ2 was kept constant at 90°, while θ1
was varied between 25° and 90°. Based on the results of the
previous parametric study, the most effective values of the
following variables were chosen and kept constant:
h1 = 0.5 cm, h2 = 0.25 cm, L1 = 15 cm, and L2 = 26 cm. The
pressure contours in Figures 10(a-b) show that increasing θ1
caused the recirculation region immediately downstream of
the backstep to increase. In addition, Table 7 shows that the
strength of the shockwaves at the first backstep increased,
which decreased the flow velocity between the air inlet and
first backstep. Figure 11(a) shows how this increased the
combustion efficiency, which reached its maximum at
θ1 = 90°.

Figure 10. (a-b) As the backstep angles increase, the vortices
behind the backstep increase. This reduces the air velocity.

(a) Effect of θ1 on ηc
(b) Effect of θ2 on ηc
Figure 11. Effect of θ on ηc.
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Figure 12(a) indicates a significant variation in pressure
loss in the vicinity of the first backstep (X/df = 80) as a
function of θ1. However, as the combustor exit was approached, the profiles converged. Table 8 presents the performance parameters as a function of θ1.

Table 8. ηc, Π, T, and Ф for various values of θ1.
θ1 (°)

% ηc

Π (atm)

T (N)

Ф

25

94

0.61

342

1.20

45

93

0.60

342

1.14

65

97

0.60

351

1.04

90

99

0.61

377

0.98

No backstep

65

0.37

221

1.46

As θ1 increased to 90°, the highest engine thrust (with a
reasonable Ф) was obtained. Table 9 indicates that the
shock system created at θ1 = 90° was more effective at reducing the air velocity and increasing the reaction rate, and
presents the difference between the maximum and minimum
rates of reaction as a function of θ1. To examine the effect
of varying θ2 on the performance parameters, θ1 was held
constant at its most effective value of 90°, while θ2 was varied between 25° and 90°. The pressure contours for various
values of θ2 indicated that increasing θ2 increased the recirculation zone downstream of the second backstep. This is
the same as the previous results for a variable θ1. Figure 11
(b) shows the variation in ηc with X/df for various values of
θ2; ηc increased with θ2, due to enhanced fuel-air mixing.
Figure 12(b) shows that, when θ2 = 90°, the pressure losses
were minimized, as well as the variation in Π with X/df for
different values of θ2.
(a) Effect of θ1 on Π

(b) Effect of θ2 on Π
Figure 12. Effect of θ on Π.

Table 9. Difference between maximum and minimum rates of
reaction for various values of θ1.
θ1 (°)

Rate of reaction (kg mol/m3 S)

25

242

45

433

65

527

90

593

No backstep

134

The shockwave system created by the two backsteps
helped enhance the combustion of the mixed reactants by
increasing the local temperature and decreasing the local air
flow velocity from the air inlet to the second backstep by
52.6%, which resulted in a longer residence time. This is
consistent with the experience of Kim et al. (1999). Table
10 presents the performance parameters as a function of θ2
and indicates that the maximum thrust, where Ф was almost
one, was obtained at θ2 = 90°. Tables 1–10 indicate that the
thrust generally decreased with increasing Ф; therefore, Ф is
generally inversely proportional to thrust. The maximum
thrust was obtained when Ф was close to one. Table 11
shows that the pressure contours for the different geometric
modifications were indicative of the fact that adding the
second backstep to the present combustor configuration
significantly increased the effectiveness. This is verified by
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the data in Table 5, demonstrating the benefit of a pair of
backsteps over a single backstep.
Table 10. ηc, Π, T, and Ф for various values of θ2.
θ2 (°)

% ηc

Π (atm)

T (N)

Ф

25

79

0.67

287

1.23

45

78

0.67

293

1.22

65

90

0.63

362

0.91

90

93

0.62

376

0.98

No backstep

65

0.37

221

1.46

Table 11. Percent increase in ηc and T for one and two backsteps
compared with no backstep.
Number of
backsteps

Location
(cm)

% Increase in
ηc

% Increase in
T

One

15

23

15

One

26

24

19

Two

15–26

30

70

Conclusions
The effects of two backsteps were investigated numerically and compared with geometries having no backstep and a
single backstep. The locations, heights, and angles of the
backsteps were examined for their effects on the combustion efficiency, pressure losses, thrust, and equivalence ratio
of a supersonic non-premixed hydrogen–air jet flame in a
model scramjet combustor. The main conclusions are as
follows.
1.

2.

3.

4.

The geometry with no backstep showed the lowest
combustion efficiency and thrust, while the geometries with single backsteps showed better results
when the backsteps were located 15 and 26 cm, respectively, from the air inlet. The thrust increased by
15% and 19%, respectively, and the combustion efficiency increased by 23% and 24%, respectively.
The geometry with two backsteps showed major improvement compared to the geometry with no backstep. The thrust increased by 41%, and the combustion efficiency increased by 30.0% with an equivalence ratio close to one.
An angle of 90° for the first and second backsteps
produced a more efficient recirculation zone and was
better at reducing the flow velocity compared to the
other backstep angles of 65°, 45°, and 25° with minimum pressure losses. This caused intense mixing and
increased combustion efficiency.
Shockwaves caused by changing the second backstep
height and location had little effect on the pressure
losses when compared with changing the second

backstep angle. This is because the backstep was near
the fuel injector and the shockwave strength and recirculation zone efficiency varied with the angle. The
results showed that optimizing the locations, heights,
and angles of the first and second backsteps can increase combustion efficiency and thrust.
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ηc
θ1
θ2
Π
y

combustion efficiency = mf1 – mf2 / mf1
Equivalence Ratio = Ф = (fuel/air) actual / (fuel/air)
first backstep angle (⁰)
second backstep angle (⁰)
static pressure = P1 – P2
exhaust outlet height (cm)
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Nomenclature
A1
A2
h1
h2
H1
H2
L1
L2
ṁ
ma
mf
mf1
mf2
P1
P2
Ps
Pt
RNG
T
Tt
V1
V2
Є

inlet area
outlet area
first backstep height
second backstep height
total height of inlet isolator 2
total height of outlet isolator 2
first backstep location
second backstep location
mass flow rate
mass of air
mass of fuel
mass of fuel at the inlet
mass of fuel at the outlet
inlet pressure
outlet pressure
static pressure
total pressure
renormalization group
thrust ≡ (P2 A2 – P1 A1) + ṁ (V2 – V1)
total temperature
inlet velocity
outlet velocity
epsilon
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Abstract
Color case hardening (CCH) using the bone and charcoal
pack process is a carburizing method that has a long history.
Though similar to many modern carburizing processes that
yield better results (in terms of carbon consistency, case
depth, and hardness) the CCH process has maintained popularity in the firearms industry, where it has historically been
used as a treatment for firearm components. The CCH process, much like conventional case-hardening methods,
yields a high carbon, file-hard shell that surrounds a softer,
lower-carbon inner core. Unlike conventional casehardening methods, the CCH process produces a surface
that often displays a range of decorative colors. Preliminary
examination of these surfaces shows that the process can
produce, under some conditions, highly structured iron oxide nanoparticles that may prove useful in a variety of industries.

Introduction
Carburizing, the technology of infusing the surface of low
-carbon steel with high concentrations of carbon to permit
hardening is an ancient process that goes back at least to the
days of the Roman Empire. A recent study involving metallurgical samples of five pieces of Roman armor, dated to
about AD 120, indicated a high concentration of carbon on
the hardened steel surface of the iron armor (Fulford, Sim,
Doig, & Painter, 2005). Case-hardened surfaces exhibit several desirable tendencies, such as a hard, high-carbon shell
surrounding a softer, low-carbon core that supports the
hardened surface (Johnson & Weeks, 1977). While the ancient process of carburizing continues into modern times,
there is a similar process referred to as color case hardening
that, while still in use, has been limited to a much narrower
sector. Color case hardening (CCH) is a carburizing process
that results in the usual surface-hardening characteristic, but
additionally a CCH surface exhibits a mottled color appearance (see Figure 1). Author Oscar Gaddy (1997), described
these colors as a “range from straw color to brown, dark
blue, light blue, white and shades of red, and are closely
related to, but not identical to, temper colors that one obtains by heating polished steel in air to temperatures of
400 to 600ºF.” Gaddy’s research interest was in recreating
the colors that often appeared on fine sporting arms from
the 19th and 20th centuries. Indeed, the firearms industry has
been the primary user of the color case-hardening process,
and it continues today within a limited sector of the firearms
industry.

Figure 1. Color case-hardened sample pieces.

