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In This Issue (p.24) 
Using Computational Fluid Dynamics to Analyze 

the Spread of COVID-19 and Other Airborne 
 Viral and Bacterial Infections  

Philip Weinsier, IJME Manuscript Editor 

———————————————————————————————————————————————————–———— 

First, we should start with a couple of facts. One,   
COVID-19 is but one of many pandemics to have threat-
ened human populations over the millennia, as evidenced by 
the graphics here. Two, we humans abhor having our free-
doms and lifestyles restricted. So, the argument can be made 
for fact two being the main cause for fact one, and will like-
ly be the reason why we should expect more pandemics in 
the future. Thus, you can be forgiven for thinking that it 
should be easy to avoid future pandemics. But my focus 
here is on one method that researchers are using to analyze 
the spread of (at least in this case) airborne infections. I am 
not a virologist, epidemiologist, or infectious disease physi-
cian. But logic tells me that, if we simply stop breathing 
each other’s exhalations, it would severely restrict the trans-
mission of infectious particles, and there are plenty of new 
widgets coming onto the market for just that purpose; some 
quite ingenious, some less so. But given fact number two 
above, well, there’s little chance that we—on a global 
scale—will sit still for any of these. Just look at how much 
we enjoyed wearing masks these last two years! 

Images reprinted with permission from Visual Capitalist 
(https://www.visualcapitalist.com/history-of-pandemics-deadliest/) 

Nonetheless, our jobs as engineers and researchers is to 
solve problems. And the authors of this current article are 
working to do just that. They studied different levels of 
cough flow by applying computational fluid dynamic (CFD) 
techniques to airborne disease transmission. The results 
emphasize the role of CFD as an important tool, not only for 
a complex engineering problem but also in health and safety 
fields related to coughing, sneezing, and multi-flow trajecto-
ries in general. The authors show that CFD can be a promis-
ing tool for the evaluation of spatial and temporal distribu-
tions of aerosol droplets carrying viruses. But also that vari-
ous parameters need to be taken into account in order to 
determine the trajectory of the exhaled air, including mouth 
opening, amount of exhaled air, fraction and distribution of 
liquid particles, the temperature and humidity of the exhaled 
air, and the condition of the surrounding air. 

——————————————————————————————————————————————————– 
Editor’s Note (In This Issue): Using Computational Fluid Dynamics to Analyze the Spread of COVID-19              3 
and Other Airborne Viral and Bacterial Infections 
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Abstract 
 

Functionally graded materials (FGM) were developed 
originally in the 1980s to resist the high temperature of air-
craft. With the development and improvement of the manu-
facturing technology, more and more FGM types have been 
used and studied in practical engineering applications. This 
current study focused on the stability performance of the 
heated FGM arch subjected to the pressure field, as the ma-
terial properties distribute non-uniformly in the thickness 
direction of the FGM arch, which may show different buck-
ling mechanisms from the conventional uniform materials. 
The author found that the arch expanded when the thermal 
field was introduced. Uniform pressure was applied to the 
arch radially inward, resulting in asymmetric or symmetric 
deformations of the arch. Pressure capacity was evaluated 
theoretically and expressed explicitly, based on the mini-
mum potential energy principle. To verify the above analyti-
cal solution, the author developed a simulated numerical 
model. Numerical pressure capacity was compared success-
fully with the analytical one. In addition, present theoretical 
and simulated results were further validated by other closed-
form expressions. Finally, the effect of geometric and mate-
rial parameters on the stability behavior of the FGM arch 
were investigated and are discussed here. 
 

Introduction 
 

Arch-shaped structures are characterized by a high slen-
derness ratio, which may result in instability issues. The 
buckling behavior of the traditional arch with uniform mate-
rials was sufficiently discussed by Timoshenko and Gere 
(1961), Simitses and Hodges (2006), and Karnovsky (2012). 
In this current investigation, the arch, with functionally 
graded materials (FGM), was evaluated for its collapse per-
formance. It was found that the non-uniform distributions of 
the material properties of the FGM arch resulted in different 
buckling mechanisms from the arch with homogeneous ma-
terials.   
 

Literature Review 
 

The FGM was developed originally to help aircraft to 
resist heat (Garland & Tanner, 1978). Except for the high 
thermal performance, the mechanical behavior of the FGM 
was also excellent for use in nuclear power plants and deep-
sea apparatuses, which were evaluated for the instability of 

their FGM arches as they were subjected to a pure thermal 
field (Kocatürk & Akbas, 2012). Asgari, Bateni, Kiani, and 
Eslami (2014). It was found that the material might fail be-
fore the occurrence of thermal buckling. Bateni and Eslami 
(2014) highlighted the buckling of the FGM arches under a 
point load. The buckling load could be obtained by solving 
a set of governing equations. Kiss (2019) evaluated the ef-
fect of loading imperfection on the FGM arches. The results 
indicated that the buckling behavior was sensitive to the 
load position. Lim, Yang, and Lü (2009) reported the in-
plane vibration of FGM arches in a thermal field and con-
cluded that the temperature variation could result in a signif-
icant effect on the vibration behavior of the FGM arch. 
George and Charalampakis (2017) optimized the natural 
frequencies of the FGM arches by presenting a new method-
ology. Pi and Bradford (2010) studied the buckling of a 
uniform arch subjected to pressure and thermal loadings and 
found that the buckling pressure was sensitive to the varia-
tional thermal field. 
 

Figure 1 depicts an FGM arch. The ceramic material is 
rich in the vicinity of the outer surface, and the metal mate-
rial is rich in the vicinity of the inner surface. Figure 2(a) 
shows that an increase in temperature may result in a dis-
placement (wT). The pressure field was introduced after the 
thermal field. Based on the deformation in Figure 2(b), the 
author of this current study was only concerned with the 
stability of the FGM arches under pressure and thermal 
fields. The analytical buckling pressure was derived and 
verified by numerical results. The effects of geometric and 
material parameters are discussed here. 

Figure 1. Material distributions of an FGM arch. 

——————————————————————————————————————————————–———— 
Zhaochao Li, Morehead State University 

Analytical Derivation and Numerical Validation 
of Functionally Graded Arches under 

Pressure and Thermal Loading 
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(a) Under only a rising temperature field. 

(b) Under combined rising temperature and pressure fields. 

 
Figure 2. Deformed shapes of an FGM arch. 

 

Assumptions 
 

Figure 3 shows the displacement components in which 
the central angle is α and the half-length of the arch is L, 
where L = Rα. The width is b, the thickness is t, and the 
radius is R. Two hypotheses were assumed. The first only 
considered in-plane buckling, while the second considered 
the materials as elastic and temperature-dependent. 

Figure 3. Displacement components of an FGM arch. 

 

Derivation of Buckling Pressure 
 

As shown in Figure 3, displacement is defined as             
w = w(z, ø), and v = v(z, ø) represents the radial and the 

tangential displacements. Following the thin-walled shell 
theory (Sanders, 1963), the displacement components can 
be expressed by Equations 1 and 2: 
 
 

(1) 
 
 

(2) 
 
where, v0(ø) is mid-axis tangential displacement and w0(ø) 
is mid-axis radial displacement.  
 

Figure 1 shows the volume ratios of ceramic (V c) and 
metal (V m), as expressed quantitatively (Praveen & Reddy, 
1998) by Equation 3: 
 
 

(3) 
 
 
where, n (n ≥ 0) is the volume ratio exponent. Following the 
rule of mixture, Young’s modulus, E(z), and the coefficient 
of thermal expansion, λ(z), can be expressed by Equations   
4(a) and 4(b), respectively: 
 
 

(4a) 
 
 
 

(4b) 
 
 
and where, Ec (Em) is Young’s modulus of the ceramic 
(metal) and λc (λm) is the coefficient of thermal expansion of 
the ceramic (metal).  
 

The total strain, ε(ø), is expressed by Equations 5(a) and 
5(b): 
 

(5a) 
 
 

(5b) 
 
 
where, ε0(ø) is the mid-axis circumferential strain and zk is 
the strain from the bending curvature. The circumferential 
strain induced by the temperature variation (ΔΤ) is given by 
Equation 6: 
 

(6) 
 

Therefore, the circumferential stress takes the form given 
in Equation 7: 
 

(7) 
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Similarly, the bending curvature yields Equation 8: 
 
 

(8) 
 
 

Now the total potential energy function can be integrated 
by Equation 9: 
 
 

(9) 
 
 
where, V  is the volume of the half arch and W  is the work 
generated by pressure P (see Equation 10): 
 

(10) 
 
 

Figure 4 shows the deformed shape of the FGM arch; the 
reason for studying the half arch is due to its symmetry. The 
radial displacement (Li, Wang, Guo, & Shu, 2012; Li, Tang, 
Tang, Chen, & Chen, 2018) is shown here as Equation 11
(a): 
 
 
 
 

(11a) 
 
 
 
 

Figure 4. Displacement parameters of the deformed FGM arch. 

 
The rotation and bending curvature can be determined 

using Equations 11(b) and 11(c), respectively: 
 
 
 

(11b) 
 
 

 
 
 

(11c) 
 
 
 
 

The curvature is continuous at ø = ø0, yielding Equation 
12: 
 

(12) 
 
 
where, γ = α / ø0.  
 

When the circumferential strain is averaged in order to 
obtain the equilibrium path, it yields Equation 13: 
 

 
(13) 

 
 
 
where, ͞ε is the averaged circumferential strain such that the 
integration of Equation 14 vanishes, since v0(0) = 0 at the 
crown and v0(α) = 0 at the right ends. 
 
 

(14) 
 
 

Integrating Equations 11, 12, and 14 with Equation 13 
yields Equations 15(a)-(c): 
 
 

(15a) 
 
 
 

(15b) 
 
 
 

(15c) 
 
 
 
After replacing ε0(ø) with  ͞ε  in Equation 9, the energy func-
tion Π is simplified into Equation 16: 
 
 

(16) 
 
 
where, N̅ is the averaged circumferential force and written 
as shown in Equations 17(a) and 17(b): 

——————————————————————————————————————————————————– 

Analytical Derivation and Numerical Validation of Functionally Graded Arches under                                       7 
Pressure and Thermal Loading 

   2

0 0

2 2 2

1w w
K

R R

 




 



   
2

0

1

2
T

V
E z zk dV W        

 0
0

L

W Pb w ds 

 

 

 

 

2

1 2 2 0

0

0

02

2 0

0

cos ;  0
2

cos ;              
2

w w w

w

w


 




  
  

 


    


 

  
 

 

 

 

 

 

1 2

0

0 00

02
0

0 0

sin ;             0
21

sin ;   
2

w w

Rw

R w

R

 
 

 

   
  

   

 
 

 
 

   
  

 

 

 

 

 

2

1 2

02 22
0 00

2 2 2
02

022
00

cos ;             0
21

cos ;   
2

w w

Rw

R w

R

 
 

 

   
  

  

 
 

 
 

   
 

     
2

0 0 0

20 0

1 1

2

R R w v w
ds ds

R R R

    


 

    
    

    
 

 

2

1 22

2

1
w w

 



 




 
   0

0 0
0

1
0 0

R v
ds v v

R

 




 
    

 


2 2

2 2
1 22 216

w w

R R


  


 

 

2

1 2

1

2 1

 




 




 

4 3 2

2 4

3 3

1

  




 




2 4
2 3 2

3 2 13 3

12 16

wR
N PRb w

E R


  




   



——————————————————————————————————————————————–———— 

——————————————————————————————————————————————–———— 

8                                     International Journal of Modern Engineering | Volume 21, Number 2, Spring/Summer 2021 

(17a) 
 
 
 

(17b) 
 
 

Here, Γ1, Γ2, and Γ3 are stretching, stretching-bending, 
and bending stiffness, respectively; and NT and MT are the 
thermal circumferential force and bending moment, respec-
tively. Together, these yield Equations 18(a)-(e): 
 

(18a) 
 
 
 

(18b) 
 
 
 

(18c) 
 
 
 

(18d) 
 
 
 

(18e) 
 
 

Reducing the first derivative of the total potential energy 
function to zero yields Equation 19: 
 
 

(19) 
 
 

Simultaneously, the equilibrium path is satisfied by Equa-
tion 20: 

(20) 
 
where, δ2Π is the second derivative of the energy function.  
 

Two governing equations, obtained from Equation 19, 
yield Equations 21(a) and 21(b): 
 
 

(21a) 
 
 
 
 

(21b) 
 
 

Substituting Equation 21(a) into 21(b) yields the averaged 
circumferential force given by Equations 22(a) and 22(b): 

 
(22a) 

 
 
 

(22b) 
 
 

Incorporating Equation 17(a) into Equation 22(a) yields 
the quadratic formula for w2, shown here as Equation 23: 
 
 

(23) 
 
 

Equation 23, then, yields the two roots of Equation 24: 
 

 
(24) 

 
 

The smaller positive root satisfies Equation 20. By substi-
tuting Equation 24 into Equation 12, the crown displace-
ment can be expressed explicitly by Equation 25: 
 

 
(25) 

 
 

After incorporating Equations 22(a) and (24) into Equa-
tion 21(a), pressure can be expressed by Equation 26: 
 

 
(26) 

 
 

The Newton-Raphson iteration can be used to obtain γcr 
and the critical buckling pressure, Pcr. The specific iteration 
can then be found by defining an initial γ0 then substituting 

it into Equation 28, if , then defining 
 
 γ2 =  γ2 ‒ 0.001, and repeating the process in order to find 

 and its corresponding γcr. Substituting γcr  
 
into Equation 26, the critical buckling pressure for the arch-
es can be found using Equation 27: 
 
 
 
 
 

(27) 
 
where, τ1cr, τ2cr, τ3cr, and Φ1cr correspond to γ = γcr. 
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Numerical Model 
 

ABAQUS software (2013) was used for the simulation. 
The material properties can be expressed quantitatively us-
ing Equation 28: 
 

                                 (28) 
 
where, Λ-1, Λ0, Λ1, Λ2, and Λ3 are constant (see Table 1) (Li, 
Zheng, Zhang, & He, 2019), and where the radius of the 
arch is R = 1m and the thickness is t = 0.005m.  
 

There are twenty layers in the thickness direction, indicat-
ing that the thickness of each layer is 0.00025m. In the tan-
gential direction, the mesh size is 0.0005 mm. Figure 5(a) 
shows that the arch is discrete with 9600 CPS8R elements 
for the case of α = π/12, where CPS8R represents the eight-
node reduced-integration plane stress elements. Figure 5(b) 
shows that a temperature increase (ΔΤ) is applied before the 
pressure loading.  

(a) Mesh 

(b) Boundaries 

 
Figure 5. Mesh and boundaries of an FGM arch. 