Though many authors, primarily of gunsmithing texts,
have written about the process over the years (Howe, 1941;
MacFarland, 1966; Vickery, 1955), few have fully described the procedure to achieve the distinctive, mottled
color surface characterized by the bone and wood charcoal
color case-hardening process. Part of the reason for this
could simply be the authors themselves were describing the
process second hand, without first-hand knowledge (Kelly,
2010). It is also possible that many of the authors felt that
the color case-hardening process (when used with firearmrelated parts) was potentially dangerous when done by those
un-experienced with the concepts of heat treatment in firearm-related applications. Indeed, many authors of these
texts cautioned against the use of the process, stating that it
was an uncertain process that could result in damage to the
firearm and injury to the user if not done correctly (Kelly,
2010). The other reason that the process may not have been
described accurately was to protect trade secrets. When the
Colt Manufacturing Company phased out their single-action
army revolver in the 1930s and attempted to bring it back in
the 1950s, they experienced considerable difficulty when
they attempted to recreate the color case hardening that they
had used in their pre-war revolvers. The period that had
passed since they had last performed this operation had seen
many employees familiar with the process retire or pass
away, taking with them the knowledge of the process
(Gaddy, 1997).
Kevin Kelly (2010) in his book, W hat Technology W ants,
coins the term “Technium,” which, as he states, is “a word
to designate the greater, global, massively interconnected
system of technology vibrating around us.” The connection
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that humans have shared with technology throughout history
has shown that the advancement of technologies is not always uniform. Some technologies advance quickly, while
others lag behind, often to be lost to the past. Though in
many instances the rise and fall of technology runs parallel
to human needs but, in other instances, technologies are
deliberately held back or their use is marginalized. In many
ways, this explains the color case-hardening process, which
has never completely gone out of use from the time that it
was first used; however, its use has largely been confined to
the firearms sector and, for whatever reason, little academic
research has been done. Yet, CCH is a process that is worthy of research. Color case-hardened surfaces exhibit some
striking differences from the surfaces of parts produced with
other carburizing operations.
The surface of a CCH part produced by the wood and
bone charcoal process often exhibits highly complex crystalline structured surfaces that could prove useful in many
fields (Pilotek & Tabellion, 2005). The surface structure of
the color case-hardened surface consists of heavy concentrations of iron oxide, which, preliminary research shows, can
be manipulated to present different sizes of nanoparticles.
The potential to control the surface structure and size of the
iron oxide shows the potential for use in a variety of applications. One area that shows promise is as a coating for use
in the oil and gas industry in regards to steel pipe coatings.
The process of manipulating nanoparticles is an area of interest to researchers today (Mirza, Rasu, & Desilva, 2016),
but the process of using color case hardening as a means of
forming these nanoparticles does not appear to have been
explored.

Carburizing in Modern Industry
Carburizing is a method in which carbon is infused into
the surface of low-carbon steel, providing the ability for the
part to be heat treated using the same processes as highcarbon tool steels. Pack carburizing, one of the oldest methods known, involves placing the low-carbon steel parts in a
carburizing container filled with a carburizing mixture. The
container is sealed and then heated to temperatures suitable
for the work that is being done, though 898-954ºC seems to
be quite common in industry (Grossman, 1937). As the container is heated, the carbon material in the container creates
carbon monoxide and carbon dioxide gasses that infuse into
the surface of the steel once the austenite transformation
phase has been achieved. Carbon penetration is faster at
higher temperatures, and carbon depth is largely a product
of time in which the parts are exposed to the carbon-rich
atmosphere. The length of time that the parts are heated and
the temperature used are useful parameters in estimating the
depth of carbon penetration in the parts.
Many different carbon-containing mixtures have been
used as carburizing agents, but the common form is charcoal. Carbon alone is not all that efficient in producing carbon monoxide and, in order to facilitate this process, an

energizer is added to the pack. The energizer can be an inorganic such as carbonate, or an oxide or cyanide (Gaddy,
1997). The gasses are produced in the form of a simple reaction with the oxygen and carbon in the box, as by Equation 1:
2C + O2
2CO
(1)
The CO reacts with the steel during the austenitic phase,
according the reaction described by Equation 2:

xFe + 2CO

FexC + CO2

(2)

The Fe3C forms on the surface of the steel during the austenitic phase (Grossman, 1937). As this reaction occurs, a
surface layer of high-carbon steel is quickly built up. Due to
the low-carbon content in the core, carbon atoms will attempt to reach equilibrium with the result that they will diffuse further into the surface during the austenite phase. How
fast this diffusion occurs is to a degree dependent on temperature and the diffusion coefficient of the material
(Woodworth, 1997). Though these processes share similarities with the methods used for color case hardening, there
are some differences in the procedures that are used. In industry, pack carburizing is typically done at much higher
temperatures than what is conventionally used for the CCH
process. For instance, Grossman stated that the 898-954ºC
range is the norm (Grossman, 1937). Experiments with the
CCH process have shown that temperatures much higher
than 815ºC result in little color patterns visible on the parts.
At the lower temperature range used with the CCH process,
though, surfaces tend to absorb greater concentrations of
carbon, while the carbon penetration is considerably less
than with more conventional methods (Gaddy, 1997).
The other main difference between the two processes is
that in most industrial applications the parts that are being
carburized are generally allowed to cool to room temperature after the carburizing cycle, removed, and heated again
before being quenched (Johnson & Weeks, 1977). Though
this process does provide some advantages, such as better
retention of the carburizing mixture, parts case hardened in
this manner do not exhibit the complex surface structure
that the CCH process produces. The CCH process differs
from the aforementioned approach in that the parts are immediately quenched directly from the crucible, taking care
to eliminate outside contact with the air, which would immediately scale the surface. This results in the carburizing
mixture going into the quench with the parts.

Experimental Details
Figure 2 shows six samples that were prepared using 1018
cold-rolled mild steel, 0.125-in2 x 2 in-long stock, for testing. All samples were annealed and then surface ground
using a 120-grit wheel to ensure consistency. The six samples were heat treated using different carburizing mixtures;
some of the samples were only carburized and not hardened.
All samples were carburized using mild-steel carburizing
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vessels and carriers to avoid any potential for cross contamination. Distilled water, temperature controlled to 20ºC was
used in 18-liter containers for the samples that were hardened. Between tests, the water was discarded and the container thoroughly cleaned before the next test cycle.

Figure 2. Color case-hardened samples.

A Johnson Gas heat treatment furnace controlled with a
Honeywell UDC Digital Control was used for the heat treatment cycles. All samples were allowed to stabilize in the
furnace at 801ºC and soaked at that temperature for
1 ½ hours prior to either being removed or quenched. Wood
and bone charcoal used in this study was obtained from
Brownells, Inc. (2015). The bone charcoal was listed as
10 x 28 sieve size and the wood charcoal was number six
mesh size. Prior to packing, all parts were cleaned with denatured alcohol to remove any residual oils that, experience
has shown, will disrupt the CCH process (Kelly, 2010). Following the heat treatment operations, the six samples were
mounted in epoxy and cross-sectioned. The face of each
sample mount was successively ground and then polished to
4000 grit. Samples were not gold or carbon coated; instead,
they were prepared with copper tape. Silver paint was applied to ensure good electrical conduction from the sample
to ground. All observations were made with a JEOL 5800
scanning electron microscope with an Oxford Inca EDS
system. Hardness tests were performed with a Micro Vickers Hardness Tester.

Color Case-Hardening Procedure
Unlike conventional carburizing operations, where the
parts are generally carburized and allowed to cool, followed
by a separate heating cycle to achieve critical temperatures
and then quenched, CCH requires that the parts be removed
immediately from the carburizing materials into the quench
tank. For the parts to exhibit the characteristic colors, the
parts must not be exposed to outside air for any length of

time during the period that they are released from the carburizing materials into the quenchant. The methods that can be
used to achieve this are varied, but for this study the following arrangement was utilized.
Figure 3 shows the new mild-steel carburizing vessels
that were fabricated to avoid any potential for cross contamination. All parts were packed in a pre-specified ratio and
type of carburizing mixture that was then placed in the bottom of the crucible, filling it about halfway. The sample
piece was then carefully placed in the center of the crucible
in an upright position, at which point additional mixture was
added to the vessel to fill it. Care was taken to keep the
parts centered in the crucible and away from the sidewalls.
Periodically, the sides of the vessel were tapped with a steel
rod to settle the carburizing mixture around the part and
remove any voids. Once the vessel was packed, it was fitted
with a loose-fitting bottom cap and the assembly was fitted
to a steel carrier. The samples were heated to 801ºC, starting
with a cold furnace for a period of two hours; the first half
hour was not counted in order to allow the pack to normalize to the temperature of the furnace. Figure 3 shows how
each 18-liter container was fitted with a steel cover plate
with an opening at the center in order to aid in the quenching process. The parts were removed from the oven and
transferred to the steel plate at which time the crucible was
slid over the center hole in the lid, dropping the contents
into the quenchant.

Figure 3. Crucible, carrier, and tank cover used for bone and
charcoal color case hardening.

The importance of reducing contact with the outside air
cannot be overstated. Earlier attempts to recreate the CCH
process were not successful, due largely to the arrangement
of removing the pack from the furnace and the quenching
operation that followed. Any air that contacts the parts prior
to their entry into the quenchant will result in a dull gray,
scaled, oxidized surface. A short air gap is permissible, as
the parts are partially protected by the gas envelope as they
drop from the crucible but, with any substantial drop, the
parts will not be colored. The arrangement described above
reduces the air gap to less than 0.812 mm, which proved to
be ideal.
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Results and Discussion
Surface Structure
As Gaddy reported in his 1997 study, the effects of the
CCH process on the surface structure of the steel are quite
unusual. Observations from this current study agreed with
what Gaddy found in the form of crystalline structures of
about 1μm in size on samples that had been carburized in
mixtures with high percentages of bone charcoal (Gaddy,
1997). These globules were generally surrounded by structures that would measure in the nanoparticle range; also, as
the percentage of bone charcoal was decreased, and wood
charcoal increased, the surface structures exhibited regions
of amorphous structure blended with the crystalline structures exhibited with bone charcoal. Figure 4 shows that,
with higher concentrations of bone, the surface structures
that were produced fell just past the range that one would
associate with nanoparticles; however, as the bone decreased, and the mixture used consisted predominately of
wood charcoal, the surface structure showed a fine to nearly
amorphous structure, which could be within the normal nanoparticle range of 1-100nm in size (Pilotek & Tabellion,
2005).

Chemical analysis of the surface showed that the crystalline structure on the surface was composed largely of iron
oxide with small quantities of calcium and phosphorus. The
appearance of these elements was interesting, and Gaddy
attributed the concentrations of these to the tri-calcium
phosphate content of the bone charcoal that was used in the
study (Gaddy, 1997). Table 1 provides the chemical analysis of the different samples tested.
Table 1. Elements measured in surface structures of samples.
Sample
Bone not
hardened

C

O

Fe

other

Fe:C

Fe:O

46.45

29.92

22.98

0.66

0.49

0.77

Wood/bone

49.04

12.39

36.82

1.76

0.75

2.97

Wood

55.73

11.5

31.33

1.43

0.56

2.72

61.08

12.32

25.09

1.51

0.41

2.04

71.81

7.42

20.1

0.67

0.28

2.71

Wood/bone
not hardened
Bone

Optical Properties
One interesting aspect of nanoparticles is that they often
have unusual optical properties (Hewakuruppu, Dombrovsky, Chen, Timchenko, Jiang, Baek, & Taylor, 2013). Earlier research indicated that there was some correlation between the structure of the surface and the colors that were
produced. To study this impact, preliminary observations
were made of the color spectrum on the samples and it was
found during the analysis that the areas that exhibited concentrations of blue also exhibited higher concentrations of
oxygen than the gray areas in the samples. Figure 6 provides
a comparison of the different elements based on color areas.

Figure 4. Surface structures of hardened samples. Wood bone (far
left), wood (right); and bone (center).

Figure 5 shows that samples also revealed considerable
difference in surface structure in hardened versus unhardened states, with hardened samples exhibiting a more refined crystalline structure than those of samples that were
not hardened.

Figure 6. Testing shows that non-colored areas contain less oxygen
than blue and bright blue areas.

Case Depth

Figure 5. Surface structure of hardened versus non-hardened bone
samples.

At the lower temperatures used in the CCH process, the
surface tends to absorb a higher concentration of carbon
much more quickly than with conventional carburizing operations; however, the depth of this carbon penetration is
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also shallower (Woodworth, 1997). The lower temperature
range characteristic of CCH processes is one of the major
disadvantages when comparing this process to other carburizing methods. Color case hardening requires temperatures
below 1500ºF in order to be successful in obtaining good
color patterns. As was mentioned previously, normal carburizing operations in industry take place in a temperature
range from 898ºC to 954ºC and use more-efficient carburizing mixtures containing highly efficient energizers. Figure 7
illustrates the relationship between temperature time and
case depth when using energized wood charcoal. However,
though not mentioned in the chart, the energizer that this
table was based on was likely considerably more efficient
than the bone charcoal that acts as the energizer in the CCH
process.

samples were likely carburized and tempered at higher temperature ranges and for greater periods of time than what
18th and 19th century firearms manufacturers would have
used (Gaddy, 1997). Figure 8 illustrates a comparison between three samples carburized in different carburizing mixtures. By far the deepest case was obtained using a 50/50
ratio of wood and bone, about 0.152 mm, with the depth of
the sample carburized in bone measuring about 0.101 mm.
The sample carburized with wood only shows little to no
depth, likely due to the lack of any form of energizer to enhance carbon monoxide production.

Figure 8. Comparing case depths of hardened samples.

Case Hardness

Figure 7. Carburization rate with energized wood charcoal at
differing temperatures (Johnson & Yearwood, 2014).

Given the much lower temperatures utilized in the CCH
process and the relative inefficiency of the bone charcoal as
an energizer, it should be expected that case depths are going to be substantially less than would be expected with
more efficient processes. Gaddy’s original research looked
at the use of the CCH process used by firearms manufacturers, particularly those of the late 19th and early 20th centuries. He noted that in most instances the firearm receivers
exhibited characteristics suggesting that they were often
quenched at temperatures under the critical temperature
range and had very shallow, but file-hard case depths measuring 0.025-0.050 mm (Gaddy, 1997).
These shallow depths would support the hypothesis that
these early makers carburized for relatively short length of
times at temperatures on the lower end of critical, perhaps
even quenching at temperatures considerably under the critical range. In the samples that were observed, case depth was
found to range from about 0.101-0.152 mm, though the

Color case hardening, just like other carburizing methods,
is intended to modify the mechanical properties of lowcarbon steel. As mentioned previously, the early uses of this
were largely firearms related and, in most instances, the
parts that this process was applied to were well suited to this
form of heat treatment. Parts that were exposed to considerable amounts of wear were generally made from either highcarbon steels or were subjected to a more conventional carburizing operation, whereby they developed much deeper
cases more suitable for the expected use of the parts. As a
result, case hardness or depth is not generally the first priority when performing the CCH process, but rather the decorative element of the colors produced, which was noted in
Gaddy’s earlier research (1997). For this current study, a
micro-Vickers hardness test was used on the sectioned samples. This method is preferred over conventional Rockwell
hardness tests for case-hardened surfaces (Herring, 2012).
Figure 9 provides a photograph of a cross section tested
with the Vickers method, and Figure 10 shows the results of
the six samples tested.

Figure 9. Bone sample showing the Vickers indentations in the
surface.
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Conclusions

Figure 10. Vickers hardness test results of the six samples.

While the results, in terms of hardness, in Figure 10 are
not that impressive, what it suggests is actually quite interesting. The CCH process does not operate at the higher temperatures that are currently the industry standard, yet does
tend to yield higher concentrations of carbon at the surface.
What the Vickers test seems to show is that the carbon distribution drops off dramatically the further into the case you
go. At the surface, the hardness can be described as file hard
and measures around 60-62 Rockwell on the surface; but, as
the case goes deeper and the carbon concentration declines,
the steel behaves like lower-carbon steels with a gradual
reduction in the ability to be hardened effectively. Figure 11
illustrates this effect in relation to the carbon content of the
steel in relation to hardness.

Figure 11. Approximate impact of carbon percentage on hardness
of carbon steel in both martensitic and pearlitic conditions
(Johnson & Weeks, 1977; Johnson & Yearwood, 2014).

Formation of nanoparticles is currently an area of intense
interest to researchers. Given this interest, the use of the
CCH process to create a nanostructured surface of iron oxide has a great deal of potential in many sectors and is as yet
an area that appears to have seen little research. While the
results of this preliminary study show promise, further research is needed regarding the complex surface structures
created in the CCH process. The results of this study
demonstrate that it might be possible to control the size and
structure of the surface. Many technologies have come and
gone over the years and, in most instances, this is the result
of natural progression. Though many more-effective methods of carburizing have been developed over the years, color case hardening has survived due to the connection that it
has maintained with the firearms manufacturing sector.
Though the mechanical properties leave much to be desired
in regards to carbon case depth, carbon distribution, and
hardness, it is the vibrant display of colors produced that are
so admired by firearms fanciers that have kept color case
hardening alive and saved it from the often lethal effects of
time and technological progress.
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Abstract
Electrospinning is a fast-growing production method for
nanoscale fibers, and involves spraying an electrically
charged polymeric solution on a rotating drum. Desalination, gas separation, pharmaceutical drug synthesis, and
concentration are in heavy use of this technology. The peculiar properties of electrospun membranes—as far as hydrophobicity, high porosity, selectivity, and stability—continue
to attract their application in the oil and gas, desalination,
medical, and food industries. Their fabrication relies on
multiple parameters, including solution properties (i.e., viscosity, conductivity, and surface tension) and operational
parameters (i.e., feed rate, applied voltage, tip-to-collector
distance, and temperature). Manipulation of these parameters can lead to desirable properties with added values. In
this study, the authors evaluated the influence of the collector speed parameter on the properties of desalination membranes. The fabricated membranes were made from a 10%
(w/w) poly (vinylidene fluoride-co-hexafluoropropylene)
and characterized for morphology, pore size, porosity analysis, surface wettability, and mechanical properties. Results
suggest that the collector speed has negligible effect on
most electrospun membrane desalination properties and,
thus, on mass flux production except porosity and mechanical strength where collector speed has a significant influence.

brane process, because they tend to have higher porosities
(i.e., 10-20% more) than that of conventional membranes
made by phase inversion (Subramanian & Seeram, 2013).
Additionally, they are characterized by higher surface hydrophobicity than membranes produced from the same materials via other methods (Kaur, Sundarrajan, Rana, Sridhar,
Gopal, Matsuura, & Ramakrishna, 2014; Lee, Boo, Ryu,
Taylor, & Elimelech, 2016), a property which is desirable
for MD. Several factors affect the electrospinning process
and, ultimately, the resulting membranes. These factors include solution properties, such as viscosity, conductivity,
and surface tension, and operational parameters, such as
feed rate, applied voltage, tip-to-collector distance, humidity, and temperature. Researchers have indicated that by appropriately varying any of these parameters, nanofibrous
materials and membranes with desirable physical properties
can be made (Bhardwaj & Kundu, 2010; Doshi & Reneker,
1995; Huang, Zhang, Kotaki, & Ramakrishna, 2003). Moreover, different arrangements of fibers can be obtained by
using a rotating collector (drum), but how these arrangements affect the properties of the membranes is still unraveling.