 

Comparisons 
 

The numerical results were compared with the analytical 
solutions of Equation (27). The author found that the nu-
merical buckling pressure was in good agreement with the 
analytical solutions, and the maximum difference was no 
more than 5% for all examined cases with two temperature 
rises, four central angles, and five volume fraction expo-
nents. 

One additional comparison was performed between the 
present analytical and numerical results with the prediction 
by Pi and Bradford (2010) for the homogeneous arch         
(n = 0). The arch material was ceramic, thus the material 
properties depended on Equation (27). Figure 6 shows the 
results of the comparison. The author found that the present 
analytical and numerical results agreed well with the predic-
tion from Pi and Bradford (2010) for the two temperature 
variations.  

(a) ΔΤ = 200K 

(b) ΔΤ = 400K 

 
Figure 6. Comparisons between the current analytical and numeri-
cal results and the predictions from Pi and Bradford (2010). 

 

 1 2 3

0 1 1 2 31T T T T

       

Material Properties Λ-1 Λ0 Λ1 Λ2 Λ3 

SUS304 
λm(K-1) 0 12.33x10-6 8.086x10-4 0 0 

Em(Pa) 0 210.04x109 3.079x10-4 –6.534x10-7 0 

Si3N4 
λc(K

-1) 0 5.8723x10-6 9.095x10-4 0 0 

Ec(Pa) 0 348.43x109 –3.07x10-4 2.16x10-7 –8.946x10-11 

Table 1. Material properties of SUS304 and Si3N4. 
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Parametric Analyses 
 

Figure 7 describes the effects of the volume fraction ex-
ponent on the buckling pressure with ΔΤ = 200K. The buck-
ling pressure decreased with the increase in n. This was 
because Young’s modulus decreases as n increases. Multi-
ple equilibrium paths were observed, as indicated by Pi, 
Bradford, and Guo (2016). Figure 8 shows a plot of the 
equilibrium paths with four varied temperatures. It was 
found that the displacement started from a negative value in 
the horizontal axis, due to thermal effects. Furthermore, the 
buckling pressure varied slightly with the rise in tempera-
ture, because the temperature rise showed two effects on the 
arch: 1) an increase in temperature increased the radially 
outward displacement, which was beneficial to the buckling 
pressure; 2) an increase in temperature reduced Young’s 
modulus, which was not beneficial to the buckling pressure. 
Therefore, the buckling pressure may be nonlinear with a 
rise in temperature. Figure 9 depicts the distributions of 
bending moment through the arch span when critical buck-
ling occurs. It can be seen that the maximum positive bend-
ing moment occurs on the crown (mid-span), while the 
maximum negative bending moment occurs on the position 
between mid-span and edge, corresponding to the position 
with the maximum radial displacement.  

(a) N = 0 

(b) N = 0.5 

(c) N = 2 

(d) N = 5 

 
Figure 7. Equilibrium paths of clamped-clamped FGM arches with 
different volume fraction exponents. 

 
Furthermore, a higher temperature rise increases the bend-

ing moment. Besides, the bending moment is nonlinear in 
relation to the volume fraction exponent (n). This is because 
the thermal moment is generated due to the non-uniform 
distribution of material properties in the cross-section. The 
distributions of the hoop force (circumferential force) are 
shown in Figure 10. It is found the hoop force decreases 
with the increase of n, and a higher temperature rise results 
in a lower hoop force. This is because the increase of vol-
ume fraction exponent and temperature rise will reduce 
Young’s modulus. A few fluctuations of the hoop force are 
observed, and these fluctuations are neglected in Equation 
17. The hoop force is simplified as constant. Such simplifi-
cation results in an insignificant difference in the buckling 
pressure as shown in Table 2. Figure 11 illustrates the distri-
bution of hoop strain and stress in the thickness direction of 
the mid-span (ø / α = 0). It is seen the hoop strain is distrib-
uted linearly in the thickness direction. Generally, the high-
er the temperature, the higher the hoop strain and stress. 
However, the stress is distributed nonlinearly due to the non
-symmetrical dispersion of Young’s modulus in the thick-
ness direction (n > 0). For a homogeneous arch, the stress is 
linear in the thickness direction.  
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Figure 8. Equilibrium paths of the FGM arches under different temperatures. 
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Figure 9. Bending moment of the clamped-clamped arch with different temperature rises. 
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(a) ΔΤ = 200K                                                                                              (b) ΔΤ = 400K 
 

Figure 10. Hoop force of the clamped-clamped arch with different temperature rises. 
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(c) Stress:  ΔΤ = 200K                                                                                (d) Stress:  ΔΤ = 400K 

 
Figure 11. Distribution of mid-span strain and stress in the thickness. 
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Table 2. Comparison of critical buckling pressure between present 
analytical and numerical results. Conclusions 

 
The stability mechanism of the FGM arch was the focus 

of this current study. Based on the analytical and numerical 
results, several main conclusions can be drawn: 

• The derived analytical buckling pressure was verified 
successfully by numerical results. For an arch with 
homogeneity, the analytical and numerical results 
were verified successfully by other closed-form ex-
pressions. 

• The strain and stress of the FGM arch have different 
distributions from the homogeneous arch, due to the 
non-symmetrical material properties in the cross-
section. 

• The critical buckling pressure was not linear with a 
rise in the temperature field.  

 

Future Work 
 

Based on this current study, the following research may 
be developed later: 

• Optimization of material distribution in the radial and 
tangential directions of the FGM arch in order to sus-
tain the highest buckling pressure. 

• Experimental work is necessary in order to verify the 
analytical and numerical work from this current 
study. 

• Examination of the responses of the FGM arch under 
other mechanical and/or thermal fields. 
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Abstract 
 

Ultrashort pulse laser ablation has opened doors to many 
applications requiring very high accuracy and precision. To 
fully harness the potential of these systems, an optimized, 
adapted process strategy is required. For surface structuring, 
it can be shown that, for metals and many other materials, 
the ablation process exhibits maximum efficiency at opti-
mum fluence. The corresponding material removal rate de-
pends on the threshold fluence and the energy penetration 
depth of that material. For achieving high-efficiency and 
high-machining quality, it is necessary to consistently main-
tain optimum working conditions. Laser ablation depends 
on several parameters, such as pulse width, frequency, scan-
ning speed, overlap ratios, etc. Precise control of these pa-
rameters is essential for obtaining a superior quality cut. In 
this current study, the authors developed a mechanistic sur-
face generation model, based on the logarithmic ablation 
law. The model predicts the ablation depth with high accu-
racy, using the material constants calibrated from previous 
studies identified in the literature. If properly calibrated, the 
modeling accuracy can be further improved. This result can 
help many researchers in the field to predict the ablation 
depth based on laser parameters—such as pulse width, fre-
quency, scanning speed, overlap ratios, etc.—with high ac-
curacy. These results were verified by experimental investi-
gation and analysis. The surface roughness cannot be accu-
rately predicted, due to significant stochastic components on 
the surface generation that were not accounted for in the 
mechanistic model. The authors found these simulation 
models to be robust and able to be used for any material, 
simply by using the appropriate ablation threshold and ener-
gy penetration-depth values of that material. 
 

Introduction 
 

Ultrashort pulse laser ablation involves various laser pa-
rameters that play a vital role in achieving a good surface 
finish and laser ablation depth. Laser parameters such as 
laser power, pulse frequency, pulse width, and scanning 
speed are together responsible for the amount of material 
ablated. It is challenging to predict the exact values of these 
laser parameters in order to achieve a laser ablation of a 
specified depth. From this current study, the authors pro-
pose a surface generation model that can predict the maxi-
mum groove depth that can be achieved for a specified set 
of laser process parameters. Also evaluated in this study 
was a method for predicting the ablation depth, based on 

laser processing parameters and available properties such as 
ablation threshold fluence and the laser penetration. During 
laser grooving, a laser beam is scanned over the workpiece 
surface, resulting in an increase in its temperature above the 
material’s melting point, in a small region near the beam 
spot (Chryssolouris, 2006). In cases where the heat flux, 
provided by the process parameters, is enough, vaporization 
of the material might also occur. The removal mechanisms 
included melting, vaporization, and chemical degradation 
(Dubey & Yadava, 2008). A gas jet may be applied coaxial-
ly or off-axially along with the laser beam to remove the 
molten material and produce the groove. 
 

The laser grooving process has been investigated by many 
researchers. One of the first theoretical modeling approach-
es was presented by Chryssolouris (1991). He developed a 
theoretical model deriving from the relation between the 
groove depth and the process variables by using an infinites-
imal control surface on the erosion front surface. An analy-
sis for deriving groove depth as a function of process pa-
rameters, based on the assumption of complete removal of 
molten material, was also reported (Choi & Chryssolouris, 
1995). The impact of laser intensity, repetition rate and 
scanning speed on surface roughness and ablation depth of 
die-making steels was studied by Kaldos, Pieper, Wolf, and 
Krause (2004). Their findings suggested that, in order to 
obtain the desired accuracy in the laser milling of cold 
working steel by Nd YAG laser, the thickness of single lay-
ers removed from the target material should be in the range 
of 2-5 µm. A good compromise can be found between high 
ablation depths and surface quality by careful laser choice 
and process optimization (Campanelli, Casalino, & Contuz-
zi, 2013). 
 

Different analytical models describe the relationship be-
tween energy input and removed volume of material in laser 
ablation. These models relate to the ablation threshold and 
the energy penetration depth, both representing material-
dependent parameters (Häfner, Heberle, Dobler, & Schmidt, 
2016). Theoretical modeling of femtosecond-pulsed laser 
ablation of silicon was carried out using a two-temperature 
model and the ablation threshold, such that the depth of 
material removed per pulse could be determined (Singh & 
Soni, 2009). More recent investigations into the ablation 
depth of a laser have indicated that laser incidence angle 
and laser power have a significant effect on the ablation 
depth with contributions of 48.02% and 39.67%, respective-
ly. Also, laser incident angle, laser power, and scan speed 
showed contributions on surface roughness of 40.88%, 
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24.66%, and 30.16%, respectively (Wang, Duan, Jiang, 
Zhang, Ke, Wu, & Zeng, 2017). Nolte, Momma, Jacobs, 
Tünnermann, Chichkov, Wellegehausen, and Welling 
(1997) for the first time formulated a relationship between 
the ablated depth per pulse and the energy penetration depth 
of the laser beam. The ablated depth per pulse was also de-
pendent on the laser fluence and the ablation threshold flu-
ence. These correlations are expressed in Beer-Lambert’s 
law, which forms the basis for the interaction of the laser 
radiation with the workpiece.  
 

Mechanistic Modeling of Ultrashort Pulse 
Laser Ablation: Formulation of a Simple 
Mathematical Model  
 

Beer-Lambert’s law states the absorption strength of the 
laser irradiation in the material. This law assumes that the 
interaction process and the subsequent ablation are dominat-
ed by the absorption of photons with energies above the 
band gap, with little or no contribution from heat transport 
processes. Under these circumstances, the maximum ablated 
depth, Zabl, when one or more laser pulses hit the target sur-
face can be expressed by Equation 1 (Liu, 1982): 
 
 

(1) 
 
 

where, ø is the peak laser fluence, δ is the effective penetra-

tion depth of the incident light, and øth is the material abla-
tion fluence threshold.   
 

The material may experience changes in the values of δ 

and øth when pulses repeatedly hit the same area, a process 
known as incubation. This process is usually ascribed to a 

defect creation mechanism, which generally causes øth to 
decrease. In the case of laser milling, where a laser beam is 
scanned across the target workpiece, the ablation depth can-
not be predicted solely using Equation 1. This happens be-
cause the laser spot hits the target material and, depending 
on the scanning speed, there is an overlap of pulses; thus, 
each pulse hitting a particular point on the target material is 
going to do so with a different energy. Since only the pulses 

that have an energy above the ablation threshold (øth) can 
contribute to the visible ablation of the material, it is possi-
ble to calculate the ablated depth of a train of pulses, as giv-
en by Equation 2 (Canteli, García-Ballesteros, Molpeceres, 
Gandía, & Torres, 2017). 
 

So, from Equation 2, measuring δ and øth is enough to 
predict the depth of the laser-ablated scribe, if information 

on the process parameters (v, f, w0, and ø0 is) is given. One 
important consideration in using this equation for predicting 
the depth of the laser-ablated scribe is that the geometry of 
the ablated region should not change considerably (i.e., 

grooves with high aspect ratios). This is because, in such 
cases, the fluence might decrease considerably, due to an 
increase in the effective area. 
 
 
 
 
 
 
 
 
 
 

(2) 
 
 
 
 
 
 
 
 
 
where, f is the repetition frequency for the laser, v is the 
scanning speed, d = v/f is the distance between two consecu-

tive pulses, w0 is the spot radius, ø0 is the peak laser flu-
ence, δ is the effective penetration depth of the incident 

light, and øth is the material ablation threshold fluence. 
 

Simulation of Ultrashort Pulse Laser 
Ablation using MATLAB software  
 

Simulation of a laser ablation process can be challenging. 
Several process parameters need to be optimized to achieve 
a clean cut with minimal thermal damage to the surrounding 
region. For simulation of the ultrashort pulse laser-ablation 
process, a laser pulse having a spot radii w0 is focused on 
the XY plane. For simplicity, assume that the XY plane is 
perfectly flat. Now, Figure 1 shows that, for a Gaussian 

beam with peak fluence ø0 and threshold fluence øth, the 
effective diameter D of the laser pulse that results in the 
ablated area is the diameter at the threshold fluence. The 
surrounding area is the irradiated area when the laser inten-
sity is less than 10% of the intensity at the beam center. A 
mesh is generated for the x, y, and z coordinates. As the 

laser pulse hits the x-y plane with peak fluence ø0 and 

threshold fluence øth, these values of peak fluence and 
threshold fluence, along with the energy penetration depth, 
are fed into the logarithmic equation for the laser ablated 
depth per pulse. The logarithmic equation gives the ablated 
depth, z. This process is iterated repeatedly and the respec-
tive z values are updated to give the total ablated depth. 
 

But in laser cutting, a large number of pulses hit the target 
material and the laser moves in the X and Y directions. So 
by using scanning speeds in mm/s and pulse frequencies in 
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KHz, a model was created that could generate the laser tool 
path by taking into consideration the laser spot size. Figure 
1 shows that this model was synced with the laser ablated 
depth to give the 3D profile of the laser-ablated area with x, 
y, and z coordinates (z being the ablated depth). 

Figure 1. The x, y, and z coordinates of the target where the laser 
beam is focused. 