Introduction
Electrospinning is a rapidly emerging fiber production
method that produces nanoscale fibers by drawing charged
polymeric threads from solutions or melts in the presence of
strong electric fields (Ahmed, Lalia, & Hashaikeh, 2015;
Bhardwaj & Kundu, 2010; Doshi & Reneker, 1995). Figure
1 shows the schematic of a simple electrospinning setup
with a drum-type collector. Electrospinning has gained significant attention in the research community for the production of desalination membranes (Ahmed, Lalia, Hilal, &
Hashaikeh, 2014; Essalhi & Khayet, 2014; Francis, Ghaffour, Alsaadi, Nunes, & Amy, 2014; Moradi, Monfared,
Amini, & Dastbaz, 2016; Tijing, Choi, Lee, Kim, & Shon,
2014; Tijing, Woo, Johir, Choi, & Shon, 2014).
More specifically, electrospun membranes are attractive
for membrane distillation (MD), a non-isothermal mem-

Figure 1. Electrospinning schematic.

While extensive studies have been conducted to understand how operational and solution parameters affect the
properties of electrospun membranes applied to desalination, most of these have paid less attention to the effect of a
collector’s rotating speed on membrane properties for desalination. In this paper, the authors report current findings on
how collector speed affects the properties of MD membranes fabricated by electrospinning and, thus, the distilla-
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tion flux. In this current study, electrospun membranes were
made from a 10% (w/w) poly (vinylidene fluoride-cohexafluoropropylene) solution under different collector
speeds. The fabricated membranes were characterized for
morphology, pore size, porosity analysis, surface wettability, and mechanical properties. Additionally, the distillation
flux was estimated and compared for the different fabricated
membranes.

Materials and Methods
PVDF-HFP (Kynar Powerflex LBG, Mw = 450,000
gmol−1), acetone (Aldrich, CHROMASOLV, for HPLC,
≥ 99.8%), and N, N-dimethylacetamide (Aldrich, CHROMASOLV plus, for HPLC, ≥ 99.9%) used for membrane
fabrication were all used as received. A polymer solution
was prepared by dissolving 10 wt% PVDF-HFP in a mixture of solvents at room temperature. The solvent mixture
contained, by weight, 70% acetone and 30% N,
N-dimethylacetamide. Dissolution of the polymer in the
solvent mix was achieved by magnetically stirring the solution at 300 rpm for 24 hours, followed by atmospheric degas
for 30 minutes. The solution was loaded into a 10-mL plastic syringe connected via a Teflon pipe to an 18-gauge stainless steel needle (internal diameter = 0.838 mm). The loaded
syringe was clamped into a Nanon-01A electrospinning
setup (MECC Japan) containing a rotating drum collector
covered with aluminum foil.
Figure 1 shows how the electrospinning procedure was
conducted under the following conditions: 25 kV potential,
15 cm tip-to-collector distance, 1 mL h−1 feed rate, 50%
relative humidity, and room temperature. To evaluate the
effect of collector speed on the properties of the resulting
membrane, the drum rotational speed was varied from
100 to 1000 rpm. After spinning the 30-mL polymer solution, the membrane was separated from the aluminum foil
and dried in an oven at 50°C for 24 hours. Table 1 lists the
membranes that were produced, and are coded according to
collector speed.
Table 1. Membrane coding with associated properties.
Membrane code

Collector Speed
(rpm)

M1

100

185

3.24

M3

300

183

4.39

M5

500

185

3.38

M7

700

183

4.18

M10

1000

150

5.42

Thickness (μm)

As part of investigating the effect of collector speed on
the properties of membranes and their performance in an
MD test, the permeation flux yield (Ϳ) was assessed theoretically using Equation 1:

(1)

J = cm ∆Psat

where, ΔPsat is the transmembrane water vapor pressure
difference estimated using the Antoine equation
(Blackshaw, 1979). On the other hand, cm is the mass
transport coefficient that can be described using the simplified Knudsen-Poiseuille combination model (Chen, Ho, &
Yeh, 2009; Janajreh, El Kadi, Hashaikeh, & Ahmed, 2017;
El Kadi, Janajreh, & Hashaikeh, 2017), as described by the
mass coefficient in Equation 2, and each is defined in Equations 2 and 3:
(2)

cm = cK + cP

cP = 0.125

ε rp
τδ m

Mw
RTm

(3)

ε rp 2 M w Pm
τδ m RTm µv

(4)

cK = 1.064

As can be seen from Equations 3 and 4, the mass transfer
coefficient is highly dependent on membrane properties,
mainly the porosity, pore size, thickness, and tortuosity. In
this regard, the performance of direct-contact MD using
membranes M1 through M10 was estimated assuming a
counter flow configuration with a feed temperature of 75°C,
permeate temperature of 25°C, flow velocities of 0.1 m/s,
and a temperature polarization coefficient of 0.7.

Results and Discussion
To aid in the discussion of the results, the fabricated
membranes were coded according to the collector speed
(see again Table 1). This table also provides data for associated membrane thickness. With the exception of M10, all of
the membranes had nearly the same thicknesses, as measured by a micrometer. This was probably because equal
volumes of polymer solution were spun for the same
amount of time for of all the membranes. Notably, the very
high speed of 1000 rpm caused the fibers of M10 to be more
spread out across the collector surface; hence, the lower
thickness.
Figure 2 shows that, as obtained from capillary flow
porometry measurements, pore size increased only slightly
with increasing collector speed, giving M10 the largest
mean and maximum pore size. A low collector speed favors
a more random orientation of fibers as they are collected.
This, in turn, increases the chances for large pores to become smaller along a 2-dimensional plane. However, as the
rotational speed of the drum was increased, the tendency of
produced fibers to align in the direction of rotation increased, thereby reducing the chances of closing large pores
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once they formed. Figure 3 shows that porosity, on the other
hand, was observed to be significantly affected by collector
speed. The general decrease in overall porosity with increasing collector speed was likely due to unidirectional alignment of fibers which can close 3-dimensional pore spaces.
In MD, high membrane porosity is desired for higher fluxes
and lower conduction heat losses (Mulder, 2012). However,
very high porosity can compromise the mechanical strength
of the membrane. Fortunately, the mechanical strength requirement for MD is much lower than that for pressuredriven membrane processes (Khayet & Matsuura, 2011).

where, B is a dimensionless geometrical factor that accounts
for pore irregularity, γL is th surface tension of the test liquid (water in the current case), is the contact angle, and
δmax is themaximum pore diameter. Thus, large pores will
result in low LEP. To understand if δmax forM10 was solely
responsible for its low LEP, the dimensionless parameter B
was calculated for all of the membranes and compared in
Table 2. Since all of the membranes had nearly the same B
value, one can conclude that the large pore size of the M10
membrane was the reason for its low LEP.

Figure 2. Membranes mean and maximum pore size diameter.

One of the main requirements of MD membranes is that
they be hydrophobic (i.e., non-wetted). In fact, membrane
superhydrophobicity is desired in order to prevent pore wetting during long-term MD processes. The cylindrical nanofibers obtained from electrospinning feature a first-level reentrant structure that makes electrospun membranes more
hydrophobic than membranes made using the more common
phase inversion process (Lee et al., 2016). Surface wettability of the membranes was evaluated using contact angle
measurements. Figure 4 shows that the contact angle (i.e.,
hydrophobicity) of the membrane was only slightly affected
by collector speed. While the contact angle was higher for
speeds above 100 rpm, how the speed affected contact angle
was not particularly clear. Perhaps the surface roughness
was slightly elevated by alignment of the fibers in one direction. The liquid entry pressure (LEP) was the minimum
amount of pressure that had to be applied before the nonwetted membrane was wetted. High LEP is desirable in order to sustain the MD process. Figure 5 shows that, like the
contact angle data, LEP was generally higher at collector
speeds above 100 rpm. Notably, the LEP of the M10 was
the lowest, likely because this membrane had the highest
maximum pore size (1.01 µm). LEP is related to contact
angle and pore size by the Laplace-Young equation
(Franken, Nolten, Mulder, Bargeman, & Smolders, 1987):
LEP =

Figure 3. Membranes mean porosity measurement.
Table 2. Dimensionless parameter B for M1 – M10 membranes.
Membrane code

Dimensionless factor B (x 10-6)

M1

1.01

M3

1.04

M5

1.07

M7

1.18

M10

1.12

−4 Bγ L cos θ

δ max

Figure 4. Contact angle measurements of membranes.
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(b) M3 membrane fibers
Figure 5. Liquid entry pressure of membranes.

Figure 6(a-e) shows the surface micrograph of the fabricated membranes obtained using a Quanta FEG 250 FEI
scanning electron microscope operated at 2kV. Smooth fibers with negligible beads were obtained for M1–M10, and
all of the membranes had roughly equal average fiber diameters of about 140 nm. As the collector speed increased, the
fibers became more aligned in the direction of collector rotation. The micrograph of M10, however, suggests that at
very high collector speeds, deposition of fibers on the collector becomes quite unstable, thereby preventing alignment
of fibers in the rotational direction. Finally, the mechanical
properties of the membranes were evaluated using a universal tensile testing machine. A dog-bone specimen of each
membrane was pulled in tension along two axes (i.e., parallel and perpendicular to the direction of collector rotation).
Figure 7(a) shows the stress-strain curves for the membranes tensioned parallel to the direction of collector rotation. As the figure suggests, tensile strength in this direction
increased from about 7.2 MPa to 9.8 MPa with rotational
speed. This may have been due to the fibers aligning themselves in the rotational direction as speed increased, leading
to strengthening of the membranes. However, at extremely
high speeds (1000 rpm), deposition of fibers on the collector
was unstable and alignment of fibers was lost, leading to a
reduction in strength. Percent elongation of the membranes
varied from about 54% to 72% with no clear correlation
with collector speed.