 
In order to generate the laser tool path and the simulate 

the ablated depth and surface roughness, the simulation 
started with the generation of the laser tool path. For this, a 
function was created that allowed the user to input the maxi-
mum values for the working space. The input values were: 

xs = the x coordinate of the starting point (in µm) 
xe = the x coordinate of the ending point (in µm)  
ys = the y coordinate of the starting point (in µm)  
ye = the y coordinate of the ending point (in µm)  

 
The scanning parameters, scanning speed, pulse frequen-

cy and the overlap ratio, Ox, were then defined. The outputs 
were the vectors xt and yt with the x and y coordinates of the 
surface points where the laser beam ablated the surface. 
Figure 2 shows the laser-ablated tool path. Figure 3 shows 
how the overlap ratios changed as the scanning speed 
changed. It can be seen that the overlap increased as the 
scanning speed decreased. Figure 3(a) shows that, at higher 
scanning speeds up to 400 mm/s there was no overlap. 
When the laser beam hit the target material with no overlap-
ping pulses, the result was a series of dimples the size of the 
laser spot. Figures 3(b)-(d) show that, as the scanning speed 
decreased, there was considerable overlap of pulses.  
 

A function was then created for determining laser ablation 
per pulse. This function could be used to simulate laser ab-
lation in surface modification (i.e., the surface height of the 
region where the laser ablated is to be updated). The inputs 
for this function were: 
 
1. Surface Topography Data: A 2D array (z) of the surface 

height before the ablation, containing the entire surface 

to be processed. Only the portion inside the laser beam 
would be modified to reflect the material removal pro-
cess. 
x = the x coordinates of the surface array              

(1D vector), used to generate 2D XY grid points 
y = the y coordinates of the surface array              

(1D vector), used to generate 2D XY grid points 
x0 = the x coordinate of the laser beam center 
y0 = the y coordinate of the laser beam center 

 

2. Material properties, δ; energy penetration depth, øth: 
the threshold fluence to process the specific material. 

3. Laser Beam optical parameters, Ep; pulse energy of a 
Gaussian beam, w0: the spot radius. 

Figure 2. Laser tool path generation, considering pulse frequency, 
scanning speed, and overlap ratios. 

 
The output of this laser ablation per-pulse function (z) 

was a 2D array of the surface height after the ablation, 
which contained the entire surface to be processed. Only the 
portions inside the laser beam were modified to reflect the 
material removal process. Both functions, the laser tool path 
generation and the laser ablation per pulse, were used to-
gether to output the values of the ablated depth as the laser 
ablated the material. Figure 4 shows the simulated surface 
topography. 
 

Figure 5 shows a plot of the ablation profiles for different 
energies per pulse. Specifically, Figure 5(a) shows negligi-
ble ablated depth for 20 µJ. Figures 5(b)-(d) show ablated 
depths for energy per pulses of 40 µJ, 60 µJ, and 80 µJ. 
These profiles corresponded to a laser spot radius               
w0 = 30 µm. The laser spot size was adjustable and could be 
changed using the expander on the laser setup.  The laser 
spot size, w0, was related to the unfocused beam diameter, 
D, which could be changed using the beam expander.  
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(a) 400 mm/s 

(b) 300 mm/s 

(c) 200 mm/s 

(d) 100 mm/s 

 
Figure 3. Simulation showing varying scanning speeds. 

Figure 4. The simulated surface topography. 

(a) 20µJ 

(b) 40µJ 

(c) 60µJ 

(d) 80µJ 

 
Figure 5. Ablation profiles for different energies per pulse. 
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Figure 6 shows a plot of ablation depth for energy per 
pulse (Ep) and ablation ratio (ø0/øth). It can be seen that the 
ablation depth was zero for an energy-per-pulse value below 
5 µJ. Also, the simulation results showed that at energy-per-
pulse levels of about Ep = 13 µJ, the corresponding ablation 
ratio (ø0/øth) was 18; and, for Ep = 5 µJ, ø0/øth = 8. These 
results suggest that the nominal range for the ablation ratio 
was (ø0/øth) = [8, 18]. But, according to Neuenschwander, 
Jaeggi, Schmid, and Hennig (2014), keeping the ratio be-
tween [5, 15] resulted in the optimal material removal rate 
and higher surface quality. Working at higher or lower peak 
fluences led to reduced efficiency, in terms of material re-
moval rate and a reduced quality for very low fluences. For 
most metals, this leads to very low fluences and, therefore, 
high repetition rates or spot sizes are needed when working 
at high average power settings. The energy per pulse used 
for these experiments was Ep = 60 µJ; thus, from Figure 6, it 
can be seen that the (ø0/øth) ratio for Ep = 60 µJ was roughly 
ø0/øth = 50. So, the range of ø0/øth for these experiments was 
between [40, 90]. These results contradict the results of 
Neuenschwander et al. (2014) and may indicate that the 
system is not being optimally utilized. 

Figure 6. Ablation depth versus energy per pulse, Ep. 

 
Regarding the influence of overlap ratios Ox and Oy on the 

generated surfaces, with pulse frequency kept constant, 
overlap ratio Ox depends primarily on scanning speed, while 
overlap ratio Oy depends on the distance between the adja-
cent trajectories, or the size of step-over between adjacent 
passes. Figure 7(a) shows the ablated region with no overlap 
of pulses in either direction. For this condition, the scanning 
speed was kept high so that overlap ratios Ox and Oy were 
kept low. Figure 7(b) shows significant overlap in the X 
direction. For this condition, a lower scanning speed was 
used so that there was significant overlap of pulses in the X 
direction, but overlap ratio Oy was kept low so that there 
was no overlap in the Y direction. This tended to generate 
deep grooves parallel to the Y axis. Figure 7(c) shows the 
surface topography when there was significant overlap in 
the Y direction.  

(a) No overlap in either direction. 

(b) Significant overlap ratio Ox in the X direction. 

(c) Significant overlap ratio Oy in the Y direction. 

(d) Significant overlap in both directions. 
 

Figure 7. Surface topographies. 
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A higher scanning speed was used so that the overlap of 
pulses in the X direction was not significant, but the overlap 
ratio Oy was kept high. The ablated surface under these con-
ditions showed deep grooves parallel to the X direction. In 
Figure 7(d), the surface topography shows that there was 
significant overlap in both directions. For this condition, a 
lower scanning speed was used to keep the overlap ratios 
high. Also, it can be noted that the ablated depth was higher 
when both of the overlap ratios were high; this was simply 
because more laser pulses hit the target material at the same 
spot. Several simulations were performed with scanning 
speeds between 100 mm/s and 500 mm/s, pulse frequencies 
between 20 KHz and 50 KHz, focal spot sizes ranging from 
20 µm to 60 µm, and overlap ratios varying from 20% to 
100%. Figure 8 shows two plots for spot sizes 20 µm and  
30 µm. The focal spot size, w0, for the experimental investi-
gation was about 30 µm. It can be seen from Figure 8 that, 
for a spot size of 30 µm, the overlap ratios, Ox and Oy, that 
yielded the least surface roughness were around 40% over-
lap. For lower overlap ratio Oy, the surface roughness was 
found to increase; and while Ox increased above 40%, the 
surface roughness increased initially and then decreased at 
around 80%.  

(a) Spot size = 20 µm 

(b) Spot size = 30 µm 

 
Figure 8. Surface roughness values for overlap ratios Ox and Oy 
with varying laser spot radii. 

Apparatus and Experimental Design  
 

The laser used for the experimental process was a 3W, 
pulsed DPSS laser with a wavelength of 532 nm and a set-
point frequency of 50 KHz. The laser head and the scan 
head were connected through an attenuator and a beam ex-
pander that allowed the focal spot size to be changed. The 
beam expander ratio ranged from 1 to 5. For the experi-
ments, the expander ratio was set at 1. Figure 9 shows the 
laser used for this experiment.  

Figure 9. Laser equipment (micro-manufacturing lab). 

 
The most commonly used experimental model for analyz-

ing the relationship between the input parameters and the 
output response is factorial design. The model developed 
from the factorial design showed the interrelationship be-
tween the response variables and control variables, which 
helped the authors control those variables and obtain opti-
mal responses. The mathematical model generated cold also 
be used as the prediction model. Table 1 shows the different 
variable factors and factor levels chosen for parametric 
analysis.  
 
Table 1. Variable factors and factor levels. 

The values of the pulse width were set from 10 µs to      
20 µs, as the laser system was limited to a pulse width of  
20 µs. Also, the pulse frequency was set between 20 KHz 
and 50 KHz, as the pulse energy decreased above 50 KHz, 
as noted earlier. 

Variable factors 
Factor 
Levels 

        

 1 2 3 4 5 6 7 8 9 

Scanning speed 
(mm/s) 

100 150 200 250 300 350 400 450 500 

Pulse width 
(µs) 

10 15 20       

Pulse frequency 
(KHz) 

20 30 40 50      
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Experimental Results and Analysis 
 

From the variable factors and factor levels noted earlier, a 
total of 108 number of tests were conducted. Figure 10 
shows the values of surface roughness from the 3D pro-
filometer for the 108 grooves, after laser machining grooves 
were made on grey cast iron. 

(a) A magnified view of one set of grooves. 

(b) Image captured under profilometer showing surface roughness 
for one of the grooves. 

 
Figure 10. Grooves examined under the 3D profilometer. 

 
Figure 11(a) shows the values of surface roughness plot-

ted against different scanning speeds and pulse frequencies 
for a 10-µs pulse width. At this 10-µs pulse width, it can be 
seen that the surface roughness values increase with scan-
ning speed, irrespective of the pulse frequency. Figure 11(b) 
shows the values of surface roughness plotted against differ-
ent scanning speeds and pulse frequencies for a 15-µs pulse 

width. At this 15-µs pulse width, the surface roughness val-
ues increased with scanning speed for pulse frequencies of 
30 KHz, 40 KHz, and 50 KHz, while surface roughness 
either decreased or stayed constant at a pulse frequency of 
20 KHz. Figure 11(c) shows the values of surface roughness 
plotted against different scanning speeds and pulse frequen-
cies for a 20-µs pulse width. At this 20-µs pulse width, the 
surface roughness values remained virtually constant across 
different scanning speeds and pulse frequencies. 

(a) 10µs 

(b) 15µs 

(c) 20µs 

 
Figure 11. Scanning speed versus surface roughness with varying 
pulse frequencies for different pulse widths. (Series 1–20 KHz, 
series 2–30 KHz, series 3–40 KHz, series 4–50 KHz.) 
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After a careful examination of the plots in Figure 11, it is 
evident that the laser parameters that yield the lowest quali-
ty of surface finish were at a pulse frequency of 20 KHz, a 
pulse width 15 µs, an overlap ratio of Ox = 41.6%, and a 
scanning speed of 300 mm/s. Also, at these optimal parame-
ter settings, 50 passes were taken to make these cuts and 
obtain a surface roughness value of Sa ≈ 0.2 μm and an ab-
lated depth per pulse of 0.12 µm. Table 2 shows a compari-
son between the experimental results and model predication. 

 
Table 2.  Comparison between the model prediction and the 
experimental results. 

 

Conclusions 
 

From the comparison of the prediction model and the 
experimental results, it can be seen that the model predicted 
the ablation depth within 15% error using the material con-
stants calibrated from the literature. But, the surface rough-
ness values  could not be accurately predicted, as the signifi-
cant stochastic components on the surface generation were 
not accounted for in the mechanistic model. If properly cali-
brated, the modeling accuracy can be further improved, 
which may help researchers in the field to predict the abla-
tion depth based on the laser parameters with higher accura-
cy. These simulation models are believed to be robust and 
able to be used for any material, simply by using the appro-
priate ablation threshold and energy penetration-depth val-
ues of that material. 
 

Future Research  
 

The authors intend to continue their work in ultrashort 
pulse laser applications, specifically biofouling, including 
the effect of modified engineering surfaces by laser textur-
ing on biofouling along with a study of biofouling using 
laser-induced breakdown spectroscopy. 
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Abstract 

 
In this study, the authors used computational fluid dynam-

ic (CFD) analysis to investigate the spread of coughed air 
and droplets based on various parameters. The inlet geome-
try was based on the actual scenario and a digitizing appli-
cation was implemented in order to generate a 2D geometry 
of the face. Various parameters needed to be taken into ac-
count in order to determine the trajectory of the exhaled air, 
including: mouth opening, amount of exhaled air, fraction 
and distribution of liquid particles, the temperature and hu-
midity of the exhaled air, as well as the outside condition of 
the surrounding air. Three levels of analysis of cough flow 
were conducted and analysed to demonstrate the status of 
computational fluid dynamics applied to airborne disease 
transmission, specifically single-species flow, multi-species 
flow, and multi-species flow with discrete particles. The 
Lagrangian discrete phase modeling (DPM) approach was 
used to model the exhaled and domain fluid. The results 
included the spatial and temporal distributions of species 
along with the velocity contour plots. These results empha-
sized the sporting role of CFD as an important tool, not only 
for a complex engineering problem (i.e., thermochemical 
reacting flow, two-phase flow in a porous membrane, or 
trans-evaporative flow in microclimate confined space) but 
also in health and safety fields related to coughing, sneez-
ing, and multi-flow trajectories in general. 
 

Introduction 
 

Although coughing is considered a curative activity 
against infections in the respiratory system, it is also respon-
sible for the spread of viral or bacterial infections. There 
are, however, other sources of transmission for viral infec-
tions. Wang, Li, Liu, and Cao (2020) recently studied virus 
transmission from urinals with reference to the current out-
break of COVID-19. The outbreak of the pandemic has ad-
versely affected activities on a global scale with over one 
million deaths. Coughing and sneezing are among the vari-
ous ways through which the spread of COVID-19 takes 
place. Sometimes, an infected person does not show symp-
toms of the infection and he/she may transmit it unknowing-
ly. In relation to this, asymptotic virus transmission through 
sneezing was studied by Busco, Yang, Seo, and Hassan 
(2020) in which the authors employed CFD technique. Pres-
ently, social distancing is a highly recommended method for 
reducing transmission. The analysis of coughing and sneez-
ing droplets based on their lateral and spatial distribution is 
a significant aspect when deciding on an effective distance 

for social distancing. Computational fluid dynamic analysis 
can be carried out to investigate the spread of coughing and 
sneezing droplets, based on various parameters such as 
coughing and sneezing speed, mouth opening, duration of 
the cough, etc. The application of CFD tools for the analysis 
of pathogen transmission, such as viral infections, was high-
lighted by Peng, Chen, and Liu (2020).  
 

Aliabadi, Rogak, Green, and Bartlett (2010) analyzed the 
dispersion of cough droplets using RANS-based CFD simu-
lations by implementing the RNG k-ε turbulence model. 
They observed that the evaporation rate was higher for finer 
cough droplets. They also studied the effect of relative hu-
midity and effective volume on the evaporation rate of the 
droplets, along with axial, vertical, and sideway dispersions 
of the droplets. Gao and Niu (2006) demonstrated the capa-
bility of CFD simulations for analyzing the spread mecha-
nism of pollutants through sneezing from a polluting person 
to an exposed person by applying RNG k-ε as a turbulence 
model. They found that the coughing and sneezing mecha-
nism was significantly directional and infection could occur 
only if persons were face-to-face. Hence, facing downward 
during coughing or sneezing from the source or facing the 
opposite direction of the receipt can change the flow trajec-
tory and significantly reduce the likelihood of infection. In 
another study, cough flow was simulated using a lower-
order URANS approach and a higher-order LES approach 
by Ran (2018) in which he observed the precipitation rate of 
the droplets with different droplet sizes. He found that drop-
lets with a diameter less than 10 µm were able to remain 
suspended for a longer duration as compared to larger drop-
lets. 
 

Khalil and Kotb (2020) performed a computational fluid 
dynamics analysis to study the pathway of airborne patho-
gens using ANSYS Fluent for an A380 aircraft cabin. They 
concluded that the airborne particles of the cough were ex-
tremely harmful to the health of passengers inside the air-
craft. They also showed that these particles can travel up to 
four meters inside the cabin of the aircraft and can have a 
significant effect on passengers. They also found that the 
physical dimensions of the human body affect the spread of 
coughing droplets. Singh and Tripathi (2020) presented a 
methodology for experimental and numerical analysis for 
studying the spread and transportation of airborne pathogens 
in the wake of COVID-19 in confined spaces and isolation 
rooms. Their study was aimed at developing national proto-
cols for the health and safety of health workers. In order to 
understand the interpersonal transmission of viruses and 
bacteria in air-conditioned rooms, higher-order computa-

Simulation of Human Coughing Under Various 
Flow Scenarios and Environmental Conditions 
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tional fluid dynamics simulations were carried out by 
Zhang, Guo, Zhu, and Ji (2019). Their analysis, based on 
the large eddy Simulation (LES) approach coupled with the 
Lagrangian approach, was based on studying the effect of 
ventilation rate, air temperature, relative humidity, and the 
spatial distributions of the aerosol droplets. They found that 
the cough droplets were more widely distributed in compar-
ison to ones expelled by simply breathing. Moreover, they 
observed that the initial velocity of coughing significantly 
affects the spatial distributions of aerosol droplets and that 
the aerosol droplets with dimensions around 20 μm 
(micrometers) can remain suspended in the breathing zone 
of humans and can infect others.  
 

Dbouk and Drikakis (2020) performed a 3D numerical 
analysis of virus transmission through airflow. They com-
prehensively investigated the effect of various parameters 
such as droplet dispersive forces, droplet evaporation, drop-
let mutual interactions, and droplet interactions with air and 
relative humidity. The authors also looked at the influence 
of air velocity on social distancing and found that the rec-
ommended distance of two meters for the prevention of 
COVID-19 spread was suitable, as long as wind speed was 
negligible. However, this distance of two meters was insuf-
ficient when airspeed was over 4 km/h, because their anal-
yses showed that the pathogens were able to travel up to six 
meters with a reduction in droplets size and concentration at 
larger wind speeds. 
 

Yan, Li, and Tu (2019) employed the Eulerian-
Lagrangian approach for 3D computational fluid dynamics 
to investigate the transport characteristics of cough drop-
lets—such as their spatial distributions, particle size varia-
tions, and droplet flow field. They found that body tempera-
ture were able to significantly affect velocity distributions 
of the droplets along with temporal distributions. The en-
hancement in thermal flow resulted in an increase of droplet 
transport for droplets 3.5-20 μm in size. Zhang, Feng, Bi, 
Cai, Zhang, and Cao (2019) investigated the transport char-
acteristics and trajectories of the aerosols due to coughing 
for air-conditioned spaces using ANSYS Fluent with the 
Eulerian-Lagrangian model. The multiphase system consist-
ed of a continuous phase (a gas mixture of air and water 
vapor) and a discrete phase (coughing droplets). The authors 
found that even the finest aerosol droplets could reach the 
walls of the air-conditioned space. In relation to the COVID
-19 pandemic, Vuorinen et al. (2020) conducted extensive 
numerical investigations to study various aspects related to 
virus and aerosol exposure and transport employing physics
-based modeling. They found that the velocities of coughing 
were below 20 m/s and virus infections could be considered 
airborne. They also found that a virus droplet of 20 μm 
could be suspended in the air for up to an hour and be inhal-
able. Moreover, they observed that aerosol droplets larger 
than 50 μm could be suspended for three minutes and that 
their evaporation could make them inhalable. The authors 
further concluded that the distribution of aerosol droplets 
was non-uniform and would have an impact on overall ex-

posure. They also demonstrated the spatial aspect of the 
domain of elevated risk for an infected person for a span of 
four meters.  
 

Mittal, Ni, and Seo (2020) highlighted the importance of 
the application of fluid dynamics for understanding the im-
portant characteristics of the COVID-19 spread mechanism. 
They presumed that sound knowledge about the application 
of fluid dynamics was necessary to understand the im-
portant phenomena associated with the multiphase expirato-
ry flow, transport and evaporative aspects of droplets, drop-
let formation mechanisms, and aerodynamic aspects of face-
masks. Feng, Marchal, Sperry, and Yi (2020) evaluated the 
effectiveness of social distancing under the influence of 
wind speed and humidity level. They found that cough 
droplets could exist up to 10 feet from the vicinity of a 
coughing person, in the case of still air. The authors also 
found very high relative humidity to be causing higher dep-
ositions of aerosol droplets, as compared to lower humidity.  
 

From the above-cited literature, it can be seen that the 
analysis of coughing involves different physical and simula-
tion requirements. In this current study, the authors ad-
dressed this need by following a progressive approach, start-
ing from single species to multiple species and, finally, with 
the discrete particle representing the mist liquid. The focus 
of this current study was on the axial and vertical spread of 
cough flow using a computational fluid dynamic analysis 
and subjected to various coughing intensities and the actual 
coughed species and aerosol liquid droplets. From this 
study, the authors provide a comparison of the flow distri-
bution following the different modeling strategies—single 
species, multiple species, and the latter with the inclusion of 
aerosol liquid particles. The study was intended to help our 
understanding of the distribution of viral infections from 
one person to another by considering various parameters 
such as velocity and species distributions during coughing 
and sneezing. The current study also included comparative 
analysis and fidelity in these modeling strategies. 
 

A fundamental step for the numerical simulation of 
coughing and sneezing was mimicking a short-lived jet flow 
induced into a stagnant reservoir/chamber domain. General-
ly speaking, both contain two dissimilar properties and con-
ditions. For instance, the stagnant or semi-stagnant reservoir 
can be considered dry or humid air at localized ambient 
conditions, whereas the jet flow consists of an appreciable 
fraction of CO2 and humid air, and can trap a fraction of the 
small liquid particles in the form of mist at a temperature of 
around 36.5oC. 
 

Domain Discretization and Boundary 
Conditions 
 

Figure 1 represents a “comical” facial side view of a 
small child (≈8 years old) from which the 2D face geometry 
was extracted using a digitizing application. 
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It should be noted that the facial profile is a complemen-
tary, though more descriptive, feature and is at a lesser de-
gree of importance than the actual mouth opening, the flow 
velocity, and the duration of the coughing. Figure 1 shows 
that the first step in CFD is to set up the computational do-
main and its physical conditions. This domain consists of 
the human facial topography as one of the boundary walls. 
It further extends nearly 75 cm below the neck and another 
75 cm above the head as slip walls. Two horizontal lines 
were extended 250 cm above the top and bottom extremities 
of this vertical line and were assigned as zero shear walls. 
The outlet was formed by the vertical line connecting the 
sidewalls with zero static pressure. A quadratic body-fitted 
mesh was created, starting with fine facial cell elements of 
0.1 mm and progressively smeared to approximately      
0.25 cm in order to capture the kinematic boundary layer 
near the face as well as the free shear layers formed by the 
outgoing flow.  
 

A multi-blocking mesh was used, which gave the best 
control on the mesh distribution and size for capturing the 
entrained vortices. The domain inlet was positioned at the 
mouth with a small vertical opening of 1 cm as part of the 
face. The model was able to simulate the coughed jet flow 
out of the mouth at the corresponding speed and duration, 
along with the stipulated species being single- or multi-
component flow. In the multi-species flow, the exhaled flow 
was assigned as a mixture of several species that simulated 
different properties and temperatures, rather than the stag-
nant ambient air initially inside the domain. Moreover, the 
exhaled flow was a combination of dry air or vapor along 
with injected fluid particles of different sizes. Accordingly, 
as soon as it was injected, it entrained with the flow from 
which it exchanged mass, momentum, and energy. Their 
trajectory and path lines as well as their trans-evaporative 
evolution was part of the authors’ investigative quest and 
pursuit. 
 

Governing Equations 
 

The CFD model is based on the fundamental laws of the 
conservation of mass (or species, in multi-component sys-
tems), momentum, and energy, in the case of compressible 
and non-isothermal flow. These laws were mathematically 
formulated for the domain of interest (control volume), 
which, in turn, was averaged or filtered to account for tem-
poral variation or the statistical aspect of turbulence. It was 
finely discretized over space and time and subjected to 
proper flow conditions (initial and boundary), and finally 
numerically solved for the main dependent flow fields, such 
as velocities, pressure, temperature, and other thermody-
namic parameters. These temporal equations are referred to 
as the Navier-Stokes equations/system, representing the 
conservation of mass, momentum, and energy equations. 
The fluid that is the continuous phase of the flow is gov-
erned by Equation 1 (Versteeg & Malalasekera, 2007): 
 

 
(1) 

 
 

where,  is density; upper-case S  is the source term, due to 

the dispersed/discrete phase interactions;  is the dependent 

variable corresponding to density ()  ui is the density 
velocity multiple; T is the temperature, representing the 
conservation of mass, momentum, and energy, respectively. 
 

Equation 2 represents the transportation of species mi. 
These transport equations also incorporate a source term, Si, 
which accounts for discrete phase interaction. 
 

(2) 
 
 
where, Di,m is the diffusion coefficient. 
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The liquid or mist particle phase was modeled as a dis-
crete Lagrangian particle. At low volume fraction, α, the 
average mist distance was greater than twice its diameter; 
therefore, mist particle-particle interaction was neglected. 
Small mist loading (αd ρd / αc ρc << 1, where c refers to the 
continuous phase and d refers to the discrete/disbursed 
phase) implies a reasonable one-way coupling. The Stokes 
number (the ratio of the values of the dispersed phase relax-
ation time τd = αd d

2
d / 18μ to that of the flow time               

τc = U / D) dictates whether particles closely follow the fluid 
or move independently. The discrete/mist phase was solved 
in a Lagrangian frame of reference. This phase consisted of 

spherical mist particles,  m in diameter, dispersed in 
the continuous phase. Their trajectory was predicted by inte-
grating the force balance on the particle. This force balance 
equated the particle inertia with the forces acting on the 
particle, and can be described by Equation 3: 
 

(3) 
 
 
where, FD (u - up) is the drag force per unit particle mass; u 

is the fluid phase velocity; up is the particle velocity;  is the 

fluid density, and,  p is the density of the particle.  
 

Equation 3 incorporates additional forces (F) in the parti-
cle force balance that can be important (thermophoretic and 
Brownian forces). The trajectory equations were solved by 
stepwise integration over discrete time steps. Integration of 
Equation 3 yielded the velocity of the particle at each point 
along its trajectory, with the trajectory itself predicted by 
Equation 4: 
 

(4) 
 
 

Equations similar to Equations 3 and 4 were solved for 
each coordinate direction in order to predict the trajectories 
of the discrete phase. The trajectories of the discrete phase 
particles as well as the heat and mass transfer to and from 
them were computed. Solid particles were subjected to step-
wise conversion laws. The inert heating law was applied 
while the particle temperature was below the vaporization 
temperature. The evaporation law was applied to the particle 
mass (mp) when the temperature of the particle reached the 
vaporization temperature, Tvap, which can be written as 
Equation 5: 
 

(5) 
 
 
where, fv, and mp

o are the volatile fraction and initial mass, 
respectively, which remain in effect while the mass of the 
particle, mp, exceeds the mass of the non-volatiles in the 
particle. 

The heat transfer to the particle during the evaporation 
process governs the contributions from convection, radia-
tion, and the heat consumed during the evaporation. This 
process is described by Equation 6: 
 
 

(6) 
 
 
where, cp, hfg, A, and s  are the specific heat, latent heat, par-
ticle area, and Stefan–Boltzmann constant for radiation.  
 

Heat, momentum, and mass transfer between the liquid 
mist particles and the surrounding air can be included by 
alternately computing the discrete phase trajectories and the 
continuous phase equations. Figure 1 represents the compu-
tational domain of unit depth, which was discretized with 
156798 quadratic/ hexagonal cells, 3144437/x 6 faces, and 
197640/x 2 nodes of 16.93 m2 surface. The minimum and 
maximum cell volumes were 5.299e-9 m3 and 4.000e-4 m3, 
respectively. The solution was carried using the commercial 
CFD code FLUENT, based on the finite volume approach 
using the robust segregated solver and the semi-implicit 
method for pressure-linked equations (SIMPLE) for pres-
sure-velocity coupling. The second-order upwind discretiza-
tion scheme was used for the spatial derivatives of the de-
pendent flow variables, while the central scheme was em-
ployed for the time derivatives.  
 

The convergence criterion was set at 1e-6 minimum resid-
ual for each of the continuities along with the momentums, 
energy, and each of the species equations. The inlet baseline 
boundary conditions were set thermally at a body tempera-
ture of 36.5°C and kinetically at an outlet velocity of 20 m/s 
and with the stipulated air (90%), CO2 (5%), and H2O (5%) 
vapor fractions. The downstream outlet was set at zero pres-
sure. Hybrid initialization was used and the domain was 
patched with air at 25°C and stagnant conditions. Finally, 
the solution was obtained by using an appropriate time step 
of 0.001 in order to achieve the minimum residual conver-
gence without compromising the unity value of the Courant 
Friedrich Lewy number (CFL ≤ 1.0). A maximum of 50 
iterations were performed per time step. The solution was 
evaluated at higher time resolutions, which were equal to 
the implemented time steps and which were processed at 
0.25 sec or (snapshots) covering a duration of six seconds 
by relying on one segment of the HPC at KUST and using 
numerous nodes, each equipped with 16 processors. 
 