(c) M5 membrane fibers

(d) M7 membrane fibers

(e) M10 membrane fibers
(a) M1 membrane fibers
Figure 6. SEM images for M1 – M10.
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Intuitively, one would expect the tensile strength of the
membranes to decrease with collector speed, when tensioned perpendicular to the rotational direction, since alignment of fibers will approach zero in this direction. Indeed,
what was observed approximated what one would expect.
Figure 7(b) shows that the tensile strength decreased with
increasing collector speed from about 6.82 MPa to 2.1 MPa,
as the collector speed was increased from 100 to 1000 rpm.
Percent elongations for this loading were generally higher
than that obtained for parallel loading and varied from about
76% to 97%. The reason for this was probably because the
fibers reorient themselves to align with the direction of applied tensile force. In general, as the deposition of polymer
fibers on the collector approaches random orientation, the
tensile strength of electrospun membranes in both loading
directions approaches the same value.
Figure 8 shows the estimated average mass flux, as per
Equation 1, for different membranes used in direct contact
MD, where all flow parameters were fixed. The highest flux
of almost 21.4 kg/m2.h was recorded for M10, which had
the lowest thickness of 150μm and largest mean pore size of
around 0.37 μm. When M1 and M7 were compared with
each other, it was found that the much higher porosity of
M1 (90.35%), compared to 80.6% for M7, dominated other
properties and led to higher flux than that of M7. The poorest flux was recorded for M3 and was clearly due to the
relatively small pore size of 0.28 μm. Pore size and porosity
were found to be the most dominant parameters, due to their
higher-order effect, as seen in Equations 3 and 4. With the
exception of porosity, the changes in membrane parameters
from earlier results were negligible. Therefore, the overall
averaged mass flux illustrated a maximum gain of 2.7%,
when collector speed was increased by 700 rpm.

pore size when the collected speed changed. The overall
gain in the permeated flux was 2.7% when collector speed
was increased to 700 rpm.

(a) Tensioned parallel to rotational direction

Conclusions
The collector speed parameter of the electrospinning
membrane was studied in order to assess its influence on the
properties of 10% (w/w) poly (vinylidene fluoride-cohexafluoropropylene). The synthesized membranes were
and characterized for morphology, pore size, porosity analysis, surface wettability, and mechanical properties. Furthermore, their desalination performance was assessed following well-developed and validated literature models. Based
on the results obtained, it appeared that the collector speed
had a negligible effect on most electrospun membrane MD
properties and, thus, on mass flux production except porosity and mechanical strength where collector speed exerts a
significant influence. The highest attained flux was
21.4 kg/m2.h, recorded for M10, which was characterized as
having the lowest thickness (150 μm) and largest mean pore
size (roughly 0.37 μm). The pore sizes of M1 and M7 were
found to be 90.35% and 80.6%, respectively. The smallest
flux was recorded for M3, which was also characterized
with the smallest pore size of 0.28 μm. Changes in membrane parameters were negligible, except for porosity and

(b) Tensioned perpendicular to rotational direction
Figure 7 Stress-strain curves for M1 – M10.

Figure 8. Comparison of average yield mass flux of direct contact
MD process using membranes M1, M3, M5, M7, and M10.
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Appendix A: Nomenclature and
Abbreviations
Abbreviations
MD
LEP
PVDF
HFP

Membrane distillation
Liquid entry pressure
Polyvinylidene fluoride
Hexaflouropropylene

Symbols

Ϳ
cm
ΔPsat
ck
cP

ε
rp

τ
δm
Mw
R
Tm
Pm

μv

Average permeation mass flux (kg/m2.h)
Membrane mass transfer coefficient (-)
Transmembrane water vapor pressure (Pa)
Knudsen mass transfer model coefficient (-)
Poiseuille mass transfer model coefficient (-)
Membrane porosity ratio (-)
Membrane pore radius (m)
Membrane tortuosity (-)
Membrane thickness (m)
Membrane molecular weight (g/mol)
Universal gas constant (J/mol. K)
Membrane mean temperature (K)
Membrane mean pressure (Pa)
Water vapor viscosity (kg/m.s)
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Curtis Cohenour, Ohio University

Abstract
Horizon extraction from aerial imagery is a useful tool for
determination of roll and pitch. This can be used as primary
or supplementary attitude information for aerial vehicles or
ground vehicles. In this study, horizon extraction was used
to determine aircraft roll from a series of aerial images. Roll
information was also extracted from the Global Positioning
System (GPS) / Inertial Measurement Unit (IMU). The roll
from the image was correlated with the GPS/IMU roll in
order to determine the time each image was captured. The
resulting time-synchronized images could then be projected
over the terrain to form a geo-registered map view of the
terrain, such as Google Earth. The horizon was modeled as
a straight line. The sky was modeled as white with a pixel
value of 255 out of 255. The ground value was chosen from
the imagery as the mean of the non-sky values by examining a histogram of the image intensity data. The horizon line
was used to separate sky from ground. The slope and intercept of the line were computed using ordinary least squares
(OLS). The algorithm is straightforward and well suited to
this data set. Using roll angle extracted from imagery to
compute time is a novel application of horizon extraction. In
this case it was used to correct image time errors. The algorithm could also be used to synchronize images collected
without time information.

Introduction
In this study, an aerial image data set—consisting of images and pose data—was corrupted, due to errors in the time
stamping of the images. The pose data came from a Global
Positioning System (GPS) / Inertial Measurement Unit
(IMU) and included position velocity attitude and time
(PVAT). The GPS time was used to set the system time.
The images were time stamped using the system time. During post-flight analyses, it was discovered that the image
time stamps were incorrect. To correct the image time
stamps, a horizon extraction algorithm was created in order
to extract the aircraft roll angle. The roll angle was then
correlated with the GPS inertial roll angle to identify the
errors and correct the image time stamps. True time was
defined as the GPS second of the week (SOW) from the
GPS receiver. The data collection system set the computer
system time to the true time. The images were time stamped
as they were received with the computer system time. Any
difference between the image time and the true time represented a time error. Collecting images with accurate time
synchronization can be challenging. Time synchronization
errors can lead to errors in projection or navigation, depending on the application. In the past, Ohio University (OU)

worked with the Air Force Research Lab on projects involving the projection of imagery over terrain (Cohenour, Price,
Rovito, & van Graas, 2015a; Cohenour, Price, Rovito, &
van Graas, 2015b). In this case, errors in the GPS receiver
created errors in the image time stamps. These time errors
were computed during post processing by using ordinary
least squares (OLS) with the time error as an independent
variable. The flight test data collection system was then
revised to correct the time stamps by modifying the GPS
receiver firmware and the data collection software. OU has
collected image and navigation data on the OU-owned and
operated DC-3 and ground vehicles (Fischer & Raquet,
2011). This project included several data collection systems,
each with unique challenges.
The OU Baron 58 was equipped for a flight test with a
forward-looking camera, sensors, and a data collection system. To determine the accuracy of the image time synchronization, ground tests were conducted using the OU GPS
timing board developed by Cohenour (2019). This device
has sixteen light emitting diodes (LEDs) that show the GPS
second of the week (SOW) modulo 64 with a resolution of
1/1024 of second. These tests showed errors of one or two
seconds in the time synchronization. The errors were corrected in software and the system retested before the flight.
Unfortunately, time synchronization errors developed during the flight and the images collected in the air were not
synchronized with the GPS data. In this paper, the author
explains how the image time stamps were corrected so that
the image data could be used.
Correcting the time stamps was performed by extracting
the aircraft roll from the images and then correlating the roll
from the images with the roll angle from the GPS / IMU.
There are several publications regarding the extraction of
the horizon from an image. The dissertation by Crisman
(2016) includes a summary of horizon extraction methods—
optimization, classification, and line/edge detection. Crisman further assumed the horizon to be a curve. In this current paper, the horizon was modeled as a straight line. In
both cases, pixels were assigned a value for sky or ground,
based on the intensity of the pixel. Parameters of the line
were computed to minimize the amount of sky below the
horizon and the amount of ground above the horizon. In the
Crisman study, a color camera was used and the sky was
assumed to be blue, as opposed to the ground which is not
blue. The image data collected for this current study was
captured from a black-and-white (BW) camera. Instead of
using color (blue), image intensity was used. The sky was
bright, nearly saturating the camera, while the ground intensity was the mean of the non-sky area based on a histogram
of the image.
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In a study by Bouyssounouse, Nefian, Thomas, Edwards,
Deans, and Fong (2016), the attitude of a planetary rover
was derived by comparing the image horizon with a model
of the horizon as seen from the rover. The horizon model
was derived from a terrain database. Given the estimated
location and attitude of the rover, the predicted horizon was
computed from the terrain database. The location and attitude of the rover was then refined using maximum likelihood estimation. With a rover on the ground, terrain features such as mountains provide a complex horizon with
high observability. In this data set, with an aircraft at altitude, the horizon tends towards a straight line and the terrain
features do not provide a significant improvement in observability. For this reason, the horizon model used in this
current study was a straight line. In a study by Carrio,
Bavle, and Campoy (2018), an edgeless algorithm was used
to create a redundant attitude system using an infrared (IR)
camera in a system that was assumed to be a straight line;
the author of this current study made the same assumption.
Another system described by Ahmad, Bebis, Nicolescu,
Nefian, and Fong (2015) used machine learning and dynamic programing to create a horizon that was more complex
than simple line segments and curves. The algorithm used
here was successful in part because the image data contained a well-defined straight horizon. In addition, the images and the GPS/IMU data were recorded on the GPS second,
such that the error between the image time stamps and the
GPS/IMU data was an integer number of seconds.