Results and Discussion 
 

The numerical simulations were carried out for three cas-
es: single-species flow, multi-species or mixture flow, and 
multi-species with aerosol droplets from a single cough. 
Initially, a mesh sensitivity study was carried out to assess 
the accuracy of the baseline mesh. Four levels of meshing 
were considered and denoted as fine, baseline, coarse 1, and 
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coarse 2. A jet uniform flow was considered, and the spatial 
velocity magnitude was captured at the centerline and com-
pared at the very first inlet length. These values were com-
pared to the best velocity decay fit for the fine mesh, which 
seemed to follow a cubic trend. Figure 2 illustrates the cor-
relation coefficient against this fit, as it was evaluated for all 
mesh levels. As can be seen, the baseline mesh provided a 
reasonable comparison with the fine mesh, with a strong 
correlation of R2 = 0.955, in comparison to coarse level 1 
mesh (R2 = 0.863) and level 2 mesh (R2 = 0.691). This sug-
gests the appropriateness of the baseline mesh as an optimal 
choice between accuracy and the intended long computa-
tional time. The transient analyses span several seconds, of 
which nearly one second covers the duration of the cough 
and five seconds is spent capturing and tracking its after-
wards. It should be noted that the ultimate goal of the cur-
rent study was to demonstrate the capability of CFD for 
medical applications and therefore, experimental work was 
not part of the study at this stage. 

Figure 2. Mesh study results showing how the spatial central line 
velocity extends nearly one inlet length and it decay trend corre-
sponds to the four levels of meshing used to reach the baseline 
mesh. 

 
Figures 3-5 depict the results of the surrounding mean 

flow velocity and the intensity of the trajectory of the ex-
haled mixture of air, vapor, and moisture, along with the 
average flux and the intensity colored velocity magnitude 
contours. These figures seem to show the extent of the tra-
jectory of the jet flow coming out of the mouth and its time. 
In Figure 3, the velocity is captured in the aftermath of the 
coughing action. The color contours show nearly an out-
going laminar stream at high inertia that overcomes the in-
duced shear by the surrounding stagnate air, which stretches 
three to four face lengths. Further downstream, the jet iner-
tia was impeded by the acting shearing stresses of the stag-
nant air leading to jet weakening and roll up and, eventual-
ly, break up. Consequently, the entraining and invading of 
the surrounding air becomes imminent, which reduces local-
ized concentration. This causes the formation of a vortex 
cloud and an upstream jet wake, which is a form of entrain-

ing a weak free shear layer in the absence of higher jet flow. 
This free shear cloud was entrained with the breakup due to 
viscous fluid forces forming subsequent smaller eddies, 
down to the viscous scale that eventually disappear, or nu-
merically filter out; but they are, nonetheless, far from 
reaching the entire domain at a rather short time of three 
seconds. This observation suggests that the movement of air 
can not only be felt by a person in close proximity, and who 
is in direct engagement with the source, but also by those 
present at further distances. This may sound deceiving, as 
the fluid is a continuum and behaves incompressible at this 
velocity and pressure conditions. Analogous to solids, sens-
ing the flow does not necessarily imply receiving the same 
streak flow line of the source. To be clear, the exact flow 
needs to be traced in order to determine if any of the cough 
flow reaches the farthest domain boundaries and to be more 
cognizant of the reaction time, should one opt to take pre-
ventive action. 

Figure 3. Single-species flow with the velocity magnitude set at   
20 m/s of the free sneezing jet source into stagnant air. 

 
Figure 4 depicts a multi-species flow analysis of the ex-

haled fluid, while Figure 4(a) depicts the velocity contours. 
Similar to a single-species flow, it follows the laminar jet 
during coughing and overcomes shearing by the stagnant air 
for several face lengths downstream. Beyond that, it be-
comes weakened and is diffused in the surrounding air 
forming a large, mixed cloud at a high concentration of the 
jet flow. As soon as the jet discontinues the cloud form, a 
free shear layer that diffuses into the air, it forms several 
vertical cores and large scale eddies. The strong eddies 
break into smaller ones and diffuse, further stretching over 
the entire domain though more sporadically, and are less 
homogenized compared to velocity entrainment, per se. This 
suggests that while the entire domain velocity is being af-
fected, the species distribution is less pronounced, even fol-
lowing the three-second aftermath of coughing. Figure 4 
also shows the localized distribution of the cloud at a slower 
entrainment that hardly reaches the entire domain in com-
parison to the velocity contours. This suggests that there is 
ample time for a reaction to avoid exposure to the exhaled 
mixture. 
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(a) Velocity 

(b) Mass fraction 

 
Figure 4. Multi-species flows at 20 m/s of the free sneezing jet 
source into stagnant air (in m/s). 

Figure 5. Average mass flow of the mouth-injected species at two 
successive planes located at 35 cm and 1m, facing ahead of the 
source, and their mass fractions. 

In a multi-species flow analysis, the flow was subjected to 
outlet jet flow that consisted of CO2 at 0.06 mass fraction, 
and 0.025 water vapor fraction and remaining of air as per 
the stipulate average exhaled air composition. The domain 
was initially filled with stagnant air surrounding the source 
face. The sneezing action was represented by short-lived jet 
flow from the mouth of the source with a terminal velocity 
of 40 m/s and a duration of one second. Figure 4 shows the 
linear plot of the average velocity magnitude and mass frac-
tion at captured at two successive locations downstream 
facing the source (i.e., at 35 cm and 1.5m). A close inspec-
tion of the velocity magnitude results suggests some con-
finement for the flow and that it was at a lesser extension, 
even at the fifth second following the sneeze. This, howev-
er, may have been masked by the formation of the free shear 
layer and vortex roll-up, which could be co-presented with 
vorticity contours. Indeed, results of vorticity clearly depict 
the vortex formation and entrainment that modulate the axi-
al terminal velocity. More vividly, contours of mass fraction 
of the sneezed species (CO2, Air, and H2O) can be inspected 
to determine the extent of the sneezed jet time evolution. 
These results clearly indicate the far-reaching cough flow 
that starts to exit the 2.5m span length at the fifth second 
following coughing. Figure 5 shows how the results were 
further quantified using a linear plot of the crossing mass 
flux of two imaginary planes located at 35 cm and 1m 
downstream and facing the source of injection.  
 

It is important to note that when the exhaled fluid entered 
the domain (i.e., left the mouth at a certain velocity), the 
surrounding air then showed some movement, due to the 
incompressibility of air at velocities less than 100 m/s. 
Thus, the contours, based on velocity, involved the velocity 
variations for both the movement of exhaled air and the 
surrounding air. This means that the region shown in veloci-
ty contours does not reflect the region of exhaled air. The 
exhaled air may not have reached a certain location where 
velocity variations were reported in velocity contour plots, 
due to the movement of the surrounding air. Therefore, the 
region with velocity variations does not necessarily mean 
that it contained exhaled (and possibly infected) air. Thus, 
contour plots based on velocity were insufficient to accu-
rately predict the spatial distributions of air containing vi-
ruses. In order to manage this issue, species plots were 
drawn to analyze the transmission of different species in the 
exhaled air including viral species. 
 

In the third case, droplets were injected at a temperature 
of 300K, as a surface injection in the sneezed species of 

carbon dioxide, air, and water. Figure 6(a) shows velocity 
contours of the coughing jet and the surrounding air at a 
coughing velocity of 20 m/s for multi-species flow with 
aerosol liquid droplets. The spatial distribution of the sneez-
ing jet was greater at higher velocities in comparison to low 
velocities of the coughing jet. Additionally, the temporal 
distributions showed that, even after five seconds of the 
sneezing action, the droplets were still suspended in the air 
at a wider distance. This means that as an infected person 
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coughs, the surrounding environment may remain infected 
for a longer duration. Similarly, Figure 6(b) shows the mass 
fraction at a coughing jet velocity of 20m/s into stagnant air 
for multi-species flow with aerosol liquid particles. Thus, it 
can be observed that the coughing or sneezing action can be 
approximated and studied through computational fluid dy-
namics methods. It shows the potential of the numerical 
analysis to analyze challenging practical problems. 

(a) Velocity 

(b) Mass fraction 

 
Figure 6. Multi-species flows with aerosal liquid particles set at   
20 m/s of the free sneezing jet source into stagnant air. 

 
In all previous cases, the same temperature was main-

tained for the surrounding air (domain) and exhaled air. 
However, in reality, the temperature of exhaled air and do-
main is not usually the same. In order to take this fact into 
account, non-isothermal, multi-species conditions were 
studied. The temperature of the domain was raised to 313K, 
while the temperature of the exhaled air was maintained at 
300K. Figure 7 depicts the results for the velocity contours 
of the non-isothermal case with the multi-species flow con-
taining aerosol droplets. The effect of the temperature dif-
ference between exhaled air and the surrounding still air 

may not be clear in the velocity contours. Thus, there are no 
significant variations in velocity spatial and temporal pro-
files for non-isothermal conditions from the isothermal 
ones. Similarly, Figures 8 and 9 show the species distribu-
tion for the non-isothermal case with the multi-species flow 
containing aerosol droplets. Comparing the results from 
Figure 8 with those of Figure 6(b) shows that the non-
isothermal conditions affected species distributions, unlike 
velocity contours. The differing temperature resulted in the 
evaporation of liquid species in the flow, which altered spe-
cies distributions. Therefore, the species profiles of Figure 8 
at 0.5 sec and 1.0 sec are different from the profiles shown 
in Figure 6(b) for the same length of time. Similarly, Fig-
ures 10 and 11 provide more insight into the analysis of the 
evaporation of aerosol droplets. 

Figure 7. Non-isothermal multi-species flow with aerosal droplets 
with velocity counters for 20 m/s at (a) 0.5 sec and (b) 1.0 sec. 

Figure 8. Non-isothermal multi-species flow with aerosal droplets 
with species counters for 20 m/s at (a) 0.5 sec and (b) 1.0 sec. 

Figure 9. Non-isothermal multi-species flow with aerosal droplets 
with particle species (concentration) for 20 m/s at (a) 0.5 sec and 
(b) 1.0 sec. 
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Figure 10. Non-isothermal multi-species flow with aerosal 
droplets with evaporation counters for 20 m/s at (a) 0.5 sec and    
(b) 1.0 sec. 

Figure 11. Non-isothermal multi-species flow with aerosal 
droplets with particle evaporation rates for 20 m/s at (a) 0.5 sec 
and (b) 1.0 sec. 

 
Due to the evaporation of particles (i.e., aerosol droplets), 

the infected area may be larger compared to the expected 
one. Thus, there may be more regions affected by viruses, 
assuming the virus remains active. Similarly, the evapora-
tion of aerosol droplets may affect the size of the droplets. 
Generally, large particles or aerosol droplets remain sus-
pended for less time in comparison to smaller droplets. The 
evaporation rate can also affect the size of the aerosol drop-
lets. In order to obtain more information on the effects of 
temperature, contours were plotted for the temperature pro-
file of aerosol droplets. From Figure 12, it can be deter-
mined that the species become heated with the passage of 
time, thereby increasing the evaporation rate. Other parame-
ters that may affect the evaporation process include the rela-
tive humidity of still air. Therefore, researchers must be 
very careful in selecting different controlling parameters 
while simulating coughing flows. 

Figure 12. Non-isothermal multi-species flow with aerosal 
droplets with particle temperature rates for 20 m/s at (a) 0.5 sec 
and (b) 1.0 sec. 

Conclusions 
 

The application of numerical techniques such as computa-
tional fluid dynamics has been demonstrated in the analysis 
of flow during coughing or sneezing. It was shown that 
computational fluid dynamics can be a promising tool for 
the evaluation of spatial and temporal distributions of aero-
sol droplets carrying viruses, by providing live imaging to 
the actual flow distribution seen by its velocity and concen-
trations. The following observation were made from this 
current study: 

 Species distribution is less pronounced, even follow-
ing the 3-sec aftermath of coughing in comparison to 
velocity distributions. 

 Contour plots, based on velocity, are insufficient for 
accurately predicting the spatial distributions of air 
containing viruses unless species plot are taken into 
account. 

 The various cases modeled in this study showed the 
potential of CFD for the modeling and analysis of the 
spread of viral infections. For example, the exhaled 
air was simulated by a jet flow containing air, water 
vapor, and carbon dioxide.  

 Incorporating aerosol droplets in the sneezing jet 
demonstrated the capability of CFD to estimate the 
practical phenomena of coughing/sneezing.  

 
Therefore, the simulation study provided a comprehensive 

illustration of the application of CFD in the analysis of the 
spread of viral infections. The experimental measurements, 
coupled with the CFD analysis, are a promising tool for 
analyzing and preparing methodologies to overcome pan-
demics such as COVID-19.  
 

Nomenclature 
A particle area, m2 
c  refers to the continuous phase 
cp specific heat, J kg-1 
Di,m  diffusion coefficient 
d  refers to the discrete/disbursed phase 
F refers to thermophoretic and Brownian forces, N 
FD  drag force per unit particle mass, N 
fv, volatile fraction 
hfg latent heat, J kg-1

 

m mass, Kg 
p refers to the particle 
S   source term in Equation 1 
Si source term in Equation 2, accounts for discrete 

phase interaction 
T the temperature, K 
U velocity, m s-1 

u  fluid phase velocity, m s-1 
up particle velocity, m s-1 
vap  refers to vaporization 
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Greek Symbols: 
á volume fraction 

 dependent variable corresponding to density 

  density, Kg m-3 

 Stefan-Boltzmann constant, Wm-2 K-4  
ô Stokes number 
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Abstract 

 
One of the primary causes of discomfort associated with 

lower limb prostheses is poorly fitted sockets. Researchers 
are working to eliminate this discomfort by using 3D print-
ing technologies to replace the currently used artisan-based 
socket fabrication methods. However, the resulting material 
behavior of sockets made from 3D printing technologies is 
not well understood. In this study, the author used tensile 
test specimens die-cut from sheets of material with the in-
herent characteristics of an FDM PCTG check socket that is 
currently in use. Test samples were cut parallel and perpen-
dicular to the print direction and tested according to ASTM 
D638 (2014), the standard test method for tensile properties 
of plastics. For test specimens loaded parallel to the print 
direction, the average values for the modulus of elasticity, 
E, yield strength, Sy, ultimate strength, Su, and Poission’s 

ratio,  were 1570 MPa, 32 MPa, 43 MPa, and 0.44, re-
spectively. The averaged values for test specimens pulled 
perpendicular to the print direction were 1500 MPa,          
31 MPa, 40 MPa, and 0.42, respectively. In addition to char-
acterizing the material behavior of the FDM PCTG check 
socket, the author provides suggestions for future research 
as well. 
 