Hardware
Flight test data were collected using the OU Baron 58 on
May 6, 2016. Figure 1 shows a block diagram of the image
and GPS/IMU component. The camera was a Prosilica
GC1350. The 1-pulse-per-second (1PPS) output of the Novatel GPS/IMU was connected to the camera sync port. The
camera captured and outputted one image per second, on the
second. The Novatel GPS/IMU transmitted position and
attitude data to the data collection system every second, on
the second. The data collection system used the GPS time
from the Novatel to synchronize the system time to GPS
time. The Ethernet interface between the camera and the
data-collection computer provided setup information for the
camera and recorded images from the camera. As images
were received from the camera, they were time stamped (in
the file name) using synchronized system time and saved to
disk.
Theoretically, the images should have been time stamped
with GPS time, but they were not. Possible reasons for this
are that there were serial messages “hung” in the buffer
such that when the software synced the system time, it was
using an old message; or, the images were “hung” in the
image buffer and were not being time stamped and recorded
in real time. Once collected, the data were useless unless the
correct time could be recovered.

Figure 1. Hardware configuration.

Ground Testing
Figure 2 shows how the ground tests were conducted using the OU GPS clock Cohenour, 2019). The clock in Figure had a GPS receiver and displayed the GPS second of
the week (SOW) modulo 64 with a resolution of 1/1024 sec
and an accuracy better than 0.1 msec. The integration time
(exposure time) of the images was in excess of 1 msec. To
verify the time synchronization, an image of the clock was
captured and the pattern of lights on the clock was decoded
to extract the true GPS time at which the image was captured. This was compared to the synchronized system time
in the image file name. Any errors between the synchronized system time in the file name and time derived from
the image of the clock was an error attributable to the data
collection equipment. Errors of one and two seconds were
found in ground tests. These errors were identified as software issues and the software was modified to correct the
time synchronization.

Figure 2. GPS clock, 16 LEDs display GPS SOW modulo 64 with
1/1024 second resolution and an accuracy of 100µsec.
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Once the ground tests were completed, the system was
flown. However, in working with the imagery, it was discovered that there were large time registration errors. This
was obvious by looking at the aircraft location in Google
Earth and comparing it to the airborne image data. The time
synchronization errors rendered the data set unusable. To
salvage the data set, the errors were identified using the
horizon algorithm to identify and correct the data set.

where, y is the vertical coordinate in pixels with 0 at the
center of the image increasing toward the top of the image;
x is the horizontal coordinate in pixels with 0 at the center
and increasing to the right; m is the slope of the line in
y pixels per x pixel; and, b is the y intercept in pixels.

Horizon Algorithm
Figure 3 is an image from the Baron flight test of May 6,
2016. The aircraft is in a roll to line up with East State
Street in Athens, Ohio. The camera was mounted in the
nose of the aircraft and pitched down 11°. The horizon is a
straight line. A dark line shows the horizon, as calculated by
the algorithm. Each pixel in the image has a value of 0 to
255. A model image was created where points above the
line were assigned a value of 255 for sky, and points below
the line were assigned a value of 85 for ground. The parameters of the line were computed in order to minimize the
error between the image and the model.
Figure 4. Histogram of image data: the ground is set at 85, the sky
is set to 255, the peak at 255 continues to 25,000.

A model of the horizon is constructed in Equation 2,
where the sky intensity above the line was set to 255/255
and the ground intensity, below the line, was set to 85/255:
(2)

y ≥ mx + b
This is summarized in Equation 3:

 I sky
Pˆx , y = 
 I ground

for y ≥ mx + b
for y < mx + b

(3)

where,
Figure 3. Image from the OU Barron 58 turning to line up with
East State Street in Athens, Ohio. The dark line at the horizon was
generated using the OLS algorithm.

Figure 4 shows a histogram of the image dat. The sky is
to the right and the ground is to the left. The sky is nearly
saturated with 25,000 points, having an intensity of
255/255. The ground has a peak at 85. The ground intensity
was set to 85/255, based on the horizontal location of the
non-sky peak in Figure 4. The image in Figure 3 is 1024 x
1360. To model the horizon, the coordinates were shifted
such that the center of the image was at (0,0) with the x-axis
increasing from left to right, and the y-axis increasing from
the bottom of the image to the top of the image. The horizon
was initialized as a horizontal line at y = 0 with a slope of 0.
In Equation 1, both m and b are initialized to zero:
y = mx + b

(1)

Pˆx , y is the pixel in the model image.

P̂ is the located at coordinates x and y.
Isky is the sky intensity 255/255.
Iground is the ground intensity 85/255.
The model image was subtracted from the actual image
and squared pixel by pixel. The 1,392,640 squared pixel
errors were summed and divided by 1,392,640 to get the
RMS error for the image. Ordinary least squares (OLS)
(Kariya & Kurata, 2004) was used to find the values of
m and b that produced the lowest RMS error. The computed
RMS error is given by Equation 4:

 1360
ERMS =  
 x =1

1024

 ( Pˆ

x, y

y =1

− Px , y

2



)  /1,392, 640

(4)
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where, ERMS is the RMS error between the model image and
Px,y is the pixel in the image located at location x and y.
With Isky and Iground as constants, the only variables in
Equations 3 and 4 are m and b, and Equation 4 can be rewritten as Equation 5:

ERMS = f ( m, b )

(5)

Values for m and b were found by minimizing ERMS in
Equation 5. This minimization was performed using OLS.
OLS is a stepwise procedure. As the model horizon approached the true horizon, the errors in both sky and ground
were reduced and the values for ERMS were reduced. The roll
angle was determined from m using Equation 6:

φ = tan −1 ( m )

time-stamp error for this portion of the data set. The offset
of +1.386 degrees was the mechanical offset, in roll, of the
camera. Figure 6 shows the data from Figure 5 that were
replotted with these roll and time offsets. One possibility for
the time error is that the image buffer contained 11 saved
images. The images were named and written to disk 11 seconds after they were captured and, therefore, time stamped
with an error of 11 seconds. As the number of images in the
image buffer changed during the flight, the time error also
changed. The process was repeated for additional segment
of data to correct the entire data set. The error standard deviation for the data in Figure 6 was 0.186 degrees.

(6)

where, is the roll angle of the aircraft in radians and tan-1 is
the arctangent.
This process was repeated for each image in order to generate the roll angle as a function of time. Figure 5 shows the
results. The vertical axis was the roll angle in degrees, and
the horizontal axis was the GPS SOW. An “o” was used to
plot the GPS/IMU solution, and a “+” was used to plot the
roll angle derived from the automated horizon extraction
algorithm. The time was offset by 486,998 seconds for clarity in the graph. The image roll angle lagged the GPS/IMU
roll angle by a few seconds, and the image roll angle was
slightly less than the GPS/IMU roll angle.

Figure 6. Image roll was shifted by -11 seconds in time and +1.386
degrees in roll.

Conclusions

Figure 5. Roll angle from GPS/IMU “o”, and image horizon “+”
verses time in seconds.

Time Synchronization
Cross correlation was performed on the data segment in
Figure 5. This resulted in an image lag time of 11 seconds,
and a roll offset of +1.386 degrees. Eleven seconds was the

The OU Baron flight test of May 5, 2016, was rendered
unusable, due to timing errors between the GPS/IMU data
and the image data. These errors were observable in the
timing of the aircraft banking maneuvers. A simplified horizon extraction algorithm was developed to extract the aircraft roll angle from the image data. The roll angle was then
correlated with the roll derived from the GPS/IMU data to
extract the image time error. The results of one segment of
data were described in this paper. Since the time error
changed during the flight test, the process was repeated for
other segments of the flight. The algorithm’s success was
due in part to the flight test conditions. In this flight test, the
horizon was a straight line. There was a distinct change in
the image intensity at the horizon. The horizon was approximately in the center of the image providing high observability. Other situations, including mountainous areas, low contrast, or other camera angles, may be less suited to this technique. Under these favorable circumstances, the horizon
algorithm provided an accurate means of roll extraction
from imagery with a standard deviation of 0.186 degrees.
The algorithm allowed the recovery of useful data from this
flight test.
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Abstract
There are many studies of approximations by deep neural
networks. In this paper, the authors provide yet another
proof that deep neural networks are universal approximators. An arbitrary binary target function can be effectively
rewritten in terms of a set of strings, or a set of subsets. The
authors show that a single hidden neuron can identify, and
only identify, a single string or a single subset; therefore, an
arbitrary binary target function can be effectively rewritten
in the form of a deep neural network, thereby proving that
deep neural networks can effectively implement any target
mappings.

Introduction
Neural networks and deep learning currently provide the
best solutions to many supervised learning problems. In
2006, a study (Hinton, Osindero, & Teh, 2006) was done,
which introduced the idea of deep neural networks that use
greedy layer-wise training (LeCun, Bengio, & Hinton,
2015), or train layers sequentially starting from the bottom
(input) layer. The deep neural network first trains a simple
supervised model then adds a new layer on top and trains
the parameters for the new layer alone. Layers are continuously added and trained in this fashion until a deep network
is established (Bengio, 2009; TensorFlow, 2017; Torch, 2017;
Theano, 2017; Coursera, 2017; Bengio, Courville, & Vincent,
2013; Schmidhuber, 2015; Ciresan, Meier, & Schmidhuber,
2012).
Hinton’s (2006) initial attempt was to train one layer at a
time; deep neural networks, however, can train all layers
together. Examples include TensorFlow (2017), Torch
(2017), and Theano (2017). Google’s TensorFlow is an open
source software library for dataflow programming across a
range of tasks. It is a symbolic math library used for machine learning applications such as neural networks (Amari,
Kurata, & Nagaoka, 1992; Byrne, 1992; Kubat, 2015) and as
well for both research and production at Google. Torch
(2017) is an open source machine learning library and a
scientific computing framework. Theano (2017) is a numerical computation library for Python. The approach using the
single training of multiple layers gives advantages to neural
networks over other learning algorithms. One question is the
existence of a solution for a given problem. This will often
be followed by an effective solution development (i.e., an
algorithm for a solution). This will often be followed by the
stability of the algorithm, itself then followed by an efficiency study of solutions in terms of time complexity and

space complexity. Although these theoretical approaches are
not necessary for the empirical development of practical
algorithms, the theoretical studies do advance the understanding of the problems. The theoretical studies will
prompt new and better algorithm development for practical
problems.
Hornik, Stinchcombe, and White (1989) established that
the standard multi-layer feed-forward networks with hidden
layers using arbitrary squashing functions are capable of
approximating any measurable function from one finite dimensional space to another to any desired degree of accuracy, provided a sufficient number of hidden units are available. In this sense, multi-layer feed-forward networks are a
class of universal approximators. Deep belief networks
(DBN) are generative neural network models with many
layers of hidden explanatory factors, recently introduced by
Hinton et al. (2006) along with a greedy layer-wise unsupervised learning algorithm. The building block of a DBN is a
probabilistic model called a restricted Boltzmann machine
(RBM), used to represent one layer of the model. Restricted
Boltzmann machines are interesting because they have been
successfully used as building blocks for training deeper
models. Le Roux and Bengio (2008) proved that adding
hidden units yields strictly improved modeling power, and
that RBMs are universal approximators of discrete distributions.
Liu (1993; 1995; 1997b; 2002; 2018b; 2018c) and Liu
and Wang (2018) proved that the implementation of deep
neural networks affords a complete expansion that can be
used to expand any target functions. Cheng, Li, and Lu
(2019) introduced a type of convolutional neural network
that can implement the Fourier and local Fourier transformations for approximation in a large class of problems.
Cybenko (1989) showed that a finite sum of any continuous
sigmoid function could be used to approximate any univariate function using functional analysis. In this paper, the authors provide yet another proof that deep neural networks
are universal approximators. The advantage of this proof is
that it is very simple and effective. An arbitrary binary target function can be effectively rewritten in the form of a
deep neural network, thus proving that deep neural networks
can implement any target mappings. This has real applications, as many universities offer machine learning courses.
If students take courses on differential equations or partial
differential equations before machine learning, they are
taught how to think about the sequence of questions to ask:
1) existence of solutions; 2) effective solutions; 3) stability
of solutions; and, 4) efficiency of solutions. This will become a challenge to machine learning instructors. A typical
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textbook (Kubat, 2015) will state something like this: Mathematicians have been able to prove that neural networks are
universal approximators, but theorems do not explain how to
construct a neural network. In this paper, the authors will completely solve the problem of the existence of solutions and
the problem of effective solutions in the classrooms.
In this paper, the authors will explain how a deep neural
network (DNN) is an artificial neural network (ANN) with
multiple hidden layers between the input and output layers,
and then discuss basic notation that shows that an arbitrary
binary target function can be effectively rewritten in terms of a
set of strings, or a set of subsets. Using simple examples to
illustrate the idea in detail, the authors also prove that an
arbitrary binary target function can be effectively rewritten in
the form of a deep neural network, thus proving that deep neural networks can effectively implement any target mappings,
and that multi-valued and continuous-valued deep neural
networks extend this algorithm to multi-valued neurons and
continuous-valued neurons.

Basic Notation
An arbitrary binary target function can be effectively rewritten in terms of a set of strings, or a set of subsets, in
which binary neurons are used (Amari et al., 1992; Byrne,
1992; Kubat, 2015). An input instance is 00 … 0, or, 0 … 01,
etc. An instance space (Kubat, 2015), or Universe, is a set of all
instances, as given in Equation 1:
X = {0 … 00, 0 … 01, 0 … 11, … }

(1)

Let d be the number of variables, X = {0, 1} d and |X| = 2 d .
A target function, or concept, or truth, C, is a mapping,
where C: X  Y. Without loss of generality, it is assumed
there is only one variable in Y for now. For the case of multiple variables in Y, it is treated as multiple mappings. A
hypothesis, h, where X  Y, is an approximation of the
target function, C. All hypotheses together form the hypothesis space (Kubat, 2015), as given in Equation 2:

{

H = h0 , h1 , h2 ,… h H −1

}

(2)

For each instance x ε X:
00… 00
00… 01
…
11 … 11
where, y ε Y can be 0 or 1, giving |H| = 2
(Kubat, 2015).
For example,

|X|

hypotheses

x0

x1

x2

h0

h1

h2

0

0

0

0

1

0

0

0

1

0

0

1

0

1

0

0

0

0

0

1

1

0

0

0

1

0

0

0

0

0

1

0

1

0

0

0

1

1

0

0

0

0

1

1

1

0

0

0

A mapping can be divided into two groups by the output
variable, where y = 0 or 1; keeping one group will automatically infer the other group. For example:
x0

x1

x2

y

0

0

0

0

0

0

1

1

0

1

0

0

0

1

1

1

1

0

0

1

1

0

1

0

1

1

0

0

1

1

1

0

can be rewritten as:
x0
0
0
1

x1
0
1
0

x2
1
1
0

y
1
1
1

Furthermore, since all of the values in the last column are
the same, these values can be omitted, yielding:
x0

x1

x2

0

0

1

0

1

1

1

0

0

Now let d be the number of variables in the instance
space, X = { 0, 1} d , a mapping, h: X  Y, is simply a set of
strings or a subset of X = { 0, 1} d . For the above example,
the mapping is given by Equation 3:
h = {001, 022, 100}

(3)
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Once again, only the variables with values of 1’s are kept,
and those variables with value of 0’s are omitted; because if
one set of variables is known, the other set of variables can be
inferred. Let {0, 1, 2, …, d-1} be used to represent these variables. For example:

001 → { x0 = 0, x1 = 0, x2 = 1}
→ { x2 = 1}
→ {2}
Now a mapping, h: X  Y, is simply a set of subsets of
{0, 1, 2, …, d-1}. In the above example, the mapping is given by Equation 4:
h = {{2}, {1, 2}, {0}}
(4)
To summarize, given an arbitrary binary target function, it
can be effectively rewritten in terms of a set of strings or a
set of subsets given in Equation 5 and 6:
h = { s0, s1, s2, … }

(5)

si ⊆ {0,1, 2,… , d − 1}

(6)

Rewrite a Mapping in Terms of a Deep
Neural Network
A single string or a single subset can be identified by a single
hidden neuron and this neuron will only identify the string or
the subset; therefore, an arbitrary binary target function can be
effectively rewritten in the form of a deep neural network.
Without loss of generality, it is assumed that there is only
one variable in Y for now. For the case of multiple variables
in Y , it is treated as multiple mappings. The deep neural network used here will have one input layer, one output layer, and
one hidden layer. The neuron values are given by Equation 7
(Amari et al., 1992; Byrne, 1992; Kubat, 2015):
yi = f(∑wij xj + bi), i = 1, 2, 3, …

(7)

where, f is a sigmoid function given by Equation 8:
1
(8)
1 + e− x
Given an arbitrary target function, as noted previously, it can
be rewritten as indicated by Equations 9 and 10:
f ( x) =

h = { s0, s1, s2, … }

(9)

si ⊆ {0,1, 2,… , d − 1}

(10)

The construction of a DNN is simple:
• The input layer has d neurons.
• Each neuron in the hidden layer identifies one string in a
target function, h = {s0, s1, …, }, so the number of
neurons in the hidden layer is |h|, which is the number of strings or the number of subsets.

•

The output layer has one neuron; the neuron value is
1, if any one of hidden the layer neurons is 1.