Introduction 

 
Additive manufacturing (AM) is ideal for personalized 

manufacturing. AM or 3D printing involves the fabrication 
of a structural component where a compatible material is 
added layer by layer by a printer (ASTM F2792, 2012). The 
layers are successively printed on top of one another and 
fused together until the final part is completed. Work-
stations are used to communicate with the printer to create 
the geometry of the individual layers. As far back as the 
early 1990s, researchers have been investigating 3D printing 
processes to fabricate lower limb prosthetic sockets (Chen, 
Jin, Wensman, & Shih 2016). In general, the goals of these 
previous research studies were to develop cost-effective 
socket fabrication methods that relied less on the skill of the 
prosthetist and more on the improvement of comfort by 
managing loads at the interface of the residual limb and 
socket.  

 
Aside from protecting the residual limb, a primary func-

tion of the socket is to transfer loads from the prosthesis to 
the residual limb. For this reason, the main cause of discom-
fort is the contact load at the interface of the residual limb 
and socket. Discomfort associated with poorly fitted sockets 
includes, but is not limited to, excessive pressure on the 

residual limb, limited knee flexion, skin sores, and heat and 
moisture retention (Ahmed, Bayol, & Ha, 1994; Chitragari, 
Mahler, Sumpio, Blume, & Sumpio, 2014; Lyon, Kulkarni, 
Zimerson, Van Ross, & Beck, 2000). 
 

The most commonly considered 3D printing technologies 
for fabricating amputee-specific sockets include stereo-
lithography (SLA) (Freeman & Wontorcik, 1998), selective 
laser sintering (SLS) (Rogers, Crawford, Beaman, & Walsh, 
1991; Rogers, Crawford, Faulkner, & Beaman, 1992; 
Faustini, Crawford, Neptune, Rogers, & Bosker, 2005; 
Faustini, Neptune, Crawford, & Rogers, 2006; Montgom-
ery, Vaughn, & Crawford, 2010; Stephens, Crawford, Rog-
ers, Gitter, & Bosker, 2000), fused deposition modeling 
(FDM) (Rovick, 1992; Ng, Lee, & Goh, 2002; Tay, Manna, 
& Liu, 2002; Chuang, Hsieh, Hsu, Ho, Chen, & Tzeng, 
2011), and material jetting (Sengeh & Herr, 2013; Doubrov-
ski, Tsai, Dikovsky, Gereadts, Herr, & Oxman, 2015). The 
objectives of these prior studies ranged from controlling the 
socket’s compliance to improving comfort to producing 
sockets without the need of a plaster cast. With the intent of 
measuring the as-printed material strength, researchers from 
the National University of Singapore machined D638 type 
IV tensile test specimens from a hexahedral-shaped FDM 
polypropylene socket (Goh, Lee, & Ng, 2002). They con-
cluded that additional research was needed to characterize 
the strength and durability performance of 3D-printed sock-
ets. As the published research shows, 3D printing technolo-
gies are promising replacements for the artisan-based meth-
ods to fabricate lower limb prosthetic sockets. However, 
additional research is needed to establish baseline durability 
requirements and targets.  
 

In this current investigation, the author characterized the 
material behavior of an FDM PCTG transtibial check sock-
et. Prior to this study, the socket was successfully worn and 
the material properties were unknown. The chemical name 
for PCTG is poly-clohexylenedimethylene terephthalate 
glycol. Note that FDM PCTG implies a PCTG filament pro-
cessed by FDM 3D printing technology. Specifically, tensile 
properties of the FDM PCTG check socket were experimen-
tally determined according to ASTM D638 (2014). Dog-
bone-type tensile test specimens were die-cut from sheets of 
PCTG material that were printed with the same 3D printing 
process parameters as the socket and tested on a universal 
testing machine. In addition to measuring the axial load, 
axial and transverse elongations were measured. From the 
experimentally derived load-elongation data, the following 
material properties were calculated: modulus of elasticity, 
E, yield strength, Sy, ultimate strength, Su, and Poisson’s 

ratio, . 
 

Experimental Investigation of the Material 
Behavior of FDM PCTG Sockets 

——————————————————————————————————————————————–———— 
MacArthur LaMar Stewart, Eastern Michigan University  
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Methods and Materials: 
Experimental Setup 

 
Figure 1 gives a general overview of the method used to 

characterize the material behavior of the FDM PCTG check 
socket. A rectangular tube was fabricated from the same 3D 
printer and process settings used to fabricate the socket. The 
edges were cut off leaving flat sheets. ASTM D638 type I 
test specimens were die-cut from the flat sheets and tested 
on a computer-controlled universal testing machine.  

Figure 1. An overview of the method used to characterize the 
material behavior of the FDM PCTG check socket. 
 

The following equipment was used to conduct this experi-
mental investigation: 

 Test specimen cutting die, ASTM D638 type I  

 Hydraulic bench press, Dake Model B-10  

 Computer-controlled electromechanical universal 
testing machine, UTS, Inc. DFM-300KN (load cell 
accuracy – 0.001% of the load cell range) 

 Axial extensometer, Epsilon 3575 (linearity – less 
than or equal to 0.2% of the full scale measuring 
range) 

 Transverse extensometer, Epsilon 3542 (linearity – 
less than or equal to 0.15% of the full scale measur-
ing range) 

 0-6" dial caliper, Fowler High Precision 

FDM PCTG Material Samples 
 

First, a rectangular tube was fabricated from the same in-
house-built FDM 3D printer and process settings used to 
print the PCTG check sockets. The length, width, and thick-
ness of the tube were 350 mm, 200 mm, and 2.5 mm, re-
spectively. The edges of the rectangular tube were cut out 
leaving flat sheets. Simplify 3D, a 3D printing software 
package, was used to slice the solid model of the rectangular 
tube. The primary 3D printing process settings were:  

 Bed temperature – 40ºC 

 Melt temperature – 245ºC 

 Nozzle diameter – 2.0 mm 

 layer height – 0.4 mm 

 Cooling temperature – 100% of base layer 

 Infill – 0% 

 Print speed ~ 2100 mm/min 
 

Tensile Test Specimen Construction and 
Testing  
 

Along with a hydraulic 10-ton bench press, an ASTM 
D638 type I test specimen die was used to cut test speci-
mens from the flat sheets. The cutting surfaces on the cut-
ting die were tapered toward the outside in order to mini-
mize the formation of residual stresses in the test specimens. 
Six test specimens were cut parallel to the print direction. 
The sense of the print direction was along the longitudinal 
axis of the rectangular tube. In addition, seven tensile test 
specimens were cut perpendicular to the print direction. 
Tensile testing was conducted according to ASTM D638 
(2014), the standard test method for tensile properties of 
plastics. Prior to securing the test specimens in self-locking 
grips, the thickness and width were measured at the center 
of the specimens using a dial caliper. The axial load was 
applied at a rate of 5.08 mm/min. In addition to load cell 
measurements, axial and transverse extensometers were 
used to measure elongation in their respective directions. 
Testing continued until fracture or the onset of necking. 
 

Engineering Stress and Strain Calculations 
 

For each data point, the engineering stress was calculated 
by dividing the measured load, F, by the specimen’s original 
cross-sectional area, A , using Equation 1: 
 

(1) 
 

Similarly, the engineering strain was calculated by divid-

ing the elongation, L, by the gage length, L, using Equa-
tion 2: 
 

(2) 
 

F

A
 

L

L
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The calculated engineering stress and axial strain values 
were then plotted to generate the resulting stress-strain 
curve. From the stress-strain curve, the modulus of elastici-
ty, E, was calculated from the slope of the initially linear 
region. Since the yield stress was not well defined, the stress 
related to the 0.2% offset strain was used in its place. The 
ultimate strength, Su, corresponded to the maximum stress 
on the stress-strain curve. 
 

Calculation of Poisson’s Ratio 

 
Per ASTM D638 (2014), the axial and lateral strains were 

plotted against the measured load range used to calculate the 
modulus of elasticity. Poisson’s ratio was then calculated 
from the ratio of the slopes of these strain-load curves using 
Equation 3: 
 
 

      (3) 
 
 
 
where, F, єt, and єa represent the axial force and transverse 
and axial strains, respectively.  
 

Comparison of Means 

 
The means of the tensile properties were further evaluated 

to determine if variations were significant between the two 
material directions with a confidence level of 90%. First, the 
t-statistic and the degrees of freedom (dof) for the two data 
sets were calculated using Equations 4 and 5, respectively. 
The t-statistic was then compared to the critical value, and 
statistical significance was concluded when t < tcritical. 
 
 
 

(4) 
 
 
 
 
 
 

(5) 
 
 
 

where, n, x, and  are the sample size, mean, and standard 
deviation of each material property from the two material 
directions.  
 

Results 

 
Data from each of the 13 tensile test specimens were used 

to calculate the averaged material properties. Erroneous data 
due to experimental error were discarded. For example, the 

ultimate strength of sample 12 was not determined, because 
the test was mistakenly terminated at the start of yielding. 
Figures 2 and 3 show the resulting stress-strain curves.  

Figure 2. Tensile test results for the load after being applied 
parallel to the material direction. 

Figure 3. Tensile test results for the load after being applied 
perpendicular to the material direction. 

 
The following four experimental observations were made: 
1. The stress-strain response was similar to many non-

strain hardening metals. Particularly, the initial defor-
mation was linearly elastic, followed by a region of 
plastic deformation. 

2. The yield strength, Sy, was not well-defined. Because 
of this, the offset method was used to define, Sy. 

3. Figure 4 shows that there was significant neck for-
mation on test samples that were loaded parallel to 
the print direction. 

4. The fracture surface on test samples that were pulled 
perpendicular to the material direction occurred both 
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within and between printed layers. Figure 5 shows 
that test samples 8 and 12 fractured between layers. 
The angle between the material direction and fracture 
surface was 0o. However, the angle between the ma-
terial direction and fracture surface for samples 9-11 
and 13 was greater than 0o. For these samples, frac-
tures occurred within printed layers. 

 

Tensile Properties 

 
Tables 1 and 2 show the calculated tensile properties from 

the empirically derived load-elongation data. These two 
tables contain the tensile properties for each specimen as 
well as the averaged values. For test samples that were 
pulled parallel to the material direction, the modulus of elas-
ticity, E, ranged from 1609 MPa to 1526 MPa with a stand-
ard deviation of 33.3 MPa. Averaged values for 0.2% offset 
yield strength, Sy, ultimate strength, Su, and Poisson’s ratio, 

, were 32 MPa, 43 MPa, and 0.44, respectively. In compar-
ison, the modulus of elasticity, E, for test samples loaded 
perpendicular to the material direction ranged from 1533 
MPa to 1430 MPa with a standard deviation of 43 MPa. 

Averaged values for Sy, Su, and  were 31 MPa, 40 MPa, 
and 0.42, respectively. 
 

Comparison of Means 
 

Table 3 contains results from the t-test to compare the 
mean values. Notice that the absolute values of the t statistic 
for the modulus of elasticity, E, and the ultimate strength, 
Su, were larger than the critical values t90. Hence, the varia-
tions of E and Su between the two material directions were 
significant. In other words, the stiffness and ultimate 

strength were directionally dependent. Conversely,  and Sy 
were directionally independent, the absolute values of their t 
statistics were smaller than their critical values. 

Figure 4. Tensile test samples of the load after being applied 
parallel to the material direction. 

Figure 5. Tensile test samples of the load after being applied 
perpendicular to the material direction. 

Sample no. Width, w [mm] 
Thickness, t  

[mm] 

Modulus of  
elasticity, E 

[MPa]  

Poisson’s ratio, 
n 

0.2% offset yield  
strength, Sy  

[MPa] 

Ultimate 
strength, Su  

[MPa] 

1 12.80 2.59 1609.1 0.460 34 44.1 

2 12.80 2.59 1585.7 0.422 31 43.4 

3 12.95 2.57 1605.3 0.446 33.5 43.9 

4 12.73 2.62 1530.5 0.424 31 41.7 

5 12.93 2.59 1526.2 0.458 30 41.5 

6 12.78 2.49 1563.8 0.417 31.5 44.1 

7 12.93 2.59 1558.5 0.425 32 43.3 

n 7 7 7 7 7 7 

mean 12.85 2.58 1568.44 0.436 31.86 43.14 

stdev 0.09 0.04 33.30 0.02 1.44 1.10 

Table 1. Tensile Properties of the load after being applied parallel to the direction of the material. 
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Table 3. t-test results: comparison of means. 

Discussion 
 

Currently, there is a minimum amount of published data 
on anisotropic material properties, which limits the use of 
CAE modeling, including FEA and flexible multibody dy-
namics modeling, for designing and fabricating prosthetic 
sockets. The results from this current study help address this 
shortfall. In practice, design engineers and prosthetists could 
use the results from this study to improve the currently used 
artisan-based socket design/fabrication processes. Using the 
measured material properties, the modulus of elasticity, E, 

and Poission’s ratio, , linear elastic stress optimization 
studies can be performed using computer-aided engineering 
(CAE) methods. In addition, knowledge of the measured 
material strength can give prosthetists the ability to modify 
the local stiffness in order to improve comfort. This could 
be accomplished by reducing the thickness (local stiffness 
reduction) in areas of the socket that were considerably low-
er than the yield strength, Sy. 
 

Conclusions 

 
In this paper, the author reported the measured anisotropic 

material properties from a successfully worn FDM PCTG 
check socket. In particular, the author demonstrated four 
points: 1) ASTM D638 tensile test specimens can be die-cut 
from sheets of material with the inherent material properties 

of 3D printed sockets. Since the cutting surfaces on the test 
specimen cutting die were tapered toward the outside, it was 
assumed that residual stress formation was minimized.       
2) For the FDM PCTG material in this study, the tensile 
properties were repeatable. The modulus of elasticity, E, 
and ultimate strength, Su, were found to be directionally 

dependent. However, variations associated with  and Sy 
were statistically insignificant. 3) Significant neck for-
mation was observed for test specimens that were loaded 
parallel to the material direction. 4) For test specimens 
pulled perpendicular to the material direction, there was no 
dominate mode of fracture; fractures occurred both within 
and between the printed layers. To fully understand this 
phenomenon, additional research is needed. In the future, 
the author plans to conduct a design of experiments (DOE) 
study in order to understand the main effects of the key 3D 
printing process parameters and the corresponding interac-
tions on the between-layer bond strength. 
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Surface Composition Studies of CdZnTe 
Material Using X-Ray Photoelectron 

Spectroscopy 

Abstract  
 

High-resistivity zinc cadmium telluride (CdZnTe) semi-
conductor is a very popular material for room-temperature 
nuclear detection applications. It is used for the detection of 
X-rays and gamma rays in many areas: nuclear and radio-
logical threat detection, medical imaging, gamma spectros-
copy, and astrophysics. Mechanical stability at the interface 
of electrical contacts and the detector material is an im-
portant factor in terms of durability and shelf life of detector 
devices. Other engineering factors where that interface 
plays an important role include thermal expansion due to 
temperature changes and vibrations that may result from 
certain applications. The surface composition of the materi-
al play an important role in the surface stability of the mate-
rial. The stoichiometric composition of the detector surfaces 
also affects its surface current, which, in turn, contributes to 
electronic noise. High electronic noise is detrimental to the 
energy resolution of the detector device. X-ray photoelec-
tron spectroscopy (XPS) is a good technique for determin-
ing dominant surface composition of materials. In this cur-
rent study, the authors used an XPS to look at the dominant 
composition materials on the surface of a CdZnTe wafer. 
The experiments involved loading CdZnTe wafers into the 
XPS machine and recording the peaks of the binding ener-
gies of elements and compounds present on the surfaces. 
The XPS results showed the presence of Zn, Te, O, Cd, C, 
Cl, Si, and TeO2. These results are important in the engi-
neering of CdZnTe radiation detection devices. 
 