To compute the connection weights, a constant, L, will be
introduced; without a loss of generality, let L = 10. Next,
the connection weight for one hidden neuron will be computed. Assume s is a subset in a mapping, h, and assume a
hidden neuron will identify s. Let s be a subset given by
Equations 11 and 12:
{j0, j1, j2, … }

(11)

s ⊆ {0,1, 2,… , d − 1}

(12)

To assign connection weights:
• For each of the input neurons, j0, j1, j2, …, the connection weights from the hidden neuron to j0, j1, j2, … are
L.
• For all other input neurons, the connection weights
are –L.
• Set the bias to be - (|s| - 1)·L.
The proof that this simple ANN will implement a target
function is explained as follows. Assuming an input string is,
s = {j0, j1, j2, …}, this string will be identified by a hidden
neuron with weight, L, for input neurons {j0, j1, j2, …}, and
weight, –L, for all other input neurons. This neuron has d
weights because there are d input-neurons. The number of
weights, with value of L, is |s|, and the number of weights, with
value of –L, is (d - |s|). For the original string, s, the weighted
sum of inputs is given by Equation 13:

(w x ) + b
= ( s ⋅ L ⋅1) + ( d − s ) ⋅ ( − L ) ⋅ 0 − ( s − 1) ⋅ L
ij

j

i

(13)

= s ⋅L+0− s ⋅L+ L = L
where, (|s| ∙ L ∙ 1) = |s| ∙ L is the contribution for the input
neurons with the value of 1; there are |s| such terms; the
connection weights are L; and 1 is the input neuron value.
and where, (d ‒ |s|) ∙ (‒L) ∙ 0) = 0 is the contribution for the
input neurons with the value of 0; there are (d ‒ |s|) such
terms; the connection weights are –L; and 0 is the input
neuron value.
and where, ‒(|s| ‒ 1) ∙ L = ‒|s| ∙ L + L is the bias.
At this time, a single bit in the string, s, will be changed.
First, a single bit in s with a value of 1 is changed to 0, so the
number of 1’s is (|s| ‒ 1) and the number of 0’s is (d ‒ |s|) for
connection weights of –L and number of 0’s is 1 for connection weights of L, therefore, the weighted sum of inputs is
given by Equation 14:
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(w x ) + b
= ( s − 1) ⋅ L ⋅1 + 1⋅ L ⋅ 0 + ( d − s ) ⋅ ( − L ) ⋅ 0 − ( s − 1) ⋅ L = 0
ij

j

i

Secondly, if a single bit of 0’s in string, s, is changed to 1’s,
so the number of 0’s is (d - |s| - 1), and one neuron has both
value 1 and weight (-L), therefore, the weighted sum of inputs is given by Equation 15:

( w x ) + b
= ( s ⋅ L ⋅1) + ( d − s −1) ⋅ ( − L ) ⋅ 0 + 1⋅ ( −L ) ⋅1 − ( s −1) ⋅ L = 0
ij

j

i

(15)

ij

j

i

(16)

If two of the 0’s in string, s, are changed to 1’s, so the number of 0’s is (d - |s| - 2), and two neurons have both value 1
and weight (-L), therefore, the weighted sum of inputs is
given by Equation 17:

( w x ) + b
= ( s ⋅ L ⋅1) + ( d − s − 2) ⋅ ( −L) ⋅ 0 + 2 ⋅ ( −L) ⋅1− ( s −1) ⋅ L = −L
ij

j

i

(17)

If a single bit of 0’s in string, s, is changed to 1’s, and a single bit of 1’s is changed to 0’s, the result is still –L. If an input
string differs from the given string, s, by 0 bit, 1 bit, 2 bits,
3 bits, …, the weighted sums of inputs are given by Equation
18:

 ( w x ) + b = L, 0, − L, −2L,…
ij

j

i

1
≈ 0.5
1 + e0

(23)

If there is a two-bit difference, the hidden neuron will identify the string with a value given in Equation 24:
1
m=
≈0
(24)
1 + eL
If an input string differs from the string, s, by 0 bit, 1 bit,
2 bits, 3 bits, …, the hidden neuron will identify the string with
values given in Equation 25:

m = 1, 0.5, 0, 0,…

Similarly, if two of the 1’s in string, s, are changed to 0’s,
the weighted sum of inputs is given by Equation 16:

( w x ) + b
= ( s − 2) ⋅ L ⋅1 + 2 ⋅ L ⋅ 0 + ( d − s ) ⋅ ( −L ) ⋅ 0 − ( s −1) ⋅ L = − L

m=

(14)

(25)

This hidden neuron can clearly identify only one string, or
one subset, s. From the previous section, a target function is
written in terms of a set of subsets. For each subset in the target
function, there is one hidden neuron that can identify it and
only it. The hidden layer has one neuron for each subset, so the
neural network can implement the target function.

Examples
Figure 1 is an example of how to identify simple digits
(Kubat, 2015). Each digit is converted into 7 bits: 0, 1, …, 6.
Figure 2 shows the bit location.

Figure 1. An example of how to identify simple digits.

(18)

Let the hidden layer be given by Equation 19:

{m0 , m1 , m2 ,…}

(19)

and the neuron values given by Equations 20 and 21:

mi = f

( w x
ij

j

+ bi ) , i = 1, 2,3,…

f ( x) =

1
1 + e− x

(20)
(21)

Let a neuron, m, be the hidden neuron to identify the string,
s; the hidden neuron will identify the correct string with a value
given by Equation 22:

1
m=
≈1
1 + e− L

(22)

If there is a single bit difference, the hidden neuron will identify the string with a value given in Equation 23:

Figure 2. Input bit assignments.

The 10 input vectors for the digits in Figure 2 have 7 bits and
are given by Equation 26:

I 0 (1,1,1, 0,1,1,1)
I1 ( 0, 0,1, 0, 0,1, 0 )
I 2 (1, 0,1, 0,1, 0,1)

(26)

…
I 9 (1,1,1,1, 0,1,1)
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where I0 is an image of “0”, I1 is an image of “1”, …. The 10
output vectors for digits in Figure 2 have 10 bits and are given
by Equation 27:

O0 (1,0,0,0,0,0,0,0,0,0)
O1 ( 0,1,0,0,0,0,0,0,0,0)
O2 ( 0,0,1,0,0,0,0,0,0,0)

(27)

…
O9 ( 0,0,0,0,0,0,0,0,0,1)

number, z. The argument of z is in [0, 2π), which can be divided into k sectors. If z’s argument is located in the jth sector:
2π j / k ≤ arg (z) < 2π ( j +1) / k, then the neuron value is
mapped into integer value j. A multi-valued function can also
be directly approximated with binary neurons. Assuming that a
multi-value neuron has k different values, it can then be converted into a certain number of binary neurons. The mappings
from k-valued integers to binary neurons are not unique, and
different mappings will result in different performance results.
Liu (1997a) found, based on stock market data experiments,
that the best mapping from a k-value integer to k binary neurons is given by Equation 32 or Equation 33:

Let the hidden layer be given by Equation 28:

{m0 , m1 , m2 ,…}

0 → … 000001
(28)

Let m0 identify I0 = (1, 1, 1, 0, 1, 1, 1), which can also be
written as a subset {0, 1, 2, 4, 5, 6}. The connection weights for
m0 are L to the input neurons {0, 1, 2, 4, 5, 6} and –L to the
rest of the input neurons. Together the connection weights are
{10, 10, 10, -10, 10, 10, 10}. Similarly, let m1 identify
I1 = (0, 0, 1, 0, 0, 1, 0), the connection weights are
{-10, -10, 10, -10, -10, 10, -10}; the m2 connection weights are
{10, -10, 10, 10, 10, -10, 10}, etc. This 3–layer neural network
will classify the 10 digits correctly.
Another example is to identify ASCII codes from A to Z.
The 26 input vectors for A to Z have 8 bits and are given by
Equation 29:
I A = 01000001,

I B = 01000010,

(29)

…
The 26 output vectors for A-Z have 26 bits and are given by
Equation 30:
O A = 10000 … ,

O B = 01000 … ,

(30)

…
Let the hidden layer be given by Equation 31:

{mA , mB ,…, mZ }

(31)

Let mA identify IA = (0, 1, 0, 0, 0, 0, 0, 1), which can also be
written as a subset {1, 7}. The connection weights for mA are
{-10, 10, -10, -10, -10, -10, -10, 10}. Similarly, let mB identify
IB = (0, 1, 0, 0, 0, 0, 1, 0), the connection weights for mB are
{ -10, 10, -10, -10, -10, -10, 10, -10}.

Multi- and Continuous-Valued Deep
Neural Networks
Multi-valued neurons can be an extension of binary neurons
via multiple-valued logic (Aizenberg, 2011), where the value
of a neuron depends on the argument of an underlying complex

1 → … 000011

(32)

…
or

k −1→…000001
k − 2 →…000011
…

(33)

An arbitrary k-value target function can be effectively rewritten in the form of a binary target function, which can be further
rewritten into a deep neural network. A continuous-valued
neuron can also be approximated by k multi-valued neurons,
where k is very large.

Conclusions
Hornik et al. (1989) showed that multi-layer feed-forward
networks with enough hidden layers are universal approximators. Le Roux and Bengio (2008) showed that the restricted Boltzmann machines are universal approximators of
discrete distributions. Liu and Wang (2008) proved that deep
neural networks can implement an expansion and that the expansion is complete, which can then be used to expand any
target functions. Cheng, Li, and Lu (2019) introduced a type
of convolutional neural network that can implement the
Fourier and local Fourier transformations for approximation
in a large class of problems. Cybenko (1989) showed that a
finite sum of any continuous sigmoid function can be used
to approximate any univariate function using functional
analysis. In this paper, the authors provided yet another proof.
The advantage of this proof is that it is very simple. An arbitrary binary target function can be effectively rewritten in terms
of a set of strings, or a set of subsets. It was shown that a single
hidden neuron can identify a single string or a single subset;
therefore, an arbitrary binary target function can be effectively
rewritten in the form of a deep neural network, thus proving
that deep neural networks can effectively implement any target
mappings. The authors did not seek efficient implementation of
deep neural networks in terms of low time complexity and
space complexity, given an arbitrary target function. They
simply meant to prove that it is effectively possible to implement any target function by using deep neural networks.
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