Introduction 

 
Zinc cadmium telluride (CdZnTe) is one of the most 

widely used materials for the detection of X-rays and gam-
ma rays at room-temperature without cryogenic cooling. It 
has many applications in the areas of nuclear and radiologi-
cal threat detection, medical imaging, gamma spectroscopy, 
and astrophysics (James, Schlesinger, Lund, & Schieber, 
1995; Zhang, Zhang, Lu, Yang, & Ren, 2013; Barber, 1999; 
Verger et al., 2001). The composition of the detector wafer 
surfaces is a very important factor in detector device fabri-
cation (Egarievwe, Lukosi, Okwechime, Gul, Hossain, & 
James, 2016). It is important to have very low surface cur-
rent to reduce noise in the detector signal. In the study of 
CdZnTe wafers that were etched in a solution of hydrogen 
bromide, hydrogen peroxide, and ethylene glycol, XPS 

measurements were used to quantify the formation of TeO2 
on the surfaces (Egarievwe, Lukosi, Okwechime, Gul, 
Hossain, & James, 2017). The authors found that the TeO2 
species that formed on the CdZnTe wafers immediately 
after etching contributed to an increase in the surface leak-
age current (Egarievwe et al., 2017).  
 

The stoichiometric composition of the detector surfaces 
also affected its surface current, which, in turn, contributed 
to the electronic noise. High electronic noise is detrimental 
to the energy resolution of the detector device. The mechan-
ical stability at the interface of the electrical contacts and 
the detector material is an important factor in terms of dura-
bility and shelf life of detector devices. It is also important 
in thermal expansion, due to temperature changes and vibra-
tions that may result from certain applications. The surface 
composition of the material plays an important role in the 
stability of the wafer surfaces, and in the engineering of 
CdZnTe nuclear detector devices. XPS has been used in 
several studies of CdZnTe materials, mostly for photo-
detection applications. When fabricating CdZnTe detector 
devices, the wafers are cut from large crystals. Afterwards, 
the wafers are polished to smooth their surfaces. The 
smoothing of the surfaces is often accomplished through 
two major successive processes of mechanical polishing and 
chemical etching (Egarievwe et al., 2019). Mechanical pol-
ishing involves using different grains of abrasive carbide 
papers, followed by alumina power and chemical etching, 
which involves dipping the wafer in a bromine methanol (Br
-MeOH) solution (Egarievwe et al., 2019).  

 
Chemo-mechanical is one of several recent methods for 

smoothing CdZnTe wafer surfaces, and XPS has been used 
to study the mechanical polishing, chemical etching, and 
chemo-mechanical polishing processes (Adams, Roy, 
Egarievwe, Agbalagba, Gul, Hossain, & James, 2019; 
Egarievwe, Hossain, Okwechime, Gul, & James, 2015; 
Sheahan, Martinez, Cooper, Mackenzie, Burgess, Kumar, & 
Furlong, 2019; Song et al., 2020). In a comparative study, 
XPS results showed that the chemical etching process re-
sulted in the formation of more TeO2 on CdZnTe detector 
surfaces compared to chemo-mechanical polishing (Adams 
et al., 2019). In the study of the two chemical solutions, 
XPS results showed that the tellurium oxide to tellurium 
binding-energy peak ratios for the mechanical polishing 
process were reduced by chemo-mechanical polishing using 
a bromine-methanol-ethylene-glycol solution compared 

——————————————————————————————————————————————–———— 
Mebougna L. Drabo, Alabama A&M University; Alexander A. Egarievwe, Alabama A&M University; 

Ezekiel O. Agbalagba, Federal University of Petroleum Resources, Nigeria; Richard M. Lagle, Alabama A&M University; 
Stephen U. Egarievwe, Alabama A&M University; Utpal N. Roy, Savannah River National Laboratory; 

Ralph B. James, Savannah River National Laboratory 

——————————————————————————————————————————————–———— 

 40                                    International Journal of Modern Engineering | Volume 21, Number 2, Spring/Summer 2021 



——————————————————————————————————————————————–———— 

 

with hydrogen bromide in a mixture of hydrogen-peroxide 
and ethylene-glycol solution (Egarievwe et al., 2015). In a 
recent study, Song et al. (2020) used XPS to investigate the 
effects of inductively coupled Ar plasma etching (ICP-Ar) 
of CdZnTe wafers compared to Br-MeOH and found that 
the presence of TeO2 on samples etched in Br-MeOH was 
absent on ICP-Ar etched samples. It was observed that the 
absence of the formation of TeO2 on the ICP-Ar-etched 
CdZnTe detector resulted in a significant reduction of leak-
age current and an improvement of 12% in energy resolu-
tion (Song et al., 2020). 
 

The deposition of electrical contacts is another important 
part of engineering CdZnTe nuclear detectors. The electrode 
(contact) material and the contact-wafer interface are im-
portant for the performance of the device. Ling et al. (2019) 
used XPS measurements to analyze the composition of dif-
ferent electrodes on CdZnTe detector surfaces. Gao, Sun, 
Yang, Wangyang, Zhang, and Zhu (2020) used XPS to ef-
fectively investigate the chemical composition of CdZnTe 
films that were grown by a hybrid method that combined 
two crystal growth techniques: physical vapor transport 
(PVT) and vacuum thermal evaporation (VTE) methods. 
XPS was also used to investigate the compositional dispari-
ty and surface lattice defects in CdZnTe films grown on 
aluminum nitride (AlN) ceramic substrates (Shen et al., 
2019). The lattice defects were determined using the Te 
peak area ratio of CdZnTe to the total of the CdCnTe/AlN 
composite structure (Shen et al., 2019).  
 

Experiments and Methods 
 

X-ray photoelectron spectroscopy (XPS) is a good tech-
nique for determining dominant surface composition of ma-
terials. In this current study, an XPS was used to look at the 
dominant composition materials on CdZnTe wafers at and 
near the surface. The experiments involved loading CdZnTe 
wafers into the XPS machine and recording the peaks of the 
binding energies of elements and compounds present on the 
surfaces. The samples were analyzed using a high-
performance XPS surface analysis system manufactured by 
Thermo Fisher and bought by Alabama A&M University 
with funding from the NSF-MRI support grant. It was 
equipped with software that could identify the binding ener-
gies of the surface species. 
 

Prior to the XPS measurements, the CdZnTe sample— 
6.4 x 6.9 x 2.4 mm3—was cut using a machine equipped 
with a diamond-impregnated miter saw. Water was used as 
a lubricant and coolant during the cutting process. After 
cutting, the sample was mechanically polished using a sili-
con carbide abrasive paper in distilled water. Large-grain, 
800-grit paper was used first, followed by polishing on  
1200-grit paper. The wafer was further polished with a Mul-
tiTex paper using alumina powder and distilled water in 
order to yield mirror-shine surfaces. A 3.0-µm alumina 
powder was used first, followed by successive polishing 
with decreasing sizes of powder down to 0.1 µm. A separate 

MultiTex pad was used for each alumina powder size. After 
each polishing, the sample was thoroughly rinsed in distilled 
water. The sample was then chemically etched using a mix-
ture of hydrogen bromide and hydrogen peroxide in an eth-
ylene glycol solution. 
 

The CdZnTe wafer was mounted on a sample holder and 
loaded into an XPS machine equipped with an X-ray source, 
gun-type Al-K-Alpha. A spot size of 400 µm was used on 
the sample. The photoelectrons ejected from the sample 
surface were collected in the analyzer. Figure 1 shows the 
survey analysis that was first made to scan for all elements 
that could be present on the surface. This was followed by 
looking at specific energy regions of the dominant species. 
In the survey scan, the analyzer mode was set at a pass ener-
gy of 200.0 eV, and the energy step size was 1.00 eV. The 
scan took 68 seconds. The specific elements of interest stud-
ied in this experiment included Zn, Cd, and Te. The analyz-
er mode for these scans was set at a pass energy of 50.0 eV, 
and the energy step size was 0.100 eV. 

Figure 1. XPS survey scan showing the presence of Zn, Te, O, Cd, 
C, Cl, and Si. 

 

Results and Discussion 
 

Figure 1 shows the survey spectrum for the CdZnTe wa-
fer, as recorded by the XPS system. It also shows the pres-
ence of zinc, tellurium, oxygen, cadmium, carbon, chlorin, 
and silicon. The survey scan was in the biding energy range 
of 0–1350 eV. Figures 2-4 shows the scans that focused on 
Cd, Zn, and Te, respectively. Figure 2 shows the Cd3d5/2 
and Cd3d3/2 peaks at the binding energies of about      
405.08 eV and 411.78 eV, respectively, corresponding to 
the elemental state of cadmium. The two peaks in Figure 3 
correspond to Zn2p3/2 and Zn2p1/2 at 1021.58 eV and 
1044.98 eV, respectively. Figure 4 shows the peaks for Te 
and TeO2. This implies that there was some oxidation on the 
CdZnTe wafer. The Te3d5/2 and Te3d3/2 peaks were at bind-

——————————————————————————————————————————————————– 

Surface Composition Studies of CdZnTe Material Using X-Ray Photoelectron Spectroscopy                                41 



——————————————————————————————————————————————–———— 

——————————————————————————————————————————————–———— 

42                                     International Journal of Modern Engineering | Volume 21, Number 2, Spring/Summer 2021 

ing energies of about 572.78 eV and 583.18 eV, respective-
ly, corresponding to the elemental state of tellurium. The 
other two peaks were at approximately 575.08 eV and 
586.38 eV, near the Te3d doublet peaks, and they show the 
formation of the TeO2 species derived from the Te species 
present on the surfaces of the CdZnTe wafer. Table 1 sum-
marizes the heights of the peaks. 

Figure 2. XPS scan showing the Cd3d5/2 and Cd3d3/2 peaks of 
cadmium. 

Figure 3. XPS scan showing the Zn2p5/2 and Zn2p3/2 peaks of zinc. 

 
The XPS machine had the capability of using high-speed 

ions to remove very thin surface layers from samples. This 
enabled measurement and analysis of near-surface layers. 
Figure 5 shows the results of the measurements for a 
CdZnTe wafer before and after etching with high-speed 
ions. The data are from the same data sets used by 
Egarievwe, Lukosi, Okwechime, Gul, Hossain, and James 
(2020). As shown by the Te3d5/2O2 and Te3d3/2O2 peaks, the 
presence of TeO2 that was observed before the etching was 
significantly reduced after etching. Unlike the wafer in Fig-
ure 4, this sample was not chemically etched using a mix-
ture of hydrogen bromide in a hydrogen peroxide and eth-
ylene glycol solution. Thus, the chemical etching resulted in 
the formation of significant amounts of TeO2 on the surfac-
es of the wafer in Figure 4. 

Figure 4. XPS scan showing the Te3d5/2 and Te3d3/2 peaks of 
tellurium and Te3d5/2O2 and Te3d3/2O2 peaks of TeO2. 

 
Table 1. Heights of the binding energy peaks identified for Cd, Zn, 
Te, and TeO2. 

Conclusions 
 

An XPS was used to determine the dominant elements on 
CdZnTe wafer surface. The XPS results showed the pres-
ence of Zn, Te, O, Cd, C, Cl, Si, and TeO2. The XPS scans 
focused on the binding energies in the regions of Cd, Zn, 
and Te showed that these elements were significantly pre-
sent, as expected. The XPS scan for Te also showed TeO2 
peaks. This is an indication of the formation of TeO2 on the 
surfaces of the CdZnTe wafers. Future studies should inves-
tigate the near-surface compositional variation by using 
high-speed ions to remove very thin surface layers of the 
CdZnTe wafer. 
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Abstract 
 

In this paper, the authors discuss a new branch-and-bound 
algorithm that can be used to find the optimal sequence for 
single-machine scheduling problems and minimize total 
delay. The algorithm was constructed with an initial upper 
bound that would be updated throughout the branch-and-
bound process. Through the branch-and-bound process, 
partial sequences were built backward and examined against 
the upper bound. To restrict the solution space and expedite 
the search process, all sequences that could be originated 
from sub-optimal partial sequences were ignored. The re-
sults indicated that this algorithm was capable of solving 
large problems.  
 

Introduction 
 

In the single-machine scheduling problem, n independent 
jobs are sequenced sequentially to be processed on a single 
machine (Pinedo, 2016). Each job has a process time and a 
due date and preemption/interruption is not allowed. If a job 
is completed after its due date, the delay for the job equals 
the job’s finish time minus the job’s due date. The objective 
of the solution presented here is to find the optimal se-
quence with the minimum total delay. For a problem with   
n jobs, there are n! different sequences (Baker & Trietsch, 
2018). Minimizing total delay is complex and known as   
NP-hard (non-deterministic polynomial-time hard) from a 
computational point of view (Pinedo, 2016). Algorithms 
cannot find optimal sequences for large problems (Pinedo, 
2016).  

 
In this study, the authors developed a new branch-and-

bound algorithm that could find the optimal sequence with 
the minimum total delay for large problems. These large 
problems cannot be optimized by enumeration, as countless 
sequences need to be examined. The computational results 
from this current study indicated that this new algorithm 
was able to efficiently search the solution space.  
 

Literature Review 
 

Wan and Yen (2009) developed a heuristic algorithm and 
a branch-and-bound algorithm to minimize the total 
weighted earliness subject to a minimum number of delayed 
jobs. The heuristic algorithm is effective in most cases, and 
the branch-and-bound algorithm is suitable for medium-size 
problems. Molaee, Moslehi, and Reisi (2010) introduced a 
heuristic algorithm, based on a beam search to create effi-
cient sequences with regard to minimizing the maximum 

earliness and the number of delayed jobs. A branch-and-
bound algorithm was also presented to find the optimal so-
lution. The heuristic algorithm is able to find the optimal 
sequence for 42% of the instances. Kedad-Sidhoum and 
Sourd (2010) proposed heuristic algorithms to minimize the 
total earliness and tardiness. Iterated local search algorithms 
based on fast neighborhoods have been developed in which 
random swaps were used to diversify the search process. 
Kazerooni, Dezaki, and Ebrahimpour (2011) created a heu-
ristic genetic algorithm to minimize the number of delayed 
jobs and the maximum earliness for just-in-time systems in 
which both earliness and lateness were not desirable.  
 

Vila and Pereira (2013) developed heuristic algorithms to 
minimize the weighted quadratic earliness and tardiness. 
The results showed the effectiveness of the heuristics. San-
tosa and Safitri (2015) developed a metaheuristic method to 
minimize the total weighted tardiness; a method that adopt-
ed biogeography-based optimization. The metaheuristic 
method does not guarantee optimal solutions. Kim, Bang, 
Lim, and Lee (2016) introduced five sequencing rules to 
minimize the total weighted tardiness, subject to a maxi-
mum delay for each job. The results showed that the pro-
posed rules outperformed existing rules. These rules, as well 
as other existing rules, provide good-quality solutions but 
are not necessarily optimal solutions. Gonçalves, Valente, 
and Schaller (2016) proposed three metaheuristic methods 
to minimize weighted quadratic tardiness costs, but these 
could not guarantee optimal solutions.  
 

Jayanthi and Anusuya (2017) introduced a metaheuristic 
algorithm based on particle swarm optimization in order to 
minimize total weighted earliness and tardiness. This heu-
ristic algorithm provided near-optimal solutions. Garraffa, 
Shang, Della Croce, and T’kindt (2018) developed a branch
-and-merge algorithm to minimize total tardiness. The au-
thors claimed that the algorithm improved/reduced time 
complexity of the problem; however, computational results 
showing the effectiveness of the algorithm were not present-
ed. In this current study, the authors explored the practical 
efficiency of the algorithm.  

 
Zahmani and Atmani (2018) proposed genetic algorithm 

heuristics to minimize the total weighted tardiness. The re-
sults showed that the heuristics outperformed sequencing 
rules; however, the heuristics presented in this study were 
not exact algorithms and did not guarantee optimal solu-
tions. Kellerer, Rustogi, and Strusevich (2020) introduced 
and implemented an approach to develop a fast, polynomial-
time approximation scheme for the total weighted earliness 
and tardiness problem with a quadratic objective function.  

Minimizing Total Delay in Single-Machine 
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A New Branch-and-Bound Algorithm 
 

Branch-and-bound methodology is used to generate opti-
mal solutions for NP-hard optimization problems. The solu-
tion process applies a tree-search strategy to indirectly ex-
amine all solutions of the problem. Bounding rules are used 
to reduce the solution space and expedite the search process. 
The three components of the branch-and-bound methodolo-
gy are the search strategy, the branching strategy, and the 
bounding rules. The search strategy determines the way the 
solution space is explored. The branching strategy specifies 
how solutions are gradually developed and branched out to 
other solutions. The bounding rules avoid exploration of 
suboptimal areas of the solution space (Molaee, Moslehi, & 
Reisi, 2016). The proposed algorithm in this study used the 
branch-and-bound method to find the optimal sequence that 
had the minimum total delay. 
 

To expedite the search process, the solution space needs 
to be restricted by establishing an upper bound for the total 
delay. The well-known sequencing rules are: First-Come, 
First-Served (FCFS); Shortest Process Time (SPT); Earliest 
Due Date (EDD); Critical Ratio (CR); and, Shortest Slack 
(SS) (Pinedo, 2016; Jacobs and Chase, 2017; Stevenson, 
2017; Reid and Sanders, 2019; Cachon and Terwiesch, 
2016; Heizer, Render, & Munson,  2020). These rules can 
generate good-quality sequences regarding certain criteria 
or performance measures. In terms of the total or average 
delay criterion, Hamidi (2016) introduced a new sequencing 
rule called PDT (Process Time and Due Date Total) that 
showed, by simulation, that PDT is more promising than the 
rules noted above. According to PDT, jobs are sequenced by 
the sum of the process time and due date, with the smallest 
total first (Hamidi, 2016). To construct the initial upper 
bound, the algorithm developed in this current study used 
the PDT rule in order to create a good-quality sequence. The 
total delay was calculated for the PDT sequence and was the 
sum of the delays for all jobs in the sequence. The delay of 
each job was determined as its finish time minus its due date 
(if the finish time was greater than the due date, otherwise 
the delay was zero). Since jobs were processed sequentially, 
the finish time of each job equaled its process time plus the 
sum of the process times for all previous jobs in the se-
quence (e.g., on the 4-3-1-5-2 sequence, the finish time of 
job 5 equals the process time of job 5 plus the total process 
time of jobs 4, 3, and 1).  
 

To achieve a better sequence with a lower total delay, the 
PDT sequence was improved by a 1-1 swap operation in 
which every pair of jobs was temporarily swapped in the 
sequence. If the swap resulted in a lower total delay, the 
jobs were swapped and a new, better sequence was ob-
tained. This reduced the upper bound and expedited the 
search process. This local search (or swap) process contin-
ued until no further improvement could be made. The total 
delay of the final improved sequence was the initial upper 
bound for this branch-and-bound algorithm. This upper 
bound will be used in the procedure explained below to re-

strict the solution space by eliminating suboptimal areas. 
The total delay of the optimal sequence was found to be 
better than (less than) or equal to the upper bound.  
 

This algorithm builds sequences backward. For example, 
for a problem with 20 jobs, the first step is for the algorithm 
to create 20 partial sequences with only one job in the last 
(20th) position of each sequence; the first sequence has job 1 
in its 20th position, the second sequence has job 2 in its 20th 
position, and so on. In all of these 20 partial sequences, the 
first 19 positions are vacant and the total delay is calculated 
for each of these partial sequences. Since there is only one 
job in each sequence, the total delay of the sequence is 
equal to the job’s delay. And, because the job is the last job 
in the sequence, its finish time equals its process time plus 
the sum of the process times for all of the remaining 19 jobs 
that have not been positioned in previous positions of the 
sequence, regardless of their order. The job’s delay is deter-
mined as its finish time minus its due date (if the finish time 
is greater than the due date, otherwise the delay is zero).  
 

If the total delay of the partial sequence is worse than 
(more than) or equal to the upper bound, then none of the 
sequences derived from the partial sequence will be better 
than the sequence associated with the upper bound and, 
therefore, will not be examined. This means that no more 
jobs will be added to the partial sequence and no more se-
quences originating from the partial sequence will be exam-
ined. Because the delay for each job can only be a positive 
value or zero, if more jobs are added to the partial sequence, 
the total delay will increase or remain the same; it will never 
improve/decrease. For example, if the upper bound is 33 
and the partial sequence with job 3 in its 20th position has a 
total delay of 35, it means that job 3 certainly is not the 20th 
job in the optimal sequence. Therefore, all sequences with 
job 3 in their 20th position will be sub-optimal and should be 
ignored from further consideration. The number of these 
sequences amounts to 19! = 19*18*17*…*3*2*1, because 
if job 3 is in the 20th position, there will be 19 options      
(19 jobs) for the 19th position, 18 options for the 18th posi-
tion, and so on. The total number of possible sequences for 
a problem with 20 jobs is 20!. If the algorithm eliminates 
19! sequences, it can reduce the solution space by             
5% = 19!/20! = 1/20. This bounding rule prevents branches 
of the search tree that will not lead to the optimal solution 
from branching out to their sub-branches. It trims the search 
tree and reduces the number of sequences to be checked. 
The bounding rule prohibits the algorithm from exploring 
the regions that do not contain the optimal sequence, and so 
the search will be expedited. 
 

If the partial sequence’s total delay is less than the upper 
bound, the sequence is deemed promising and will be 
branched out to more sequences by adding other jobs (jobs 
that have not been positioned in the sequence) to the last 
vacant position. For example, if the partial sequence with 
job 2 in its 20th position is promising, the algorithm creates 
19 new partial sequences. In the first new sequence, job 2 is 
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against this new upper bound. When the search is complete, 
the upper bound will be the minimum total delay and the 
sequence associated with the upper bound will be the opti-
mal sequence.  
 

Figure 1 shows a summary of the proposed algorithm, 
which is also depicted in the following structure.  

Figure 1. Flowchart of the algorithm. 

 
Phase 1: Computing the initial upper bound 

a) Create the PDT sequence and calculate its total delay. 
b) Improve the PDT sequence by 1-1 swaps to reduce 

the total delay as much as possible. 
c) Set the initial upper bound equal to the total delay of 

the improved sequence. 

in 20th position, and job 1 is in 19th position. In the second 
new sequence, job 2 is in 20th position, and job 3 is in 19th 
position. In the third new sequence, job 2 is in 20th position, 
and job 4 is in 19th position, and so on and so forth. Again, 
the first 18 positions are vacant in these new partial se-
quences. Then, the total delay is calculated for each new 
sequence. The sequence’s total delay is the total delay for 
the jobs that have been positioned (i.e., two jobs in 20th and 
19th positions in this stage). It was explained previously how 
the last job’s finish time can be obtained. The finish time for 
the 19th job amounts to its process time plus the sum of the 
process times of the other 18 jobs that have not been posi-
tioned.  

 
Another way to calculate the finish time of a job in a cer-

tain position is by subtracting the (sum of) the process    
time(s) of the job(s) already placed in the next position(s) 
from the sum of the process times for all jobs. For example, 
the finish time of the 19th job is the sum of the process times 
of all jobs minus the process time of the 20th job; now the 
delay for each positioned job can be calculated (i.e., jobs in 
19th and 20th positions in this stage). Also explained previ-
ously was how the delay is determined for a job. If the par-
tial sequence’s total delay is less than the upper bound, the 
procedure explained here continues for the previous position 
(18th) position in this stage. If the total delay of the partial 
sequence is worse than (more than) or equal to the upper 
bound, as noted previously, none of the sequences that can 
be derived from the partial sequence will be examined.  
 

After performing the procedure explained above for the 
18th position of each promising sequence, the algorithm 
repeats the procedure for previous positions one by one (17th 
position, then 16th position, and so on until the 1st position). 
The reason for this backward search strategy is that the last 
jobs in the sequence typically have higher delays than the 
first jobs. The last jobs tend to contribute more to the total 
delay than the first jobs. In order to distinguish sub-optimal 
sequences fast, this algorithm calculates and sums of the 
delays of the last jobs in the early stages of the search pro-
cess such that the partial sequence’s total delay can surpass 
the upper bound more quickly. Once the partial sequence’s 
total delay goes beyond the upper bound, the algorithm 
closes the branch/area and eliminates from the solution 
space all possible sequences that can be branched out from 
the partial sequence.  
 

Through this backward search process, promising partial 
sequences will gradually become completed by adding one 
job at a time to the previous position of the sequence, while 
non-promising branches will be closed/trimmed. When the 
algorithm reaches the 1st position, it will create complete 
sequences, meaning that all positions are filled. At this time, 
if the sequence’s total delay is less than the upper bound, it 
means that a better complete sequence has been found. In 
this situation, the algorithm revises the upper bound, where 
the existing upper bound is replaced by the sequence’s total 
delay. Sequences developed after this time will be checked 
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Phase 2: Branching and bounding 
Loop 1: For position j = n to 1 
Loop 2: For job i = 1 to n 
a) Place job i in position j and calculate the sequence’s 

total delay. 
b) If the total delay of the sequence is worse than (more 

than) or equal to the upper bound, do not examine all 
sequences that can be derived from this sequence.  

c) If the sequence’s total delay is less than the upper 
bound, mark the sequence as a promising sequence. 
If j = 1, which means that the sequence is a complete 
sequence, and the sequence’s total delay is less than 
the upper bound, update the upper bound by replac-
ing it with this new total delay. 

 
End of Loop 2 
Continue loop 1 for promising sequences. 
End of Loop 1 
 

Computational Results 
 

The proposed algorithm was coded in MATLAB and nu-
merous randomly generated problems with different sizes 
were solved. In Table 1, the new branch-and-bound algo-
rithm is compared with the enumeration approach in which 
all sequences are examined. As seen, the number of se-
quences and the computational time for enumeration in-
creased exponentially as the problem size increased. This 
means that the optimal sequence for problems with more 
than 12 jobs could not be achieved in a reasonable amount 
time using the enumeration process. However, by using the 
proposed branch-and-bound algorithm, the number of se-
quences (partial and complete) examined and the computa-

tional time decreased substantially; and, the algorithm was 
able to find the optimal sequence in a short amount of time 
for large problems. The number of sequences examined and 
the computational time for branch and bound are the averag-
es for 10 randomly generated problems for each problem 
size. The large numbers were rounded to thousands. This 
algorithm is capable of solving all problems with up to      
24 jobs. It can also solve some problems with more than   
24 jobs but, for some problems, the computational time is 
very high. To authenticate this new branch-and-bound algo-
rithm, numerous problems with sizes of 10 or fewer, for 
which the optimal sequence can be found by enumeration, 
were solved. And, in all instances, the branch-and-bound 
algorithm achieved the minimum total delay and the optimal 
sequence obtained by enumeration.  
 

Conclusions 
 

The branch-and-bound algorithm developed in this study 
was able to minimize the total delay for large, single-
machine scheduling problems. This algorithm searches the 
solution space efficiently and finds the optimal sequence in 
a short amount of time. The upper bound is obtained from 
the PDT sequence and improved by a 1-1 swap process. To 
expedite the search process, partial sequences are built 
backward and examined against the upper bound. As sub-
optimal partial sequences are found, all sequences that can 
be originated from them will be discarded without being 
directly checked. Promising partial sequences will be devel-
oped gradually and the search process continues until the 
entire solution space is examined. The results indicate that 
this new algorithm significantly reduces the number of ex-
amined sequences and the computational time.  

Problem Size 

Branch and Bound Enumeration  

Number of Sequences Computational Time 
Average Number of 

Sequences (Partial and 
Complete) Examined 

Average 
Computational Time 

8 8! = 40,320 2 seconds 125 0.0 seconds 

9 9! = 362,880 10 seconds 212 0.0 seconds 

10 10! = 3.6*106 2 minutes 264 0.0 seconds 

11 11! = 4.0*107 20 minutes 327 0.0 seconds 

12 12! = 4.8*108 Hours 2,600 0.0 seconds 

14 14! = 8.7*1010 Weeks 21,000 0.1 seconds 

16 16! = 2.1*1013 Years 28,000 0.1 seconds 

18 18! = 6.4*1015 Years 39,000 0.2 seconds 

20 20! = 2.4*1018 Years 291,000 1 seconds 

22 22! = 1.1*1021 Years 616,000 2 seconds 

24 24! = 6.2*1023 Years 2,034,000 7 seconds 

Table 1. Computational results. 
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